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PREFACE 

This book was written to meet the needs of my own classes ; 
yet it is hoped that not only teachers of mathematics in tech- 
nical colleges, but those in classical colleges and universities 
as well, will find it suitable for a first course in the Dif- 
ferential and Integral Calculus. 

In many technical colleges, among them the one with which 
I am connected, the study of Calculus is begun in the first 
year of the course. As such an arrangement involves begin- 
ning a difficult branch of mathematics with somewhat imma- 
ture students, the first few chapters in both the Differential 
and Integral parts are discussed in more detail than is usual 
in text-books. 

Throughout the book I have confined myself strictly to 
those subjects which I know from my own experience are 
most needed by my own students. It seemed wise to me 
to omit all subjects only remotely connected with those of 
engineering, and introduce a few elementary chapters in 
Mechanics. Thus I was able, without encumbering the book, 
to afford a short introduction to Mechanics and Differential 
Equations as well as to view the principles of Attraction, 
Centers of Gravity, and, to a certain extent. Moments of 
Inertia, from the mechanical rather than the purely mathe- 
matical side. If the teacher feels that he should treat any 
subject omitted here, he can readily do so by lecture. 

The part of the book which differs most widely from other 
books is that dealing with the Integral Calculus. It has been 
my experience that a working knowledge of the principles of 
the Integral Calculus can be gained only by a careful con- 
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sideration of the details of the subject. I have, therefore, 
even at the risk of being considered prolix, entered into a full 
explanation of each step in the formation of each summation 
and integral. 

It was ray good fortune to begin the study of Mechanics 
and the Differential and Integral Calculus with MacGregor's 
KhiemcUics and Dynamics and Byerly's works in Calculus, 
under the respective authors. To these books and men I am 
indebted for help probably more than I am aware of being. 
I have not consciously followed any of their methods of 
treatment, however, although I frequently consulted the work 
in Kinematics and Dynamics during the preparation of the 
first two chapters in Mechanics. To Appel's Course d^Anor 
lyse 1 am indebted for the proof given in Art. 186 as well as 
for other valuable hints. To B. 0. Peirce's Table of Inte- 
grals, Glanville Taylor's Calculus, Gibson's Calculus, Tait and 
Steele's Dynamics of a Particle, and Ziwet's Mechanics I also 
made frequent reference. A few problems I have taken from 
Harvard examination papers. 

To a colleague, Professor N. C. Riggs, I am under obliga- 
tions for an extremely careful revision of both the manuscript 
and proofs, for a number of problems with answers, and for 
verification of a large number of my answers. To another 
colleague, Professor C. W. Leigh, I am indebted for verifica- 
tion of a number of answers. To a third-year student of the 
Armour Institute of Technology, Mr. Garfield Lennartz, I am 
indebted for whatever of mechanical excellence the figures 
possess. 

D. F. CAMPBELL. 

Chicago, 

August 8, 1904. 
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DIFFERENTIAL AND INTEGRAL 
CALCULUS 

INTRODUCTION 

1. Constants and variables. A number that retains the same 
value throughout any given problem is called a constant. 

A number that changes from one value to another in the 
same problem is called a variable. 

For example, in the equation of the circle a? + y^ = a^, ais a, 
constant and x and y are variables. 

2. Functions. A number that so depends on a second num- 
ber for its value that when the second is made to assume 
different values it, in general, assumes different values, is said 
to be a function of the second number. 

For example, a^ — a^ is a function of x because, as a? is made 
to assume different values, a* — «^, in general, assumes different 
values. 

It is said in general because sometimes for different values 
of the variables the function has the same value. 

For example, in a^ — a^, for a value of x with the minus sign 
affixed and the same value of x with the plus sign affixed the 
function has the same value. 

3. From the definition of a function it is seen that any com- 
bination of letters used to denote a number is a function of 
these letters. It may be called a function when the thought is 
of the combination of letters, and a number when the thought 
is of the value which this combination represents. 
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4. By a combination of letters is meant an expression which 
actually contains these letters and cannot be reduced to an 
equivalent expression which does not contain them. 

Thus, a^ — y^ 18 3. combination of x and y, since it contains 
X and y and cannot be reduced to an equivalent expression that 

does not contain them. The expression (2-f-y)(2— y)-f-yf yH — J 

is not a combination of x and y because on simplification it 
reduces to 4 -f- a?, which does not contain y. 

5. A combination of letters is not a function of 'a letter not 
actually contained in the combination. This is obvious, be- 
cause the expression evidently does not assume different values 
as the letter assumes different values. 

Thus, (2 + y)(2 — y) + y(y + -j is not a function of y. 

6. Independent and dependent variables. In an equation con- 
taining two variables, if one of the variables is given a value 
chosen at pleasure, the other cannot be given a value chosen at 
pleasure. It assumes the value got by solving the equation. 
The one to which a value was given at pleasure is called the 
independent variable. The one that assumes the value got by 
solving the equation is called the dependent variable. 

For example, in the equation ic^ -f y* = a*, suppose that x is 

given the value ^« Then y must be such that 2. + y* = a*> or 

y = ±^V3. Here x is the independent variable and y the 

dependent variable. 

It will be noticed that independent variable is merely an- 
other name for variable, and dependent variable another name 
for function. 

7. Classification of functions. It is convenient for our pur- 
pose to make a rough classification of functions as follows : 

Algebraic functions. Those in which the only operations 
performed upon the variable are a definite number of opera- 



INTRODUCTION 8 

tions of addition, subtraction, multiplication, division, extrac- 
tion of roots, or raising to powers. 

Logarithmic functions. Those involving the logarithm of the 
variable or of an algebraic function of the variable. 

Exponential or anti-logarithmic functions. Those involving 
an exponential function of the variable or of an algebraic 
function of the variable. 

Trigonometric functions. Those involving a trigonometric 
function of the variable or of an algebraic function of the 
variable. 

Anti-trigonometric functions. Those involving an anti-trigo- 
nometric function of the variable or of an algebraic function 
of the variable. 

We may have combinations of these functions, as, for ex- 
ample, logio sin (tan"^ aF) ; but there would be no advantage in 
classifying such functions, and we shall not do so. 

8. Algebraic functions. An algebraic function in any num- 
ber of unknowns may be integral or fractional, rational or 
irrational. 

An integral algebraic function is one in which, after all the 
negative exponents have been made positive, there are no 
variables in the denominator. 

Example. The expression \/5 -f- 2 ajy -}- 3 y* -f- V2 is an 
integral algebraic function. 

A fractional algebraic function is one in which, after all the 
negative exponents have been made positive, there are vari- 
ables in the denominator. 

Example. The expression \/aj -f 2 o^ -f- — -}- V2 is a frac- 
tional algebraic function. 

A rational algebraic function is one in which the variables 
are all raised to powers whose exponents are integers, positive 
or negative. 
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Examples. The expressions oj^-f-j^ and a^-f-y~^ — 4 are 
rational algebraic functions. 

An irrational algebraic function is one in which at least one 
power whose exponent is a fraction appears somewhere over 
the unknowns. 

Examples. The expressions a^-\-y^ and Va^-f-y^ + a» are 
irrational algebraic functions. 

9. It must be noticed that the character of the function is 
determined by the manner in which the variables, not the 
constants, are involved in the function. 

Thus, ax^'{ -01^^ -\ — y^ is integral if b and c are constant; 

^/b c 

fractional if 6 or c is variable ; rational if b and y are constant; 
irrational if 6 or y is variable. 

10. .Variables involved explicitly ; implicitly. In an equation 
in two variables, either variable is said to be involved explicitly 
when, for a given value of the other, its value can be found 
without solving an equation. It is said to be involved im- 
plicitly when, for a given value of the other, its value can be 
found only by solving an equation, 

Eor example, in the equation y = a^ -\- 4:X -\- 1, let x he given 
some value. Then the value of y corresponding to that value 
of X can be found without solving an equation. Then y is 
involved explicitly in the equation. If y is given some value, 
the corresponding value of x can be found only by solving the 
equation ar^-f-4aj = y — 1. Then x is involved implicitly in the 
equation. 

11. It is generally, though not always, of advantage to arrange 
the variables so that the dependent variable is involved explic- 
itly in the equation. Thus, in the equation 2/ = sinic, if y is 
regarded as the dependent variable, the equation would be 
written in the above form, while if x is regarded as the depend- 
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ent variable, the equation would most naturally be written as 
X = sin~^ y. Or again, my = a^/\iy is regarded as the dependent 
variable, the equation would be written in the above form, while 
if X is regarded as the dependent variable, the equation would 
most naturally be written as a; = ± Vy. 

12. Functional symbols. A function may be denoted by any 
convenient symbol, as /, F, <^, U, ••-, followed by the variable 
or variables inclosed in brackets. If there are more variables 
than one in the function, the variables in the symbol, in general, 
are separated by commas. It is said in general because in a 
few rare cases they enter in a certain combination only. In 
these cases they may or may not be separated by commas. 

For example, jb*4-4 may be denoted by fix) ; a5*+3 ajy+2 y*+6 
by /(aj, y)j and (a^)* + 4 (aj.v) -f- 1, in which x and y appear in 
the combination xy^ by fixy) or /(a?, y). 

During the investigation of any particular problem the same 
functional symbol must be used to denote the same operation 
or series of operations. 

For example, if f(x) = aj* + 4, then /(^) = y* + 4, and 
/(a^) = (a^)« + 4. 

13. Absolute value of real function. By the absolute value of 
a real function is meant the value of the function disregarding 
the minus sign if the function is negative. 

For example, the absolute value of - when a; = — 2 is -• 

X 2 

Absolute value is denoted by two parallel lines. Thus, 



.1 

'2 



14. Single-valued, double-valued, multiple-valued functions. A 
function of one variable is said to be single-valued when for 
a value of the variable the function has just one value. 

Thus, in the function given by the equation y = logioaj, for a 
value of X, y or logioa? has just one value. Then y or logioa? is 
a single-valued function of x. 
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Fig. 1. 



In the curve whose equation in Cartesian coordinates gives 
a single-valued function of x, any line parallel to the y-axis will 

cut the curve in just one 
point or not at all. 

Thus, in the curve y = 
^ogioX (see Fig. 1), any line, 
as AB or CD, parallel to the 
y-axis, cuts the curve in one 
point or not at all. 

A function of one varia- 
ble is said to be double- 
valued when, for a value of 
the variable, the function has two values. 

Thus, in the equation a^ -{- y^ = 4:, or y=± V4— ic*, for a 
value of X, y or ± V4 — aj^ has two values. Then y or 
±V4: — a^ is a double-valued function of x. 

In the curve whose equation in Cartesian coordinates gives 
a double-valued function of x, any line parallel to the y-axis 
will cut the curve in two points, distinct or coincident, or not 
at all. 

Thus, in the curve y = L\ B 

±V4 — oj^ (see Fig. 2), any 
line, as AB or CD, parallel 
to the y-axis, cuts the curve 
in two points, distinct or 
coincident, or not at all. 

A function of one varia- 
ble which has more than 
two values for a value of 
the variable is called a maltiple-valued function of the vari- 
able. 

Thus, in the equation y = tan~^ x, y or tan"^ x has more than 
two values for a value of x. Then y or tan-^a? is a multiple- 
valued function of x. 
In the curve whose equation in Cartesian coordinates gives 
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a multiple-valued function of «, any line parallel to the y-axis 
will usually cut the curve in more than two points. 

Thus, in the curve y = 
tan-^ X (see Fig. 3), any line, 
as AB or CD, parallel to the 
y-axis, cuts the curve in an 
unlimited number of points. 
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15. In any particular prob- 
lem it is desirable to have the 
function f{x) single-valued. 
If it is not single-valued, it 
can be made so by considering it as made up of a number of 
functions, each of which is single-valued. The curve whose 
equation gives the function will then consist of a number of 
branches, each of which will correspond to one of the com- 
ponent functions of /(a). 

Thus, in the equation y=± V4 — a^y the function ± V4 — a? 
may be considered as made up of the two functions + V4 — a? 
and — V4 — a?^, each of which is single-valued. In the curve 
y = ± V4 — JB* (see Fig. 2), the part above the aj-axis corre- 
sponds to y = + V4 — ic^, and the part below to y = — V4 — a?*. 



EXERCISES 

1. For what values of n does aj^»-^> cease to be a function 
of aj? 

2. In the equation yfl-\-^^^z=fz + x + =^t^\ show 
that y is B, function of z but not of x, 

3. Show that sin x tan ^ a? -f cos a; is not a function of x. 

4. In the equation xy — 2x-\-y = nf determine the value 
of n for which y ceases to be a f lyiction of x. 
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In each of the exercises 5 to 9 inclusive, express y explicitly 
in terms of x and a. 

a' 

6. logioflJ + logioy — 21ogioa = 0. Ana. y = — 

X 

6. Slogioo; — 21og,oy + 41ogioa = 0. -4ns. y=±VoM. 

7. sin~*aj + sin"*y = »" -4^^* V = Vl — a?^ sin a — a; cos a. 

8. tan~*aj + tan~*« = a. Ans. y = ^ na— — ^ 

1 -f- a; tan a 

a; + VI — as* tan a 

10. If/(a!) = «»-3a!»+6a! + 6, prove that /(l)=9,/(3)=23, 
/(-I) 6. 

11. If /(«, y) = x« + 2 asy + y*, find f(y, x) and /(a;, x). 

12. If /(a;) =V1— a;*, find /(sin x) and /(cos a;). 

18. If /(a;) = a!» + 4 and F(a!) = (a; - 1), find f(F(x)), 
F(/{x)), fifix)), FiFix)). 

14. If f{x, y) = ^, find fix, y) +/(y, a;). 

x+y 

15. lf/(a,)^^,provethat/Mz:m = ^. 

16. If <^(a?)=vT^^, find <^(vT^^. 

17. If f(x) = tan a?, find ^M+^^. ^ns. tan (a^ + y). 

18. If f(x) = sin X and <^ (a?) = cos x, find 

* (a?) * (y) T /(aj)/(y). ^ns. cos (« ± 3^). 

19. lif(x) = sin a; and <^(ar) = cosa;, find 

/(«) * (y) ± * («)/(y)- ^w«- sin (a; ± y). 

20. If F(x) = logioa;, prove that F(x) + F(jy) = -F(ajy) and 
F{xr) = n-F(aj). 
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21. If <^ {x) = a% prove that <^ («) <^(y) = <^(a? + y), 
<^(») -^ *(y) = <^(aJ - 2/) and <l>{nx) = {<^(ic)}*. 

22. If F{x) = cos 2 «, prove that 

F{x) + F(2^) = 2F(^y(^y 

23. If f(Xyy) = Ax + By + C, show that /(«,y) = and 
f{—y,x) = are the equations of two straight lines perpen- 
dicular to each other. 

24. If/(aj,y) = 2a? + 3y-4, whatdo/(a^,y)=0,/(a?,y«)=0, 
/(aj2, y2) = 0^ y(aj2^ 0) _ represent ? Plot the curves. 

26. Find |a^ — aj| when a; = |. 

(sinaj| when a? = 210®. 
Ilogioic! when a; =.001. 

26. Find |ar^ — «^ + a;| when « = — a. 

I a?* -f- 0^ — 0? I when aj = — a. 



27. Plot the curve y = ± VI — (a — 1)*. Indicate which 
part of the curve is found by taking y = + VI — (a; — 1)*, 
and which by taking y = — Vl — (x-- 1)*. 



28. Plot the curve y = l± V2 — {x — 3)*. Indicate which 
part of the curve is found by taking y=l + V2— (»— 3)*, and 
which by taking y=l— V2--(aj— 3/. 



CHAPTER I 

LIMITS 

16. Definitions. To determine whether one number is greater 
or less than another, represent the two numbers as lengths from 
the origin on a straight line. The one represented by the 
length whose extremity lies farther to the right is the greater 
of the two. 

For example, to determine whether —2 is greater or less 

than — 10, represent the two numbers as lengths from the ori- 

^ ^ gin on a straight line (Fig. 4). 

-10 .-2 The extremity of the line 

that represents — 2 lies far- 
ther to the right. Then — 2 is greater than — 10. 

A variable or function is said to continually increase in value 
when it assumes a succession of values each of which is greater 
than the preceding value. 

A variable or function is said to continually decrease in value 
when it assumes a succession of values each of which is less 
than the preceding value. 

17. Let Sn denote the sum of the first n terms of the series : 



Then 
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LIMITS 11 

Since n denotes the number of terms taken, it must be a 
positive integer, and since any number of terms may be taken, 
it may be any positive integer. Start with a value of n, say 
n = 1. Let n continually increase, and see what change is 
being produced in /S'„. 

By taking n large enough, — - can be made less than any 

positive number, 8, we may choose to name, no matter how 
small a number is chosen for 8. 
For example, if 8 is chosen to be — , — - can be made less 

than — by taking n equal to 8. 
I y 

Also, -—^ remains less than 8 for all values of n subsequent 

to the one chosen to make it less than 8. Then /S'„ = 2 — — ^j, 

1 

where — -— can be made to come as near the value zero as we 

please by taking n large enough, and where — ^ remains at least 

that near zero for all subsequent values of w. Then with regard 
to Sn, as n is allowed to continually increase, we may state : 

(1) That S^ can be made to come as near the value 2 as we 
please by taking n large enough. 

(2) That /S„ remains at least that near 2 for all subsequent 
values of n, 

18. That /S„, in the preceding article, comes and remains as 
near 2 as we please can be seen more clearly perhaps by repre- 
senting its successive values as lengths from the origin on a 
straight line. 



Let AOA be a line of 



l7i 

indefinite length (see Fig. J q ^ A~A 



-1 I L 

Ai 
Fig. 6. 
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5). On A'OA, plot the line 
OB, 2 units in length. Be- 
ginning with n = 1, plot the successive values of S^ as lengths 
on A'OA, Si, or S^ when n = l, =2 — 1 = 1. Therefore 
the extremity of Si is at Ai, which bisects OB, S2, or S^ when 
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n = 2, = 2 — |. Therefore the extremity of S^ is at A^, which 
bisects AiB, S^, or S^ when w = 3, =2 — J. Therefore the 
extremity of S^ is at A^, which bisects A2B, The law which 
the successive values of S^ obey is now evident. It is: the 
extremity of S^ is found by bisecting the line A^_iB where 
A^_i is the extremity of /S„_i. 

Since the line with its extremity at B is continually bisected, 
it follows that if any distance BC (equal to 8, suppose), no 
matter how short, is marked off from B to the left, the ex- 
tremity of Sn will eventually fall between C and*^, and remain 
between G and B for all subsequent values of n. 

19. Definitions. If a variable is allowed to continually in- 
crease, becoming greater than any number we may choose to 
name, no matter how great that number may be, it is said to 
increase without limit or to become infinite. 

Thus, n in the problem of Art. 18 increases without limit or 
becomes infinite. 

The notation used to indicate that a variable increases with- 
out limit or becomes infinite is n = 00, which is read, " increases 
without limit " or " becomes infinite." 

If, as the variable changes according to a given law, the 
function comes as near a fixed number as we please and 
remains at least that near for all subsequent values of the 
variable, the function is said to approach the fixed num- 
ber as a limit as the variable changes according to the given 
law. 

Thus, as n increases without limit, S^y in the series 1 + - -f- 

11 

— -I f- .... comes as near 2 as we please, and remains at least 

that near 2 for all subsequent values of n. Then Sn is said to 
approach 2 as its limit as n increases without limit. 

The notation used to indicate that as n increases without 
limit S^ approaches 2 as its limit is ^^^^ f/Sj = 2, which is 
read, "the limit of S^ as n increases without limit is 2." 
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20. In the example ,S'h = 1 4-^^ + ^+ - +^,, S^ is always 

less than its limit, and approaches it by continually increas- 
ing to it That this is not always the case may be seen by 
examples. 

Example 1. Find the limit which the sum of the first n 



lerms oi lae senes -11 1 
~^~2~^~2» 




approaches as n increases without limit. 




o .111 


1 
2»-i 


--I'- 




= 2+ 1 . 





Therefore J,'^^ [5,]^ 2. 



In this example S^ is always greater than its limit and 
continually decreases to it. 

Example 2. Find the limit which the sum of the first n 
terms of the series ^ ^ ^ 

2 2* 2^ 

approaches as n increases without limit. 



K-l)- 



^n+l 



^2 2( 1Y^2 (-1)' 
3 3\ 2) 3 3.2»» 
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Therefore i'^j^M = | 



In this example S^ is alternately greater and less than its 
limit. 

21. It must be carefully noticed that it is as essential that 
the function remain as near the fixed number as we please as 
that it can be made to come as near -the fixed number as we 
please. 

Consider the series 

found by adding -f- 1 and — 1 alternately to the terms of the 
series 111 

1 + 2"^ 2"^"^ 23"^'"' 
Let /S„ denote the sum of the first n terms of the series. 

Then ;S, = 2-i-f-f-I+ ••• + rA±l\ 
2 4 8 \2r-^ J 

where the plus sign must be taken in the nth term if n be odd, 
and the minus sign if n be even. 

This series can be summed as follows : 

^« = (l+l) + (|-l) + (|+l) + (|-l)+- + (2^.±l) 

by removing brackets and rearranging terms. 
.*. Sn = ip -f- (0 or 1, according as n is even or odd). 

= 2 — -—^, if n is even, 



2«- 

J 

"2" 



or =3 ;, if w is odd. 
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By taking n large enough and even, S^ can be made to come 
as near 2 as we please, and by taking n large enough and odd, S^ 
can be made to come as near 3 as we please. Then if we start 
with n any positive integer and allow it to increase by unity each 
time, S^ can be made to come as near 2 or 3 as we please. It 
does not, however, remain either as near 2 or 3 as we please 
for all subsequent values of n. It therefore approaches neither 
2 nor 3 as a limit, and S^ as n increases without limit, by unity 
each time, approaches no limit. 

22. Although the function considered in the preceding article 
failed to approach a limit, it always remained between two 
numbers. For example, it remained between 1 and 3. Now 
a function may fail to approach a limit in other ways, as the 
following examples will show : 

Example 1. Consider the series 

1 + 2 + 22 + 2' + .... 

;8, = l + 2 + 2« + 23+...+ 2-i 

^ 1-2** 
1-2 

As n increases without limit, S^ becomes greater than any 
number we may choose tp name. It also remains greater for 
all subsequent values of n. Therefore S^ does not come and 
remain as near any given number as we please and therefore 
does not approach a limit. 

Definition. If, as the variable changes according to a given 
law, the function becomes and remains greater than any number 
we may choose to name, no matter how great that number may be, 
it is said to increase without limit or to become infinite. 

The notation used to indicate that as n increases without 
limit Sn increases without limit is ^^^^ I'^n] =<»> which is read, 
"as n increases without limit, S^ increases without limit." 

In Example 1, S^ increases without limit. 
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Example 2. Consider the series 

/S, = - 1-2-22-2' 2» 

As n increases without limit, 8^ becomes less than any- 
negative number we may choose to name no matter how great 
in absolute value that number may be. It also remains less 
for all subsequent values of n. Therefore S^, does not come 
and remain as near any given number as we please, and there- 
fore does not approach a limit. 

Definition. If, as the variable changes according to a given 

• law, the function becomes and remains less than any negative 

number we may choose to name, no matter how great in absolute 

value that number may be, it is said to decrease without limit 

or to become infinite negatively. 

The notation used to indicate that as n increases without 

limit S^ decreases without limit is ^^ \^^ = — oo, which is 
read, " as n increases without limit, S^ decreases without limit." 
In Example 2, S^ decreases without limit. 

Example 3. Consider the series ' 

l_.2 + 22-2« + .... 

/S„ = 1-2 + 2^-23 + ...+ (- l)-i2-i 

^ 1 4- (- 1)"-^^2*> ^ (- 1)^2^ - 1 
1 + 2 3 

As n increases without limit, S^ is such that in absolute 
value it becomes greater than any number we may choose to 
name. It also remains greater in absolute value for all subse- 
quent values of n. Therefore 8^ does not come and remain as 
near any given number as we please and therefore does not 
approach a limit. 
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In this case S^ is such that in absolute value it increases 
without limit. 

The notation used to indicate that as n increases with- 
out limit, S^ in absolute value, increases without limit is 
limit r i^^il __ QQ^ which is read, "as n increases without limit, 
Sta in absolute value, increases without limit." 

EXERCISES 

1. In the examples of Arts. 20, 21, and 22, represent the 
successive values of Sn as lengths from the origin on a straight 
line, determining the law which these values obey. 

In each of the following series find the limit, if any, which 
Sn approaches as n increases without limit. In each case 
represent the successive values of S^ as lengths from the origin 
on a straight line. 

2. l + i-fi-fi-f.... 4. 1-14-1-1 + .... 

^3 32^38 4^42 4»^ 



1 .2 2.3^3.4^4.6 



•••. 



Suggestion. 

-L-+J-+J-+J-+. 

1.2 2.3 3-4 4-6 






7. 24.-4--4--4. — +.... 8. 2 + I4-- + - + — . 

^2^4^8^16^ ^2 4^8^ 

23. Definitions. If a variable is allowed to continually de- 
crease becoming less than any negative number we may choose to 
name, no matter how great in absolute value that number may 
be, it is said to decrease without limit or to become infinite 
negatively. 
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The notation used to indicate that a variable decreases with- 
out limit or becomes infinite negatively is — oo , which is read, 
" decreases without limit or becomes infinite negatively." 

If a variable assumes a succession of values each of which is 
nearer a given number than the preceding value, and is made to 
differ from the given number by a value as small as we please, it is 
said to approach the given number as a limit. 

The notation used to indicate that a variable approaches a 
given number a is = a which is read, " approaches a as a 
limit." 

Note. Attention should be called to the notation = and =. When 
the variable approaches a given number, we use the notation =, and when 
it increases or decreases without limit, we use the notation =. 

24. In all problems in limits we shall suppose that the vari- 
able changes according to one or other of the following laws : 

1st. It increases without limit. 
2d. It decreases without limit. 
3d. It approaches a given number as a limit. 

When the variable changes according to one of these laws, it 
may assume an unlimited number of successions of values, the 
only restriction being that the values it assumes are in accord- 
ance with this law. 

Thus, if the variable increases without limit, it may assume 
an unlimited number of successions of values, the only restric- 
tion being that, in any succession, each value is greater than 
the preceding and that eventually the values become greater 
than any number we may choose to name. 

For example, it may assume any one of the successions : 

-1, 2i, 6, H, 13, 16^, ..., 

h i 1. H, ^^ li •••> 

1, 2, 3, 4, 5, 6, ..., 



or 



1, 


3, 


5, 


7, 


9, 


11, 


1, 


2, 


4, 


8, 


16, 


32, 
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If in addition to the given law the variable is further 
restricted, some of these successions become no longer possible. 
Thus, for example, if the variable denotes the number of terms 
taken in a series, the first two of the above successions become 
no longer possible. 

If the function approaches a limit when the variable changes 
according to any one of the above laws, and is not otherwise 
restricted, it will approach the same limit when the variable 
is further restricted. This is obvious, because if the function 
approaches a limit for any succession of values subject to a 
given law, it will also approach the same limit when the 
variable is limited to fewer of these successions. 

In the theorems of Arts. 26, 27, and 28, the variable is sup- 
posed to change according to one or other of the above laws, 
and is not otherwise restricted. By the preceding paragraph, 
the theorems will also be true if the variable be further 
restricted. 

As an example in which the function approaches a limit as 
the variable approaches a given number, consider the function 
« + 1 as a; approaches 2. 

By giving x a value near enough to 2, a? -f 1 can be made to 
come as near the value 3 as we please. Also, x-\-l remains at 
least that near 3 for all subsequent values of x. Therefore 

To illustrate by points on a line, choose some succession of 
values, suppose 1, 2^, If, 2\, •••. 

As X takes each of these values in succession, a? -f 1 takes 
each of the values 2, 3 J, 2f, 3^, ••• in succession (see Fig. 6). 
If we mark off a length of 
line CB (equal to 8), no .-Pg 

matter how small, about the -j ^ ^ /'p j^ ' 

point which is three units P^^ g ^^ ^^ 

from the origin, a; -f 1 will 

eventually take a value such that the extremity of the line 
that represents it comes and remains in the region CB, 
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25. Definition. An infinitesimal is a function that can be 
made to approach zero as a limit. 

Example 1. In the example of Art. 17, S^=2 —. 

limit r 11 1 ^"~' 

Since J™^ 2^ ~^' ""2*-^ ^® infinitesimal as n becomes 

infinite, being integral. 

Example 2. Since J™^^ [a - 1] = 0, a - 1 is infinitesimal 
as X approaches 1. 

26. From the definition of a limit, the difference between a 
function and its limit is infinitesimal. 

Example 1. In 8^ = 2 — ——, —rr-z is the difference be- 

tween S^ and its limit 2, and is therefore infinitesimal as n 
increases without limit. 

Example 2. Since ^^^^^ fa? + 11 = 3, the difference between 

x + 1 and its limit 3 is infinitesimal as x approaches 2. 

27. If the difference between a function and a constant is 
infinitesimal, the constant is the limit of the function. 

For, let CT" be a function and a a constant such that U—a=€ 
where e is infinitesimal. Then U=a'\'€, Since e is infini- 
tesimal, U can be made to come and remain as near a as we 
please. Therefore CT approaches a as its limit. 

This theorem is the converse of that of the preceding article. 

28. The following theorems are necessary to the subsequent 
investigation : 

Theorem I. Any finite multiple of an infinitesimal is an 
infinitesimal. 

Let € be s^n infinitesimal and m any number. To prove that 
me is infinitesimal. 

Proof. Choose any number c' as small as we please. Allow 

B bo become less than — • Then me is less than c'. Since e is 
m 
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infinitesimal, it remains less than — for all subsequent values 

m 

of the variable. Therefore me can be made to become and 

remain less than c'. Therefore m€ can be made to become and 

remain as small as we please. It is therefore infinitesimal. 

Example. If € = — ^ is infinitesimal, 1000[ -i^ ] is infini- 
tesimal. ^ ^ 

A special case of this theorem is the following : 
A fraction whose numerator is infinitesimal, and whose 
denominator is any number not zero, is infinitesimal. 

Example. Since J^^S i [a^ - 1] = 0, .'. ^^ is infinitesimal 
as X approaches 1. 

Theorem II. The sum of a finite number of infinitesimals is 
infinitesimal. 

Let €i, €2) €g, •••, €^ be n infinitesimals. To prove that 
S = €i -I- €2 -I- €3 -I- ... 4- €^ is infinitesimal. 

Proof. Since each of the infinitesimals may be made to 
become and remain as small as we please, let us make each 
to become and remain smaller in absolute value than some 
positive infinitesimal €. Then S becomes and remains less 
than n€. But ne is infinitesimal, by Theorem I. Therefore 
S is infinitesimal. 

Note. Attention must be called to the necessity for the word finite in 
the above theorems. Suppose that a line of given length is divided into n 
equal parts by bisecting the line and continually bisecting each part. If 
n is allowed to increase without limit, each part is infinitesimal. The 
sum of the infinitesimals, however, is not infinitesimal. It is the length 
of the given line. In this case there is not a finite number of infinitesi- 
mals, but a number that increases without limit as each part approaches 
zero as its limit. 

Theorem III. If two functions differ only by an infinitesi- 
mal, and one of them approaches a limit, the other approaches 
the same limit. 
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Let Ui and U2 be two functions differing only by an infini- 
tesimal, and suppose that Ui approaches a as its limit. To 
prove that U2 also approaches a as its limit. 

Proof. By supposition, Ui— £^2=6, where € is infinitesimal. 

By the definition of a limit, Ui — a = c', where e' is infini- 
tesimal. 4 

Subtract. .*. CTi — « = €' — €. 

Since €' and c are infinitesimals, c' — €, by Theorem II, is 
infinitesimal. 

Therefore, by the theorem of Art. 27, Ui approaches a as its 
limit. 

Theorem IV. If each of a finite number of functions ap- 
proaches a limit, the limit of the sum of the functions is the 
sum of their respective limits. 

Let Uiy Uz, Us9 •••, Vn he n functions which approach the 
limits tti, tta, a^, •••, a„, respectively. To prove that the limit 
of Ui + U2 + Us'\""+U^ is 01 + 034-03+ — +«n. 
Proof. By supposition, 

C/i = Oi + €1, 
1/2 = 02 + €2, 



C^« = o^ + c^, 
where €1, Cgj €3, •••, €^ are infinitesimals. 

.-. £^1+ C72+C^8+- + C^«= (01 + 02 + 03+-. . + 0,) 

+ (€i + €2 + e3+. ..€„). 

Now €1 + €2 + €3 +•..+€„ is infinitesimal, by Theorem II. 

Therefore Ui + C/i + C/g H h C^« approaches 01 + 02 + 03 

+ ••• +0^ as a limit, by the theorem of Art. 27. 

Example, ^^'g' [^-S] = ^^2 M + "^2 [" 3] • 
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Theorem V. If each of a finite number of functions ap- 
proaches a limit, the limit of the product of these functions 
is the product of their respective limits. 

Let Ui, U2, Uzy •••, Un be n functions which approach the 
limits ttj, a2, ag, •••, a, respectively. To prove that the limit of 
Ui'U^' U^ ••• t/n is ai • 02 • tts ••• ^n* 

Proof. By supposition, 

Ui = ai + €i, 

C/i = 02 + €s, 



C^« = an + e^ 
where €1, €2? ^g, •••,€„ are infinitesimals. 

.'. Ui ' U2 ' Uz "' Un^ (li ' 0,2 ' <h ••• »n pl^s a finite number of 
terms, each containing an infinitesimal factor. Each of these 
factors is infinitesimal, and therefore, by Theorem II, their 
sum is infinitesimal. Therefore, by the theorem of Art. 27, 
C7i • C^a • Uz ••• Un approaches a^^ a^^ a^ ••• a» as a limit. 

Example, '^l [^.^^ ^ [a:»] • "^'3* [o^] . 

Theorem VI. If the numerator of a fraction approaches the 
limit zero and the denominator approaches a limit other than 
zero, the fraction approaches zero as its limit. 

Let -— be a fraction in which the limit of (7 is and the 

^ U 

limit of F is 6,, where h is not zero. To prove that -y ap- 
proaches zero as its limit. 

Proof. Since V approaches the limit 6, \V\ can be made to 
become and remain larger than some positive number c. Then 



U 



is less than — • 



U ^ 

— : approaches 



for all subsequent values of the variable, 

\U\ 
But ' — ' approaches zero as its limit. Therefore 

C TJ 

zero as its limit. Therefore ~ approaches zero as its limit, 
Example. IJ^^^f^^V 



«=llaj + 2 



0=»- 
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Theorem VII. If the numerator of a fraction approaches a 
limit, and the denominator approaches a limit other than zero, 
the limit of the fraction is the limit of the numerator divided 
by the limit of the denominator. 

Let -y be a fraction in which the limit of U is a, and the 

TT 
limit of V is b, where b is not zero. To prove that — approaches 

the limit t* 
b 

Proof. J7=a + c, 

V= 6+ j8, where c and fi are infinitesimals. 

" V b^p 

a P-^ 

a 



b b + p 

Now approaches zero as its limit, by Theorem VI. 

Therefore — approaches ^ as its limit. 
V b 

limit r^ q1 



Example, limit [^31 x=-2 L^^^^J ^^ 



7 7 



As illustrations of the manner of applying the above theo- 
rems, consider the following examples : 

Example 1. Find |j™^^ \^\ where n is a positive integer. 

af = X'X'X""ton factors. 

to n factors, by Theorem V, 

= a • a • a • ••• to n factors? 
= «••• 



. limit I 
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Example 2. 



limit 



-R,. , limit [ 3 g» 4 - a? -11 

by Theorem IV, 
=l_3+4 

= 2. 

Therefore, since the limit of the denominator is not zero, 

nnjitr^±£z41 = ||£l±!Z^, by Theorem VII, 

^3 

2' 

Examples. Find ""'^ P ^ " "^ + ^^ 

Divide both numerator and denominator by x raised to the 
highest power to which it appears in the fraction, i.e. by x*. 



. limit r 2a^-x + r \_ limit 
" «='»l_«' + 3a!-2j *=" 



2-1 +1- 

aj ar 

- « ar_ 



=2. 



EXERCISES 



1. Prove that if the numerator of a fraction does not ap- 
proach zero, and the denominator does approach zero, the 
fraction either (1) increases without limit, or (2) decreases 
without limit, or (3) is such that in absolute value it increases 
without limit. 

2. Prove that if a function (1) increases without limit, 
(2) decreases without limit, any finite multiple of the function 
will (1) increase without limit, (2) decrease without limit. 

Choose ^, I, I, I, ••• as a succession of values for x, and for 
the first six values, plot as lengths from the origin on a straight 
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line, the values which the function in each of exercises 3 and 4 
assumes. In each case, what is the length of the region deter- 
mined by the sixth value of a, within which the extremities of 
the lengths representing the function must lie for all subsequent 
values of aj? 

3. ^::il. 4. ^^±1. 

7 aj-6 

Choose 1, 2|, If, 2|, ••• as the succession of values for », and 
give a treatment similar to that in exercises 3 and 4 for the 
function in each of the exercises 5 and 6. 

o. —-• o. -• 

aj — 3 » + l 

For any succession of values for aj, in each of the following 
exercises, find: 

r, limit I 3"! -„ limit | V + l "] 

limit [ 3 g' -2 a; + 4 1 limit f a.-^ + 1 1 

limit [ (3 a; -2) (6a?-f 7)" | limit f sin a? "] 



10. 



11. 



limitr (3a;-2) (6 a; + 7) "] limit fcos^"! 

a;=lL(3aj4.4)(aj2_i)J' •^*>- x=0 [ aj J 

limit f a?^ + cue + an ^^ limit [" a? " ] 

«^=«L a2 + aj2 J '• iK=f[tana;J 



12. li™jtr^±^±11 ,3^ l-l^fcota^ + ta^a.]. 

29. Function infinite or infinite negatively for a value of the 
variable. Let f{x) be a single-valued function of the variable x. 
The function jXx) is said to be (1) infinite, (2) infinite nega- 
tively for a value Xq of », if as x approaches «o, jXx) becomes 
(1) greater, (2) less than any number we may choose to name 



Y 




I 







\ 




X 
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(see Art. 22). The curve y =J{x) in rectangular coordinates, 
therefore, will be (1) infinite, (2) infinite negatively for a value 
Xq of Xy if as X approaches qcq the ordinate of the curve becomes 
and remains (1) greater, (2) less than any length we may choose 
to name. 

It frequently happens that a function is infinite or infinite 
negatively for a value a^ 2is x approaches x^ being always 
greater than it, and the opposite, namely infinite negatively or 
infinite, as x approaches x^ 
being always less than it. 

Thus, the function 

' x-2 

when a; = 2, is infinite if x 
approaches 2 being always 
greater than 2, and is infinite 
negatively if x approaches 
2 being always less than 2. 

In the neighborhood of '^* ' 

x = 2y the curve y = ^ ^ is as in Fig. 7. 
' ^ x-2 ^ 

30. Function finite between two values of the variable. Let 

f(x) be a single-valued function of x. The function f(x) is 
said to be finite between two values Xi and a?2 of x, if there 
is no value a\) of a? between ajj and Og, for which ^a;) does not 
have a definite value. 

Thus, the function ^ ^ is finite between any two values of 
x — 2 

X which do not contain the value x = 2 between them. 

31. Function continuous or discontinuous for a value of the 
variable. Let JXx) be a single-valued function of x. Suppose 
that, when x has a value near a particular value Xq, f(x) is finite. 
Let Xo—h and Xq-^-K be two arbitrarily chosen values of x 
near a^ The function f(x) is said to be continuous for x = Xq, 
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The function y(a?) is said to be discontinuous for 3? = a:^ if 

It is also discontinuous f or a; = a\^ if 



^'o*[/(«^-*)]=""o[/('>% + *)]^/('«%)' 



limit 
h 




but this case is of rare occurrence. 
In the curve y = f(x) in rectan- 
gular coordinates, Xo--h, Xq and 
Xo + h represent abscissas, and 
X«b-A), A^)> and f(xo + h), 
j^ ordinates. In Fig. 8, /[oco — h) is 
AB, f(xo) is EGy and f(xo + h) is 
CD. If 



which is the case in this figure, the curve is continuous for 
x = Xo, or' at the 'point E. 



Y 














E 


Ks« 










F 


^ 









i 


\ E ( 




X 






Fig. 


9. 
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G^ 
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^ 


X 
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10. 







In Figs. 9 and 10, f{x^ - A) is AB, and J{^^ + K) is CD, If 
A^or^^~^)1=^)[™or^^ which is the case in either 

figure, because AB approaches the limit EO, and CD the limit 
EF, the curve is discontinuous for a? = sCo? or at the point E. 

So far the curve was supposed to remain finite for values of 
X near as = a^ 
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The function f{x) is also said to be discontinuous for a value 
a; = % if it becomes infinite or infinite negatively for the value 
a? = aJo. 

32. Definitions. When a function remains finite for a value of 
the variable and is discontinuous for this value, it is said to have 
a finite discontinuity for this value of the variable. 

When a function becomes infinite or infinite negatively for a 
value of the variable, it is said to have an infinite discontinuity 
for this value of the variable. 

33. All the functions with which the student is likely to meet 
are continuous for all values of the variable excepting those 
which make the function infinite or infinite negatively. 

No attempt is made here to prove a function continuous, 
and it will be assumed in the following chapters that all the 
functions considered are continuous excepting for those values 
of the variable for which they become infinite or infinite 
negatively. 

EXERCISES 

1. Plot the curve y = ^a!T ^ ov ^^^ values of x, 1st, near 

(a? — ^)\X — 3) 

1 ; 2d, near 2 ; 3d, near 3. 

/>• ^. ^ 

2. Plot the curve y = ^ \,,„ for values of x near 1. 

(x-iy 

3. Show that a; (a? — 1) is continuous when 05 = 1, Plot the 
curve y=x(x — l) for values of x near 1. 

4. Is the function j- continuous, 1st, when a? = 1 ; 2d, 

1 + e' . 
when a; = ? Plot the curve y = for values of x near 

these values. 1-f e* 

6. Plot the curve v = -sina; for values of x near 0. What 

X 

can be said about the curve when a? = ? 



CHAPTER II 
DEEIVATIVEB 

34. Definitions. The increase in a variable due to its having 
passed from one value to another is called the increment of 
the variable. 

The increase in the function due to the variable having 
passed from one value to another is called the increment of 
the function. 

An increment is usually denoted by writing A before the 
variable, A being merely a symbol for the words increment of. 

For example, in the equation y = ic*, suppose that the variable 
has passed from the value 6 to the value 8. Its increment is 2. 
That is. Ax = 2. When x passed from 6 to 8, y passed from 
36 to 64. Its increment is 64 — 36, or 28. That is, Ay = 28. 
Or again, suppose that x has passed from the value 6 to the 
value 4. Its increment is — 2. That is, Aa? = — 2. When x 
passed from 6 to 4, y passed from 36 to 16. Its increment is 
16 - 36, or - 20. That is, Ay=^- 20. 

35. In the equation y = a*, let x have the value 6, and calcu- 
late the values of Ay and — ^, found by giving Aa? certain 

Ao? 

values. The values given to Ax and the values resulting for 

Ay and — ^ are given in the scheme at the top of the following 

Ax 

page. From a study of this scheme, we see that, in this par- 
ticular example, as Ax approaches zero. Ay approaches zero, 

but -^ does not approach zero. It approaches 12. 

30 
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If Ax = 


then Ay = 




3 


45 


15 


2 


28 


14 


1 


13 


13 


.1 


1.21 


12.1 


.01 


.1201 


12.01 


.001 


.012001 


12.001 


.0001 


.00120001 


12.0001 


Aa; 


12Aa + A? 


12 + A« 



36. Instead of giving x the value 6, as in the last article, we 
may give it any value Xq. Indicate by y^ the value of oi? when 
X has the value x^. The increment of y is foimd by giving x 
the value x^ -\- Aa, where Aa? is an arbitrary value, and subtract- 
ing y^ from the result. This increment by definition is Ay. 

Then A]/ = (ab + A»)* - o^o* 

= 2 x^x + Ax . 

Divide by Ao?. .•. — ^ = 2 a\) + Ax, 

Ax 

Pass to limits. .-. j^'"?* f^l = 2 a;^ 

This gives 3^q — for any value Xq of x. In particular, 

if ajo = 6, ^^"^*j r^l = 12, the result of the last article. 

Since Xq is any value of x, we may drop the subscript and 
say that ^^ T ^1 = 2 a? for any value of x. 

37. Definition. In the equation y=f(x), ^^ ^ L when x 

has some particular value Xq, is called the derivative of y with 
respect to x when x = Xq, or, sometimes, the differential coeffi- 



cient of y with respect to x when x = Xo, and is written 



dy 
dx 



32 
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Since Xq is any value of a?, we may drop the subscript and say, 

This is written more 



limit 
Ax 



Qit _J? f or any value of oj is -^ 
= 0LAa;J ^ dx 



briefly, 



dy 
dx' 



d'u 
38. In an equation y =f{x) the successive steps in finding ^ 

are: 

1st. Let X have the value x^ and calculate the corresponding 
value y^ of y, 

2d. Let X have the value x^ + Ax, where Ax is an arbitrary 
increment, and calculate the corresponding value of y. This 
value will be y^ + the increment in y due to the increment 
given to x, or y^ -\- Ay. 

3d. Subtract y^ from y^^ + Ay. 

4th. Divide Ay by Ax. 

5th. Pass to limits. 



The following examples will illustrate the method : 
when y = a^ — 2» + 4. 

.-. yo = 119. 
yo + Ay=(54-Aaj)»-2(5 4-Aa;)+4. 
.-. Ay=:(5-\-Axy-2(5 + Ax)-\-4t 
-119 
= 73Aa;4-15A?4-A?. 



Example 1. Find ^ 
dx 

Let x = 5. 

Let x = 5 + Ax. 
Subtract. 



Divide by Ax. 
Pass to limits. 



^ = 73 4-15Aaj + A?. 
Ax 



init fAyl 
' = 0LAajj" 



^mit^ f ^y] = 73 when a = 5. 



^1 

dx\ 



= 73. 
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Example 2. Find ^ 
dx 



Letaj = a;o. .*. yo = a^' — 2a^ + 4. 

Let a? = a^ 4- Aa?. /. ^o 4- Ay = (aj^ + Aa;)«— 2 (a\,+ Aa?) +4. 

Subtract. /. Ay = (a^+A»)«-2(a;o4-Aa?)+4-(a^»-2a^+4) 
= (3a^«-2)Aaj + 3a;,>A? + Ai'. 

Divide by Aa?. .-. ^ = 3a^*-2 + 3«oAa: + A?. 

Aa; 

Pass to limits. .-. "™^V f— 1 = 3 a^« - 2 when x=^x^ 

.-.^1 ==3a:b*-2. 

dx\x^M^ 

Example 3. Find -^ when y = Va. 
da? 

Leta? = av .-. yo = V^ 

Let a? = a\, + Aa?. .*. y© 4- Ay = Vaj^ 4- Aa?. 

Subtract. .•. Ay = Va\, + Aa — V^ 

Divide by Aa?. 



. Ay __ Va\) -f Aa? — V^ ^ 
" Aa; Ax 



If we take the limit of this expression as it stands, we 
encounter the indeterminate form ^. The difficulty can 
be avoided by rationalizing the numerator. Multiply both 
numerator and denominator, therefore, by VaJo + Ax + V^ 

Ay_ Ao 1 ^ 

^ Aa;(VaJo + Aa; + V^) VaJb + Aa; + V^ 

Pass to limits. .-. }^^}\ [—1 = — ^ when x = x^ 

dx 2Vx 
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EXERCISES 

1. In the equation y=a^— 2 x, calculate the values of Ay and 
-^ corresponding to the values 4, 3, 2, 1, .1, .01, .001 of Ax, 

when a? = 5. Find j^"^?* [^1 when a? = 5. 

2. In the equation y = a*, calculate the values of Av and — ^ 

Ax 

corresponding to the values 3, 2, 1, .1, .01, .001 of Ax, when 
a? = 10. Find^"??*^r^1whena? = l0. 



limit r^"|, 

^=oLaxJ 



Find^ 
ax 



in each of the following cases : 

3. y — a^ — 2x, (a) when a\, = | ; (6) when a\, = 2. 

4. y = (a; — 1) (3 a; + 4), (a) when aJo = 3 ; (6) when a\, = 4. 
6. y = 7? when os^ = 3. 

6. y = — ; — when x^^^a. 



Find -p in each of the following cases : 
cix 

4 4 /— a?4-2 

7. 3/ = a*. 9. y = Vx. 11. y = ^33;" 



CHAPTER III 



GEOMETEIOAL UrTERPEETATIOlJ OF A DEEIVATIVE. 
FBOBLEMS IN SPEED 

39. We shall now consider the geometrical interpretation of 
a derivative. 

Let y=zf(x) be the equation of a given curve. To avoid 
complications, we shall suppose that f{x) is single valued and 
continuous. Since /(») is not known, we cannot plot the 
curve, but, as we wish a geometrical picture of the equation, 
we shall suppose that part of the curve at least, if it could be 
plotted, would be as drawn in Fig. 11. The student can 
readily satisfy himself that the same reasoning will hold for 
the curve drawn in any other position. 




Fig. 11, 



To let X assume a particular value Xq in finding -^ 

CLX 



IS 



geometrically to choose a length measured along the aj-axis as 
the abscissa of a point on the curve. To calculate the corre- 
sponding value of y is geometrically to find the corresponding 
ordinate. Then the coordinates of A are (ajo, yo)- Similarly, 

35 
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6. The equations of the tangent and normal lines to the 
ellipse 4 ic* + 2/* = 8, at the point (1, 2) ; also at the point 

2x-y = -4:, 

41. Definitions. The mean or average speed of a moving 
body is the distance passed over by the body in a given time, 
divided by the time, the distance being expressed in units of 
length and the time in units of time. 

For example, if a body passes over 60 feet in 2 seconds, its 
mean or average speed is 30 feet per second. 

The actual speed of a moving body at a given instant is the 
limit which the mean speed for a period of time immediately 
succeeding the instant in question approaches as the length of 
the period of time is allowed to become indefinitely decreased. 

The mean angular speed of a body rotating in a plane about 
a point is the angle through which the body has turned in a 
given time divided by the time, the angle being expressed in 
units of angle and the time in units of time. 

For example, if a body rotates through an angle of 60° in 
10 seconds, its mean or average angular speed is 6° per second. 

The actual angular speed of a body, rotating in a plane 
about a point, at any instant, is the limit which the mean speed 
for a period of time immediately succeeding the instant in 
question approaches as the length of the period of time is 
allowed to become indefinitely decreased. 

When there is danger of confusion between speed along a 
curve and angular speed, the former is called linear speed. 

The speed of a moving body is said to be uniform when the 
actual speed at every instant is the same. 

The speed of a moving body is said to be variable when the 
actual speed is continually changing. 

Actual speed is usually spoken of simply as speed. 

Another name for speed is rate of motion, or more simply 
rate. 
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42. Units of speed. The measure of mean linear speed is 
that of a certain distance divided by that of a certain time. 
The unit of mean linear speed is therefore the speed of a 
certain point which moves through a unit of distance in a 
unit of time. Expressed in English units it may bo 1 foot 
per second, 1 mile per hour, etc., and in French units 1 centi- 
meter per second, 1 kilometer per hour, etc. The measure of 
a mean angular speed is that of a certain angle divided by 
that of a certain time. The unit of angle usually employed 
is the radian. The unit of mean angular speed in terms of 
the radian is therefore 1 radian per unit of time. 

Since the actual speed of a body at a point is expressed in 
terms of the limit of mean speed, its unit is that of the mean 
speed. 

43. To find the speed of a body at any particular instant, 
we must find the mean speed of the body for a period of time 
immediately succeeding the instant in question, and then find 
the limit which this mean speed approaches as the period of 
time is allowed to become indefinitely decreased. 

As an example in finding the speed of a moving body at any 
particular instant, consider the following problem : 

A body falls freely from rest in a vacuum. Find its speed 
at the end of ^o seconds. 

By experiment, it has been found that the distance in feet 
passed over by a body falling freely from rest in a vacuum 
during a time t in seconds is « = 16 1^. 

Then, in the equation 5 = 16 1^, 
let ^ = ^0- ,\ Sq = 16 tfi^ = distance in feet the body 

has fallen in ^o seconds. 
Let t=zto+dLt r, 8q-\-^s = 16 (to -f- Aty = distance in 

feet the body has fallen 
.A in #0 4- A^ seconds. 

^« .-. A«=: 16(^0+^0^-16 <o^=distance in feet the body 

has fallen in A^ seconds 
from point -4. (Fig. 13.) 
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.\ — = 32^0 + 16 A< = mean speed of the body over the dis- 

tance A«, expressed in feet per second. 

.-. ^ =]j^™^* [—"1 = 32^0= actual speed of the body at 

the point A, or at the end of the time t^ expressed in feet per 
second. 

NoTB. The distance in feet passed over by a body falling freely from 
rest in a vacuum during a time t in seconds is < = } gfi, where 

g = 32.0894(1 + 0.0062375 sin I) (1 - 0.0000000957 c) ,♦ 

I being the latitude of the place and e the height in feet above the sea 
level. This gives g the value 32.2 approximately. In this problem it 
was chosen 32. 

44.' Definition. The equation by which the distance a passed 
over by a moving body in a time t is expressed as a function 
of t, is called the law of motion of the body. 

Thus, in the example of the preceding article the distance 8 
passed over by a body falling freely from rest in a vacuum 
during a time t is s = ^gfi. Then « = ^ gr^ is the law of motion 
of this body. 

In all cases the law of motion of the body must be deter- 
mined before the speed of the body at any given instant can 
be found. This law is always derived with more or less 
mathematical manipulation from observed measurements. 
Thus, the law of the example of Art. 43 was determined by 
experiment. 

45. As an example in which mathematical manipulation 
must be combined with observed measurements in order to 
determine the given law, consider the following problem : 

One end of a ladder 20 feet long rests on the ground, 12 
feet from the foundation of a building. The other rests 
against the side of the building. If the end on the ground is 
being carried away from the building on a line perpendicular 

* See Maurer's Technical Mechanics, Part I, Art. 13. 
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to it at the uniform rate of 4 feet per second, find the law 
of motion of the other end. 

Here, the observed measurements are the rate at which the 
end of the ladder on the ground is moving, the length of 
the ladder, and the distance of the foot of the ladder from 
the building when in its initial position. To determine the 
law from these measurements: 

Let AB (Fig. 14) represent the 
side of the building, and BC the 
line perpendicular to it. Let t 
represent the number of seconds 
during which the ladder is moving. 
Then 12-|-4« is the distance of 
its foot from the building at the 
end of the time t Let a represent 
the distance through which the top 
of the ladder has moved. If D is the point at which the 
ladder rested in its initial position, and F the point it has 
reached at the end of t seconds, then 

8=^DF 

=:DB-FB 




Fig. 14. 



= V400 - 144 - V400 - (12 + 4 ty 



= 16-4Vl6-6«-t^. 



Therefore s = 16 — 4Vl6 — 6t — t* is the law of motion of 
the top of the ladder. 

46. If the law of motion of a body can be formulated so 
as to express the distance s passed over by the body as a 
function of the time t, then the speed of the body at the 



, can be determined as in the example 



ds 
time t, namely -— 

of Art. 43. 

As a further illustration of finding the speed of a body at 

a given instant when the law of motion is known, find the 
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speed at which the top of the ladder in the problem of the 
preceding article is moving at the end of (a) 1 second; 
(b) 1^ seconds. 

To find these speeds, find -^ , and substitute 1 and 1^ 
in turn in the result. ***• 



Let « = «o. .-. 5b = 16-4Vl6-6«o-^o^. 



Let t = to + ^t. .'. So+A«=16-4Vl6-6(to4-AO-(^o4-AO*. 



A8^ ^ V16-6(<o4-AO-(A)4-AO^-Vl6-6go-^^ 
A« At 



Eationalize the numerator and pass to limits. 
" dt , 



^4^. ^0 + 3 



ds 
dt 

ds 
dt 



= 4 — = = -— feet per second, and 
= 4 — i=: = 14 Vl9 feet per second. 
EXERCISES 



1. A man 6 feet high walks directly away from a lamp- 
post 10 feet high at the uniform rate of 4 miles per hour. 
How fast does the end of his shadow move ? Does it move 
uniformly ? Ans. 10 mi. per hr. Yes. 

2. In Exercise 1, how fast is his shadow lengthening? 
Does it lengthen uniformly ? Ans, 6 mi. per hr. Yes. 

3. A man is walking up a plane inclined 45° to the ground 
at the rate of 2 miles per hour. At what rate is his projection 
on the ground moving ? Ans, V2 mi. per hr. 

4. At what rate must a man walk up a plane inclined 60° 
to the ground in order that his projection on a plane per- 
pendicular to the ground may move at the rate of 1 mile 

P^'^"'"^ Am. A mi. per hr. 

V3 
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5. The radius of a spherical soap bubble is increasing 

uniformly at the rate of ^ inch per second. Find the 

rate at which the volume is increasing when the diameter 

is ^ inch. ^i^^. .^L^ cu. in. per sec. 

4000 

If a body with an initial speed Vq moves down a smooth 
plane inclined a° to the horizontal, the law of motion of the 

Assuming this law, solve the following problems, (g = 32.) 

6. If a body starts from rest and moves down a smooth 
plane inclined 60° to the horizontal, find its speed 1 second 
after it starts. Ans, 16 VS ft. per sec. 

7. If a body with an initial speed of 10 feet per second 
moves down a smooth plane inclined 30° to the horizontal, 
find its speed when it has gone 10 yards, and its mean speed 
for this distance. Ans, 32.56 ft. per sec. ; 21.28 ft. per sec. 

47. So far we have considered the speed of a body when the 
law of motion can be formulated so as to express the distance 
passed over as a function of the time. We shall now consider 
a slightly more general problem, one in which the ratio of the 
speeds of two bodies can be determined when the law of motion 
can be formulated so as to express the distance passed over by 
one as a function of that passed over by the other in the same 
time. 

48. As an example, consider the following problem : 

Suppose that two bodies are moving in such a manner that 
in a time t one passes over a distance y and the other over a 
distance x, where y = a?* -|- 3 a; -|- 2. To find the ratio of the 
speeds of the two bodies at the end of a time to. 

At the end of a time ^oj <^^e has passed over a distance ocq and 
the other over a distance y©? where 
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At the end of a time ^ + A^, one has passed over a distance 
Xo + ^ and the other over a distance ^o + ^^j where 

yo + Ay = (ajo 4- Aa;)2 -h 3 (a\, -h Aa?) + 2. 

= (2ajo + 3)A» + A?. 

^y _ (^ a\) + 3) Aa; 4- A? 
"At" At 

_ (2a\)4-3)Aa; + Aar' Ax 
Ax At' 

by dividing and multiplying by Ax. 

. limit r^1= limit r (2a^4-3)Aa? + A? "] ^ Umit fA^I 

• • A«=0 [_AtJ A«=0 L ^3ka? J ^«=0 LA«J 

Now as At = 0, Ax = 0. 

. limit r^l= limit r (2a;o + 3)Aa; + Aac^ "| . limit f^l 

• • At=0 |_AtJ ^=0 L ^^ J ^^"^ L^U 

•••IL,-(^^+'>f 



«='o 



Now^ 
dt 



and 



dy 
dt 



are the speeds at the end of a time 



to of the bodies that move over distances x and y respectively 
in a time t. Therefore the ratio of the speeds of the two 
bodies is such that 



dy 
dt 



dx 

' dt 



= 2a:b + 3. 



It will be noticed that 2 ojq + 3 is -^ 

, dx 

example, 

<^ 
dt 



Therefore, in this 



dy 
dx 



dx 
dt 
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49. It can be readily proved in general that if the distances 
passed over by two bodies in a time t are x and y respectively, 
and y can be expressed as a function of x, then 



dy 
dx 



dy 
dt 



»=«o 



dt 



where os^ is the value of x when t = tQ, 
Proof. For any value ^o of ^ 



^ = ^.^, identically. 

At Ax At ^ 



limit I 



imit r%1= limit fAyl . limit f A«1 
«=0LAtJ A«=0La»J A«=0|_Ay 

Now as Ai = 0, Ax = 0. 

imit r^1= limit fAyl . limit ["A^l 
^«=OLAfJ Ax=oLAajJ A<=0[_A«J 

diL., dojL--. dt\*^t 



limit 
At 



doj 



dy 
dt 



dx 
dt 



60. In the curve y =f(x), x is the abscissa and y the ordinate 
of any point (x, y) on the curve. If we look on the curve 
as being generated by a moving point whose coordinates are 



(x, y), then 



dx 
dt 



and 



dy 
dt 



are the rates at which the 



point is moving parallel to the x and y axes respectively at 



the end of a time fo- I^ other words, 



dx 
dt 



and 



dy 
dt 



are 



' = «0 



the rates at which the abscissa and ordinate respectively 
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are changing in length at the end of the time to. Therefore 
-^ is the ratio of the rate of change in length of the 

ordinate to that of the abscissa of the curve at a point (% ^o)- 
As seen in Art. 39, it is also the slope of the tangent line 
to the curve at this point. 

EXERCISES 

1. If 2/ = 3aj* — 2aj + 4, find the ratio of the rate of change 
of y to that of x when x = 2. Ans, 10. 

2. Iny = a^-f-3aj — 2, what is the value of x at the point 
where y increases 6 times as fast as «? Ana. a? = f . 

3. For what values of x do y = aj^ — 3a^ + 2a; — 2 and 
y = if* — 6 change at the same rate ? _ 4 ± VlO 

4 . Find the coordinates of the point at which y=3a^-|-2»— 2 
changes at the same rate as the slope of the tangent line to 
the curve that represents this equation, at the point. 

Ans, (I, I). 

Water flows from a vessel, in the form of a right circular 
cylinder of radius 1 foot, into one of the form of an inverted 
circular cone of semi vertical angle 30° : 

6. If the level of the water in the cylinder falls uniformly 
at the rate of 2 inches per minute, at what rate is the water 
flowing ? Ans, 288 tt cu. in. per min. 

6. With the above rate of flow, at what rate will the level 
of the water in the cone be rising when the depth is 6 inches ? 
When 1 foot ? When 2 feet ? Ans, 24, 6, 1.5 in. per min. 

7. At what depth of water in the cone will the level be 
rising just as fast as it is falling in the cylinder ? At what 
depth, three times as fast ? Ans, 20.78 in. ; 12 in. 



CHAPTER IV 
OENEEAL P0EMULA8 FOE DITFEBENTIATION 

61. Definition. The process of finding the deriyative of a 
function is called differentiation. 

In all cases differentiation may be performed by following 
the steps mentioned in Art. 38. It is, however, inconvenient 
to be compelled to resort to this method in each particular 
problem, so we shall derive rules or formulas, called formttlas 
for differentiation, by the aid of which, labor may be avoided 
in finding the derivative of a function. In the next article 
seven such formulas are derived. They are numbered from 
I to VII for convenience of reference. As will be seen, they 
apply to all the classes of functions given in Art. 7. Hence 
the name " General Formulas." 

52.' GENERAL FORMULAS FOR DIFFERENTIATION 
I. 



II. 



dx 
dx 


= 1. 


dc_ 


= 0. 



X. 

jr. 



.MiX.^^^ 



i«<W«'^itr«Mi#f .^ ' 



TTI ^(^ "i" '^) __ ^^ dv 
dx dx dx 

TTT dOuv) dv , du 
IV. \ ^ = u---\-v—-' 

dx dx dx 

y d(cu) ^^du 

dx dx 

/iff^\ du dv 
a -) V u — 

VT ^'^^ __ dx dx 

dx "" v^ 
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VII. — = nw**^ — • 

dx dx 
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In these formulas, u and v are functions of the independent 
• variable a; ; c is any constant ; and n is any rational constant. 

Note. Fonnula VII is trae for n any constant, but we shall consider 
it only in the cases where n is a rational constant. 



53. Derivation of f onnulas. 


Proof of I. 




Let 


y = x. 


Let x=Xq. 


.-. yo = Xfy,' 


Let x==qcq + Ax. 


.-. yo-\-Ay = Xo-\-Ax. 


Subtract. 


.*. Ay = Ax. 


Divide by Ax, 


... ^y=i. 

Ax 


Pass to limits. 


' dx 


_ limit fAvl^iL 



^ = 1, or since y = a, — = '^* 



dx 



dx 



Proof of II. 






Let 


y=:c. 


Let x = Xq. 


.-. yo = c. 


Let x = iCo-\-Ax, 


.-. yo-\-Ay = c. 


Subtract. 


.-. Ay==0. 


Divide by Ax, 


Ax 


Pass to limits. 


" dx 


_ limit r^3/1_Q 
^^ Ax=0[_Aa;J 



dy 



dc 



0, or since y=c, -- = 0. 
da? da? 
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Proof of III. 

Let y = u + v. 

Let a; = a^. /. yo = Uq + ^o- 

yo + A?/ = Mo + Aw + Vo + Av. 
.*. Ay = Att + Av. 



Let aj = o^o + Aa;. 
Subtract. 



Divide by Aa?. 
Pass to limits. 



Ay_Aw , Av 
' ' Aa; Aa; Aa; 



dy 
dx 



_ limit FAmAv"! 

_ limit rAu"! limit [^1 



.-. -^ = —+—, or since .y = tt + v, ^ ^' ' ^ = t- + t~* 
da; da; dx dx dx dx 

A similar proof will apply to any number of functions, so 
d(M + v + to+ •••) du , dv . dw , 



Proof of IV. 

Let 

Let X = x^. 

Let a; = a^o + Aa;. 

Subtract. 



Divide by Aa;. 



dx dx dx dx 

y =uv, 

.-. y = UoVq. 
2^0 + Ay = (i^o + Au)(vo + Av). 
. •. Ay = (w-o -f- Am) (vq + Av) — MqVo 
= MqAv -f- VqAm -f- AmAv. 

Aa; Aa; Aa; Aa; 
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Pass to limits. 



dy 
dx 



_ limit fAy"! 

limit r , Av , « Aw , . ^^ Avl 

•'<™S[«.^]=«.S[E]= «.'•■' 

limit r ^1 _ « limit f^l _ « ^^w 
and limit f » . Av"| _ limit V^J} . limit f^l 



limit^pAv1_Q^dv 
da; 







" dx 


da; da: 


Proof of V. 




Let 


y = cw. 


Let a: = a\). 


.-. 2^o = cwt,. 


Let a; = ajo + Aaj. .• 


. yo + At/ = c(wt,-f-Att) 


Subtract. 


.'. Ay = cAu, 


Divide by Aa?. 


... ^y = c^^. 

Aa; Aa; 


Pass to limits. 


da? 


_ limit fA?/" 
^.^ Ax=0 Aa; 



_ ^ limit fAu"] 
-^Ax=0[Aa;J 



d(cu) _ du 
da; da; 



= c— I 
da; 



«=a^ 
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Proof of VI. 










Let 


»=7 


Let a? = a\,. 


... .=^.. 


Let a? = aJo + Aa?. 


- ^+^-?j^- 


Subtract. 




. ^ Uo + Au Mo 




Vo-\-AV Vq 




VoAw — UqAv 




Vo(yo + Av) 




Au Av 


Divide by Aa?. 


Av_ A* Aa; 
■■ Ax" «o(*'o + A») 


Pass to limits. .•. 


dx 


_ limit fA^^I _ limit 
Ax=0 Aa; Ax=0 


^, Am ^^ Av 
Ao; Aa; 

_i;o(vo + M _ 






., limit fAM"! limit f Av" 
^«Ax=0 ^aj ^Ax=0 ^x 




^oSh + At,] 






-1 




I. 




V 




\vj dx dx 




dx ^ v^ 


Proof of VII. 




Let 




y= 


M". 





At first suppose tjiat n is a positive integer. 
Leta; = a^. .-. 2^0 = ^0" 

Let a? = a:^ + Aa;. .-. yo + % = (^o + AM)^ 
Subtract. .-. Ay = (uQ-^Auy — \ 
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Now (m, + Au)** — Wo" can be factored like a* — «o"' I^ct 
Wo + Aw = a. 
The factors are a — w© and (a*~^ + a*~\)+a'*"^Wo^+««»+at^**"* 

Substitute w© + Aw for a in these factors. 

.-. (wo + Am)" — Wo" = Aw \ (uq + Aw)*"^ + Wo(^ + Aw)*"* 
+ WoXwo + Aw)--«+ ... + Wo"-«(wo + Aw) + Wo"-^}. 



Divide by Ax. 

Wo + Aw)*- 

+ V(mo + Aw)-»+... + Wo"-^|. 



.-. 1^ = ll I (uo + Aw)-^+ Wo(wo + Aw)-* 



Pass to limits. 



. dy 

' ' dx 



^ limit ["A^l 



=jjJ^^J||K^*o+Aw)-i+Wo(Wo+Aw)-«+Wo«(wo+Au)_^-« 
As Aa? approaches zero, Aw approaches zero, and 



dy 
dx 



du 
dx 



there being w terms in the parenthesis, 
idu 



= nwo' 

da; 

.-. — = ww**"^ — , when n is a positive integer. 
dx dx 

Next, suppose that n is a positive fraction = -, where _p and 

q are positive integers. 
p 
Then y = w«. 

Raise both sides of the equation to the qth. power. 
/. y9=u^. 

. dy^ __du^ 
" dx dx 
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Now u^ is of the form y^ where n is a positive integer, 
because p is a positive integer. 

dx dx 

Also, y^ is of the fonn w* where n is a positive integer, 
because 9 is a positive integer. 

dx ^* dx 

dx dx 

dy__p v^du 
" dx q y^~^ dx 

__p u^~^ du 

_p u^~^ du 

""a -Idx 

W'U « 

p ^-\du 
q dx 

dx 

,.. ^HL — nw**"^— if w is a positive fraction. 
dx dx 

Next, suppose that n is negative, = — m, either integral or 
fractional. 

Then 2/ = w" = u"""* where m is positive. 
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dy 
dx 


dx 


dx 


by Formnla VI, 


= 




du 
d^' 


by 


rormulas II and VII, 


= 


— mu~^' 


.idu 
dx 







« ^du 
= ww**"^ — , since w = — m. 
dx 

Therefore — = ww**"^ — for n an integer or fraction, posi- 
dx dx 

tive or negative. 

54. The way in which these formulas may be employed in 
finding the derivative of a function is illustrated in the follow- 
ing examples : 

Example 1. In the equation y = a;*, find ?^« 

dx 

Let u = x and Formula VII applies directly. 

" dx dx 

j^ 
= 4 a^, since — = 1 by Formula I. 

dx ^ 

.-. ^ = 4x«. 
dx 

Example 2. In the equation y = 4a? — |-a? + l, find -^« 

dy^ d(4ar^-^a? + l) 
dx dx 

^di^^di-^_^d^ by Formula III, 
dx dx dx 

= 4^-J^ + ^,byFomulaV, 
dx 2dx dx 

= 12 aj2 - 1, by Formulas VII, I and II. 
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Example 3. In the equation y = 3 Va H + 4 V^, find 

da? cfcB 2 c^ do? 

— 3 ^^ , 1 cto"^ . ^ d»^ 

do; 2 do; do; 

— I aj-i — 1 aj-i + 6 «*, by Formula VII, 



2Vx 4Va^ 



Example 4. In the equation y = (x — l)VaJ^ + l, find -^« 

ax 

^= (X- l)l^^^±I+ V^+l ^^^^^, by Formula IV. 
dx dx dx 

da; do; 2 do; 

^1 4d(a^+l) 

2 ^ ^ dx 



Var^ + 1 



^ 2a^--a? + l . 

EXERCISES 

Find -^ in each of the following cases : 
dx 

j_ 2 + 3CX+4K ^„, _ 1 ^j, 

4aj 2a^ 

a;* 6 a?* 6 a?* 3 a?* 
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3. y 



xi + xi-x^ + l j^ 6^4_ J_ + J__L 



4. y=(l+2a!+3a!'+4a!»)(l-a!)*. Ans. -20a?{l-x) 
6. 3/ = (2 «» - 1) (1 + !c^». ^n«. IS of (a? + 1) 



7. y = 



V«^ 2(a!-l)Va!-l 



Vas + l 2(x+l)Vx + l 

1 



^n«. 



8. y = ^E. 

^a' + l (a!+l)Va!*-l 

•9. y = J^±l. Ans -^ 

^x — 1 



{x-l)V^?^^ 



10. y = J^^±L Am. V^{x-a) 



■y/a + Vx 2S/«Va + a!(Va + -v^)' 

11. y^V^-V^. ^^. -V^(V^+^) 



Va + a; 2 Vic(a + a;)* 

a;-2 



^ ^(1 + x) 



12. M=-v/— -• Am. 



V(l-x)(l + xy 



»/T-rz A^. 1 + 6 as 



13. y = VI — a; -v^l + x. Ans. 



e-^/il-xfil + x)* 



14. .y = (a!* - 1) ViM=T ^««. 7»*-3ai' + 4a; 



2V?Tl 
1 



16. « = — « ^ns. 

Vl - a;" (1 - »^ Vl - a;* 

1— « ^ 1 + x 

16. y = — • Ans. — - -— 



17. y^^- Ans. ^'^^ 



l + ai* 2Va!(H-aO* 
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18. y = ^ Ans. . . 

19. y = 2^ + \. ^„,. -2^ + 11^-9. 

a!(a!* + 3)* 3a:»(a!' + 3)« 



20. « = 5VE±l!. Ans. V^ + 3(3a^-4x'-3). 

JC— 1 (» — 1)^ 

In the two following examples, find ^, -^, and then ^. 
/a k 1. At\\ da ax ax 

(See Art. 49.) 

21. yssz* — 32, « = aj'r-a?. 

^ws. ^=3(2;»-l); ^=2a:-l; ^=3(aJ*-2a?+«'-l)(2a?-l). 
oz da; c2a; 

22. y — ^T^-z-^-i, z = a?-l. 

Ans. ^=62-1; ^ = 2x; ^ = 2(6a^-7)a?. 
d« da; da; ^ 

23. In the curves j^i^a;* — 12a;* + 4a; and y = a? — SQi?^S, 
given that the abscissas are changing at the same rate, what 
are the coordinates of the points at which the ordinates are 
changing at the same rate ? Ans. (J, — |) ; (^, — ■^). 

24. In the curves of Exercise 23, what is the ratio of the 
rate of change of the ordinate of the first to that of the second 
at the points where the curves cut each other ? 

Ans. If at (2, - 32) ; f^ at (- 1, - 17). 

26. At what angles does the parabola a;* = 4 ay intersect the 

witch y = ^ , ^ ? Ans. tan"^ ± 3. 

ar + 4a^ 

26. Find the points on the curve 2^ = (a; + 1) (a; -- 2) (a; — 3) 
at which the tangent line to the curve is parallel to the a>-axis. 
Makes 46® with the a^axis. 

Ans fi±:^y 70--26Vi3 Y / 4-Vi3 ^ 70-f-26Vl3Y 
\^ o 27 / \ 3 27 / 

(0, 6); (I, -H). 
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27. If (x — a) occurs n times as a factor in a function f(x), 

show that it occurs (w — 1) times in ^ ^ - Hence devise a 

method for determining whether a double root occurs in an 
algebraic equation. 

28. One end of a rope is attached to a boat at the surface 
of the water while the other end passes over a pulley 10 feet 
above the surface. If the rope is being shortened at the rate 
of 40 yards per minute, how fast is the boat moving through 
the water when it is 6 feet from the foot of the perpendicular 
from the pulley to the water ? Ans. 2 V5 ft. per sec. 

29. A man is walking at the rate of 4 miles per hour on a 
straight road from which a given point is distant 100 feet. 
At what rate is he approaching the point when he is 200 feet 
distant from the foot of the perpendicular from the point to 
the road ? Ans, 5.2 ft. per sec. 

30. One ship is 41 miles due north of another. The first 
is sailing south at the rate of 8 miles per hour, and the second 
is sailing east at the rate of 10 miles per hour. How rapidly 
are they approaching each other ? How long will they con- 
tinue to do so ? Ans. 8 mi. per hr. For 2 hr. 

31. Two railroad tracks intersect at a station at an angle of 
60°. One train leaves the station on one track and travels at 
the rate of 30 miles per hour, and two minutes later another 
leaves on the other track and travels at the rate of 60 miles 
per hour. At what rate are the trains separating 10 minutes 
after the first started ? Ans, 51.4 mi. per hr. 

32. A reservoir in the form of the frustum of an inverted 
regular tetrahedron, whose lower edges are each 100 feet, and 
whose sides are inclined at an angle of 45° with the horizontal, 
is used to supply a town with water. If the depth of the 
water at any instant is 10 feet, and is falling at the rate of 
3 feet per day, at what rate is the town being supplied ? 

Ans. 23548.8 cu. ft. per day. 



CHAPTER V 
8U00E8SIVE DITFEEENTIATION 

66. The limit of the ratio of the increment of a function of 
one variable to the increment of the variable, as the increment 
of the variable approaches zero, is the derivative of the func- 
tion with respect to the variable. This derivative is called 
the first derivative of the function with respect to the variable. 
Now this derivative is usually itself a function of the variable 
and can be differentiated with respect to it. The derivative 
of the first derivative is called the second derivative of the 
function with respect to the variable. The second derivative 
is usually also a function of the variable and can be differen- 
tiated with respect to it. The derivative of the second deriva- 
tive is called the third derivative of the function with respect 
to the variable. And so on. In general, the derivative with 
respect to the variable of the (w— l)th derivative of a function 
with respect to that variable is called the nth derivative of the 
function with respect to that variable. 

For example, in the equation y = a^, 

^ = 4 a?*, the first derivative of y with respect to a; 

— f -r^ J = 12 a?*, the second derivative of y with respect to x ; 

-T-( -p( -p ) j = 24 a, the third derivative of y with respect to a?; 

AfA.(^(^l^ = 24, the fourth derivative of y with respect to x, 
(ix\^ctx\(lx\(ixy j J 

Since 24 is a constant, the fifth and all succeeding derivar 

tives are zero. 

59 
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56. Notation. In the equation y =f(x), 

-^ is denoted sometimes by f*(x) ; 
dx 

rrl—] is denoted by -^ or sometimes hjf"(x) ; 
dx\dxj dar ^ \ /^ 

— ( -^f ^ ] ] is denoted by ^ or sometimes hjf'"(x), 
dx\ax\dxJJ oar 

The nth derivative of y with respect to a; is denoted by — ^ 
or sometimes by/^**\aj). 

EXERCISES 

1. In the equation y — afif find ^« Ana. 60 a?. 

dar 



2. In the equation y = -, find --^' 
X dx* 



A 2a 
-4n«. -— - 
ar 



3. In the equation y = 2a? — So? — 12 x + ly find the values 
of X that make /'(») zero and /"(«) positive. How many such 
values are there ? Ans. 2. One value. 

4. In the equation y = a^-^6a?-\-x-l, find /'(2), /"(I), 
/"(- 1), /'(- 2). Ans. - 11, - 6, - 18, 37. 

6. In the equation y = 10a^ + 36ic*-75a^-300a8 + 120a^ 
+ 720 X -f-.l, find the value or values of x, (1) that make f'{x) 
zero and /"(^) positive ; (2) that make f'(x) zero and f"(x) 
negative; (3) that make f^^(x) zero and /^(x) positive; 
(4) that make f^(x) zero and f^(x) negative. 

An^. (l)-.3, -1,2; (2) -2,1; 
^ ^ 10 ' ^ ^ 10 



CHAPTER VI 

APPLI0ATI0N8 OF DEEIVATIVES TO OUEVES. 
MAXIMA AND MINIMA 

57. In the curve whose equation is y =/(«), x is the abscissa, 
and y or f{x) the ordinate of any point (a, y) on the curve. 
Suppose that f{x) is a single valued and continuous function 
of X. If X continually increases, the point (a?, y) moves on the 
curve so that its projection on the aj-axis moves from left to 
right. If fix) continually increases as x increases, the ordi- 
nate of the curve corresponding to the abscissa x is continually 
increasing as the curve is being drawn from left to right. 
That is, the curve is rising when drawn from left to right. 
If fix) continually decreases as x increases, the ordinate of 
the curve corresponding to the abscissa x is continually de- 
creasing as the curve is being drawn from left to right. That 
is, the curve is falling when drawn from left to right. If f{x) 
is neither increasing nor decreasing as x increases, the curve is 
neither rising nor falling and must therefore be parallel to the 
a>-axis. In this case the equation becomes y = c, where c is 
constant, which is the equation of a line parallel to the aj-axis. 

We can thus think of the function fix) as increasing, 
decreasing, or remaining constant, as x increases, if the thought 
is merely of the function as given by the equation y=f(x)f 
or of the curve as rising, falling, or remaining parallel to the 
a>-axis, when drawn from left to right, if the thought is of 
the curve that represents the equation y=fix). 

58. Let us consider the curve whose equation is y = a;* — 4 a^ 
-f-4a;--l and determine the values of x between which the 

61 
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curve is rising or falling, or where it is turning from rising to 
falling or from falling to rising, when drawn from left to right. 
Let a = ab. To determine whether the curve is rising or 
falling as x increases through a\„ we shall calculate the ordi- 
nates corresponding to a\) and a\) + Ax, and compare the two 
in length. 

Letaj = a\,. .-. yQ = x^ — 4:X^ + 4:XQ — l. 

Let x = Xfi + ^x. 

.'. yo + Ay = (a!b-l-A«)»-4(a?o + Aa:)» + 4(aJb + Aaj)-l. 

.V Ay = (3aJb'-8aJb + 4)Aa: + (3aJb-4)Ai'-f A?. 

.-. ^ = (3irb«-8irb + 4) + (3aJb-4)A« + A?. 

By taking Ax small enough, -^ can be made to have a value 

Ao/ 

as near 3 a?o' — 8 a\, -h 4 as we please. Therefore, if Ax is small 

enough, — ^ will have the same sign as 3qcq^'-Sxo + 4:. Sup- 
Ax 

pose that 3 a^* — 8 0!^ -h 4 is positive. Therefore, if Ax is small 
enough, — ^ is positive. Now Ax is positive sincfe by supposi- 

4^X 

tion the variable is increasing. Therefore Ay is positive. There- 
fore yo-h^y is greater than y^. Therefore, as Ax increases from 
zero, or as x increases from Xq, the ordinate of the curve is 
increasing. That is, the curve is rising. Therefore if x^ is 
such that 3 Xo' — 8x^4-4 is positive, the curve is rising at 
X = Xo, when drawn from left to right. 

The student can readily make the necessary changes in the 
proof and show that if 3 x^^ — 8 x^ 4- 4 is negative, the curve is 
falling at X = Xo, when drawn from left to right. 

The values of x between which 3 Xq^ — 8 a\, 4- 4 is positive or 
negative can readily be found by factoring the expression 
3 Xb' — 8 x^ -I- 4. The factors are 3 Xq — 2 and Xq— 2. 

If Xq is less than |, both factors are negative, and therefore 
their product is positive. If Xq is greater than | and less than 



APPLICATIONS OF DERIVATIVES TO CURVUS 63 

2, 3 a:^ — 2 is positive and ojo — 2 is negative, and therefore their 

product is negative. If x^ is greater than 2, both factors are 

positive, and therefore their product is positive. The curve is 

therefore : 

rising for all values of x less than |; 

falling for all values of x between | and 2 ; 

rising for all values of x greater than 2. 

The curve, when drawn from left to right, is turning at 

fl5 = I from rising to falling, and at oj = 2 from falling to rising. 

At these values 3 iCo^ — 8 a\, -h 4 is zero. 

59. In the equation we have been considering, namely, 

(3aso2-8iKo + 4) + (3a;o-4)A»+Aa? = ^ whenaj = a:i^ 
.-. 3a^«-8a^ + 4 = ^^2\jr||"| whena: = a^, 

=^| . 

We therefore see that in this particular problem as x increases 

is positive the curve is rising at 

is negative, the curve is falling at a? = a\,. 



through the value a?©, if — 
dx 

a; = oiu and if -^ 
dx 



60. In general, in any equation y=JXx) where f(x) is a 
single valued and continuous function of x, as x increases 
through Xq, if -^ is positive, the curve that represents the 

is negative, the curve is falling 



equation is rising, and if -^ 
when x = qcq. 



This theorem can be readily established as follows: 

From the definition of a limit the difference between a 

function and its limit is infinitesimal. Therefore, since — ^ 

, Aaj 

dy 



when a? = ajo is a variable, and 

dx 



^_dy 
Ax dx 



its limit, 
= c, where c is infinitesimal. 
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Suppose that -^ 
ax 



is not zero. 



By taking A» small enough, c can be made to have a value 
as near zero as we please. Therefore, if Aa; is small enough, 

-^ when x = Xq will have the same sign as -^ 



Ax 



Suppose that -^ 
ax 



dx 



is positive. 
»=»o A^^ 



«=«« 



If Aaj is small enough, — when a? = a:^ is positive. Now Aa? 

is positive since by supposition the variable is increasing. 

Therefore Ay is positive. Since Ay is positive, y© + ^y is greater 

than t/q. Therefore as Ax increases from zero, or as a? increases 

from Xq, the ordinate of the curve is increasing. Therefore at 

x = Xq the curve when drawn from left to right is rising. 

Suppose that -^ is negative. 
dx ,=.^ 

If Ax is small enough, -^ when x = a:^ is negative. Now Ax 

is positive since by supposition the variable is increasing. 
Therefore Ay is negative. Since Ay is negative, y^ + Ay is less 
than yo. Therefore as Ax increases from zero or as x increases 
from qsq, the ordinate of the curve is decreasing. Therefore at 
X = a\) the curve when drawn from left to right is falling. 

61. When the curve is drawn from left to right, the slope of 
the tangent line may be increasing or decreasing while either 
positive or negative. 

If it is increasing and positive, the tangent line will take a 
succession of positions in the order 1, 2, 3, 4 of Fig. 15, and 
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the curve will be as drawn in Fig. 15. If it is increasing and 
negative, the tangent line will take a succession of positions in 
the order 1, 2, 3, 4 of Fig. 16, and the curve will be as drawn 
in Fig. 16. In either case the curve is said to be concave 
upwards. 

If the slope of the tangent line is decreasing and positive, 
the tangent line will take a succession of positions in the order 
1, 2, 3, 4 of Fig. 17, and the curve will be drawn as in Fig. 17. 





If it is decreasing and negative, the tangent line will take 
a succession of positions in the order 1, 2, 3, 4 of Fig. 18, and 
the curve will be as drawn as in Fig. 18. In either case the 
curve is said to be concave downwards. 

62. In Art. 58, we found a method fof determining the 
values of x between which the curve 2^ = 0:* — 4it'^4-4a? — 1 is 
rising or falling or for which it is neither rising nor falling, 
when drawn from left to right. We shall now find a method 
for determining the values of x in the same curve between 
which the curve is concave upwards or concave downwards or 
for which it is neither concave upwards nor concave downwards. 

If y=a^ — 4i«^+4aj— 1, 

then ^ = 3iB2-8a; + 4, 

dx 

and §=6«?-8. 
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The expression 3a* — 8aj + 4is a function of a?. Call it u. 

Then if — is positive, the curve whose equation is w = 3 a* 
dx 

— 8 a? + 4 is rising ; that is, u is increasing. (See Art. 60.) Now 

— is -^« Therefore if — ^ is positive, u is increasing. But w, 
dx dar dar 

or -2, is the slope of the tangent line to the curve at a point 

(Xy y) on the curve. (See Art. 39.) Therefore, if -^ is positive, 

the slope of the tangent line to the curve at a point on the 
curve is increasing. Therefore the curve is concave upwards. 

A similar proof will show that if --^ is negative, the curve 
is concave downwards. 

The expression 6 a? — 8 is negative if x is less than ^ and 
positive if x is greater than f . The curve is therefore concave 
downwards for all values of x less than | and concave upwards 
for all values of x greater than f . 

63. We saw in Art. 68 that, in the curve y=a;'^— 4 a?'+4 »— 1, 
for values of a?: 

less than f , the curve is rising ; 
between | and 2, the curve is falling; 
greater than 2, the curve is rising ; 

and in the preceding article that, for values of x : 

less than ^, the curve is concave downwards ; 
greater than f , the curve is concave upwards. 

From these results, we can plot the curve by plotting a few 
points and drawing the curve through them to satisfy the 
above data. 

The ordinates whose abscissas are |, ^, and 2 are 3^, — ^, and 

— 1 respectively. Plot these points. They are Z), F, and O 

in the figure. When a? = 0, y = — 1. When 2/ = 0, a; = — -^ 
1, and - "^ -» Plot these points. They are B, C, E, and H 



APPLICATIONS OF DERIVATIVES TO CURVES 67 




in the figure. When a? = — 1, y = — 10. When a; = 3, y = 2. 
Plot these points. They 
are A and K in the figure. 
Draw a curve concave down- 
wards through ABGDEFy 
then concave upwards 
through GHK We thus 
have the curve drawn be- 
tween a? = — 1 and x = 3. 

64. In Art. 62, we saw 
that, in the curve y= 0^—4:0:^ 

+4a?— 1, if --^ is positive, 

the curve is concave up- 
wards, and if negative, concave downwards. That this is true 
for any curve y =/(»), where f(x) is a single valued and con- 
tinuous function of x, can readily be shown. 

In the equation y =/(«), -^ is a function of x. Then if its 
^ dx 

derivative, namely —yis positive, -^ is increasing and the 

curve is concave upwards. If — ^ is negative, -^ is decreasing 

dor dx 

and the curve is concave downwards. 

65. Points of inflexion. The points on the curve at which 
the curve turns from concavity upwards to concavity downwards 
or vice versa are called points of inflexion of the curve. 

Thus, in the curve y = aj^ — 4ic2-|-4a; — 1, the point (|, — ^|) 
is a point of inflexion. 

66. In Art. 58, we saw that in the curve y = ar^ — 4aj*-|-4aj— 1, 



when -^ 
dx 



or 3 iKo* — 8 iCo + 4 is zero, the curve is turning from 
rising to falling or from falling to rising. It is not true, however. 



that in any curve y=if(x) when 



dy 
dx 



is zero the curve is turning 



68 



DIFFERENTIAL AND INTEGRAL CALCULUS 



from rising to falling or from falling to rising. It may be, as 
in Fig. 20 or Fig. 21, where it is rising or falling, and at a par- 



y 



JL 



Fia. 20. 



\^ 



"\ 



Fig. 21. 



ticular point a = a^ has a value at which the tangent line is 
parallel to the aj-axis. 
As an illustration, consider the curve 

!^ = 4aj8-12»» + 8. 



d^__ 



d^ 



= 12(a^-l). 



^_ 



For values of x in the neighborhood of 1, -^ is positive, and 
therefore for these values the curve is rising. When 05 = 1, 
-^ is zero, and therefore the tangent line to the curve at this 

point is parallel to the aj-axis. 
For values of x immediately less 

than 1, — ^ is negative, and there- 

fore for these values the curve is 
concave downwards. For values 
of X immediately greater than 1, 

-"I is positive, and therefore for 

these values the curve is concave upwards. In the neighbor- 
hood of a; = 1 it is therefore as in Fig. 22. 

67. Definitions. If a curve rises to a certain point and then 
falls, that point is called a maximum point of the curve. 



Fia. 22. 
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If a curve falls to a certain point and then rises, that point 
is called a minimum point of the curve. 

Thus, in the curve 2^ = 0?^ — 4a*4-4aj — 1, (|, ■^) is a maxi- 
mum point and (2, — 1) is a minimum point of the curve. 

68. We saw that, if -^ is positive, the curve is rising, and 
dx 

if negative, falling when drawn from left to right. Then, at a 

maximum point, -^ changes fi'om positive to negative. Now 
dx 

a continuous function can change in sign only by passing 
through the value zero, and a function which has only infinite 
discontinuities, by passing through the value zero or by becom- 



ing infinite. 



Therefore, at a maximum point, -^ is zero or 

dx 



^^ 



Fia. 23. 




Fia. 24. 



infinite. The curve at a maximum point is therefore shaped 
as in Fig. 23, where the tangent line is parallel to the cr-axis, 
or as in Fig. 24, where it is perpendicular to the a>-axis. 

The maximum point at which -^ is zero may be called an 

dx 

ordinary maximum point. It is the kind that appears in the 

curve of Art. 63. The maximum point at which -^ is infinite 

dx 
is called a cusp maximum point. 

Similarly we may have an ordi- 
nary minimum point of the kind 
that appears in Art. 63, and a cusp 

minimum point at which -^ is in- 

dx 

finite. In the latter case the curve 

appears at the point, as in Fig. 25. Fia. 25. 



^/^ 
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Tests for Maximum or Minimum Values 

69. We saw that, if -^ is zero for x = ajn, and if -^ is posi- 
dx dx 

tive before x = qsq and negative after x = Xq, the point (a?©, ^o) 
on the curve is a maximum point. 

In this condition for a maximum point, the conditions that 
-^ is positive before x = qso and negative after x = qso may be 

is negative. 



expressed in the one condition, — ^ 

dor 



For, suppose that -4 is negative when x = qso. Since -^, 

^ dv ^ 

the derivative with respect to oj of -^, is negative when a; = j»b, 

-^ is decreasing as x passes through the value x^y and since -2 
dx dx 

is zero when x^oc^it must have been positive before x^^Xq 
and negative after x^^x^. 

We can therefore conclude that, if 



dy 
dx 

and ^ 



= 0, 

= «0 



the point {xq, y^ on the curve is a maximum point. 
Similarly, if ^^ 

da; 



= 0, 

=*0 



and ^ 

da* 



= + 



the point (x^y y^ on the curve is a minimum point. 

70. The above reasoning is based on the supposition that 
the function /(a;) is single-valued and continuous for all the 
values of x considered. 

If the function f{x) is not single-valued it can be made so, 
as explained in Art. 15. 
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If the function is infinite or otherwise discontinuous for 
certain values of x, these values may be avoided in the dis- 
cussion. For all other values the reasoning of the preceding 
articles will hold. 

71. As an illustration of the method of plotting a curve 
when the function which it represents is infinite for certain 
values of the variable, consider the curve 

^ 2aj-3 

For a; = f , the function is infinite or infinite negatively, so 

that this value of x will be avoided in the discussion. For all 

other values of x, 

dy^2o^_-6x±3 

dx {2x-3y ' 



and 



c2aj« (2aj-3)8 



Factor the numerator of ^f^'"^^^t^ ' 

(2aj-3)2 



.|,-3wa)|,_a^ ) 



•• da? (2a:-3)^ 

An examination of this expression shows that ^ is : 

dx i 

positive for all values of x less than — — ^ ; 

negative for all values of x between ~ and "^ , 
avoiding-; 

positive for all values of x greater than "^ ; and 

3— V3 . 34-V3 
zero when x = — — ^— and x = ^ . 
2 2 



72 



DIFFERENTIAL AND INTEGRAL CALCULUS 



The curve is therefore : 
rising for all values of x less than — - — , 



falling for all values of x between — ~— and \, , 
3 2 2 

avoiding-; 

rising for all values of x greater than 



An examination of 



{2x-Sy 



2 

~2 

3 + V3 
2 ■ 

da? 



negative for all values of x less than - ; 

3 

positive for all values of x greater than -. 

Z 

The curve is therefore : 

o 

concave downwards for all values of x less than - ; 

2' 

Q 

concave upwards for all values of x greater than ^ ; 

3 ^J^ 

and has a maximum point when x = — -5—, and a minimum 



point when x -. 



.3 + V3 



x(x — 1^ 

An examination of -^ -^ shows that the curve cuts the 

Zx — o 

aj-axis when a; = and a; = 1, 

and that 





X 

and 



limit ra?(a; — 1) 1 
= -«L2a?-3 J 

limit rx{x—iy \ _ 

x=oo[2a:-3 J 



00, 



= + 00. 



Fig. 26. 



The curve is therefore as 
drawn in Fig. 2Q, 
Since ^ cannot become zero for any value of aj, this curve 

has no point of inflection. 



^y 
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EXERCISES 

1. Draw a branch of a curve at every point of which : 

, . . . . . . dy , . . , cPy 

(a) X IS positive, y is positive, -f- is positive, and -^ is positive; 

dv d^'u 

(p) a; is positive, y is negative, -^ is positive, and -^ is positive; 

dv cPv 

(c) X is negative, y is positive, -^ is negative, and -^ is negative ; 

(d) X is negative, y is positive, -^ is negative, and -^ is positive. 






2. In the curve y=f{x), show that if -^ 



= 0, and 



«=»o 



R=«0 



= +, the curve has a point of inflection when a; = av 



3. In Exercise 2, if ^^ 
' dx 



= also, how is the curve situ- 



ated at the point of inflection? 

Ans. The curve is parallel to the aj-axis. 



dv 
4. In the curve y =f(x), if -f- 






-0^ 



-0 ^ 



=0, 



= +, show that the curve has a minimum point 

when a = «(,. 

Investigate the following curves for ranges of values of x in 
which the curves are : (1) rising ; (2) falling ; (3) concave 
upwards; (4) concave downwards; and for values of x for 
which they have : (5) maximum points ; (6) minimum points ; 
(7) points of inflection. In each case, plot the curve. 

6. y = ar* — 2aj + 4. 10. y = ix?. 

6. y=:aj(aj-l)(aj-2). 11. y = o^. 

7. y = (x-l)(x-2)(x-3). 12. y=^x(x-Sy. 

8. y = aj(a^-3). 13. y = x(a?'^l). 

9. y = x'(x'-3). 14. y = a^(x-S), 
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16. y = x + l. 18. y = ^. 

16. y=.-^. 19. y = '-^- 

17. v = • 20. v = ^ ^ ^« 

Investigate the following curves for maximum and minimum 
points. In each case plot the curve. 

21. 2^ = 4a:(l-a;). 26. f=:x + 2. 

22. 2^ = 0.(0^-1). ^^ xi + yi = ai. 

23. f=:a^{l-x). 

^, o . 28. y = (aj-l)t + 4. 

24. 2^ = 0?^. 

1 29. 2, = (a,-l)l + 3. 

^ X 

72. Definitions. If a single valued and continuous function 
increases to a certain value and then decreases, that value is 
called a maximum value of the function. 

If a single valued and continuous function decreases to a 
certain value and then increases, that value is called a mini- 
mum value of the function. 

73. We saw in Art. 57 that if the curve y=f(x) is rising, 
the function f(x) is increasing, and if falling, decreasing. The 
tests for a maximum or minimum value of the function will 
therefore be the same as for a maximum or minimum point of 
the curve, namely : 

= 0, 



If 
and 



dy 
dx 






as X increases through the value Xq, the function f(x) has a 
maximum value when x^Xq] and 
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15 



If 



dx 



= 0, 



and 



da^ 



= +, 



as X increases through the value Xq, the function f(x) has a 
minimum value when x = Xq, 

74. As an illustration of some of the uses to which the above 
tests for maximum or minimum values of a function may be 
put, consider the following example : 

Example. Given that the strength of a beam of rectangular 
cross section is proportional to the product of its breadth 
by the square of its depth, find the breadth and depth 
of the strongest rectangular beam that can be cut from a 
cylindrical log which is 2 a inches in 
diameter. 

Let s, Xy and y denote the strength, 
breadth, and depth respectively of the 
beam. 

Then by supposition, sccoci/. .•. 8 = Jcxy^ 
where A: is a constant depending on the 
material of which the beam is composed. 

From the geometry of the figure, a?* 4-^ = 4a' 

.•. s=kx(4:a^ — si^. 

da 
dx 




Fig. 27. 



; = A:{4a«-3aj2|. 



dx' 



=:-6kx. 



When 05= 



2a 



^ = and ^ = -. Therefore, when aj=— , 

V3 



^' dx ^ ^ doi? 
the strength of the beam is a maximum. 

aj2-f-y» = 4a*. Therefore 2/ = 2aV|. 
sions of the strongest beam are 



Substitute «= — - in 
V3 
Therefore the dimen- 

breadth -^, depth 2a-y/l. 
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EXERCISES 

1. Given that the stiffness of a beam of rectangular cross 
section is proportional to the product of its breadth and the 
cube of its depth, find the breadth and depth of the beam 
of greatest stiffness that can be cut from a cylindrical log 
2 a inches in diameter. 

Arts, Breadth = a in. Depth = a V3 in. 

2. A rectangular box with open top and square base is to 
be constructed to hold 2 gallons. Find the dimensions of the 
box in inches which will contain the least possible material. 
(231 cu. in. = 1 gal.) 

Ans, Side of base = 9.74 in. Height = 4.87 in. 

3. A rectangular box with closed top and square base is to 

be constructed to hold 2 bushels. The cost of the material in 

the bottom is 3 cents per square inch, in the ends 2 cents per 

square inch, and in the sides and top 1 cent per square inch. 

Find the dimensions of the box of least cost. (2150.42 cu. 

in. = 1 bu.) 

Ans, Side of base = 14.77 in. Height = 19.71 in. 

4. A wall 6 feet high is situated 8 feet from the side of a 
house. What is the length of the shortest ladder that will 
reach from the ground beyond the wall to the house ? 

Ans. 19.73 ft. 

5. Show that the maximum rectangle inscriptable in a 
circle is a square. 

6. Find the right circular cone of maximum volume that 
can be inscribed in a sphere of radius R, 

Ans, Kadius of base = | V2 i?. Height = f i?. 

7. Find the altitude of the right circular cylinder of maxi- 
mum surface that can be inscribed in a sphere whose radius is R. 
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8. Find the altitude of the right circular cylinder of 
greatest volume that can be inscribed in a sphere whose 
radius is E. ^^^^ 2R 

V3 

9. Find the altitude and volume of the right circular cone 
of least volume that can be circumscribed about a sphere 
whose radius is B. Ans, Altitude = 4 ij. Volume = f iri?. 

10. A square piece of tin each of whose sides is a has a 
small square cut out of each corner. Find the side of the 
small square that the remainder may form a box of maximum 
contents. ^^^ a, 

6 

11. The work of propelling a steamer through the water 
varies as the cube of her speed. Find the most economical 
speed against a current running 4 miles per hour. 

Ans, 6 mi. per hr. 

12. The cost of fuel consumed in propelling a steamer 
through the water varies as the cube of her speed, and is 
$25 per hour when the speed is 10 miles per hour. The 
other expenses are $ 100 per hour. Find the most economical 
speed. Ans. 12.6 mi. per hr. 

13. A Norman window consists of a rectangle surmounted 
by a semicircle. For a given perimeter, determine the breadth 
and height of the window that gives a maximum quantity of 
light. 

Ans, Breadth = height of rectangle = — =^, where p is the 
perimeter. ^ "*" 

14. The area cut off from a parabola by any double ordi- 
nate is f the circumscribing rectangle. Find the maximum 
parabola which can be cut off from a right cone, in terms 
of the slant height of the cone and the radius of the base. 

Ans, ^ ^ V3, where a = radius of base and h = slant height. 
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15. A barnyard gate is 400 feet from a straight river. 
The gate of the pasture is 100 feet from the river and 500 feet 
from the barnyard gate. If the cattle go to drink on their 
way to the pasture, determine the length of their shortest 
possible path from gate to gate. Ans, 640.31 ft. 

16. A miner wishes to dig a tunnel from a point ^4 to a 
point B, 300 feet below A and 500 feet distant from it. Below 
A is bed rock and above A is earth, the separating surface 
being a horizontal plane. Given that the cost of tunneling 
through earth is $ 1 and through rock $3 per linear foot, find 
the cost of a tunnel of minimum cost. Ans, $ 1248.53. 

17. A man's house is situated 20 yards from a straight car 
track. The man can walk at the rate of 4 miles per hour and 
the car travels at the rate of 8 miles per hour. Where must 
the man leave the car in order that he may reach home in the 
least possible time. 

Ans. 34.64 ft. from foot of perpendicular from house to track, 

18. Assuming that the current in a voltaic cell is (7 = — , 

E being the electromotive force, r the internal resistance, 
R the external resistance; and that the power given out is 
P z=z RC^ ; prove that P is a maximum when r = R. Trace the 
curve that shows the variation of P as 22 varies. 

(Perry's Calculus for Engineers,) 

19. A length I of wire is to be cut into two portions, which 
are to be bent into the forms of a circle and square respectively. 
Show that the sum of the areas of these figures will be least 
when the wire is cut in the ratio ir : 4. 



CHAPTER VII 

POEMULAS POB DIFPERENTIATION OP LOGAEITHMIO AM) 
EXPONENTIAL PUNOTIONS. HYPEEBOLIO FUNOTIONS 

75. The formulas of Art. 52 are not sufficient to enable us 
to determine the derivative of any other than an algebraic 
function, as can readily be seen by an example. 



^^ dy 

y=a2 1ogio(aj8 + l). 



Example. Suppose that it is required to find -^, if 

dx 



^^ 7?d\\og,,y + l)\ ^ {log,«(x» + l)}^, by Formula IV, 
dx dx dx 

^ a^d|logio(a^4-l)| ^2a;logM(a^+l), by Formula VIL 
dx 

Since none of the formulas of Art. 62 gives a means of 

finding ^^Qgio(^ + l) ^ ^g ^ot determined. 
dx dx 

76. The following formulas with those of Art. 52 will enable 
us to find the derivative of any logarithmic or exponential 
function. ,, ^ , . 



XXX. 


dx udx 


IX. 


d log^ u__ldu 
dx udx 


X. 


da^ ^udu-i^^ ^ 
-— = a"— log.a. 
dx dx 


XI. 


de^'^^udu^ 
dx dx 



XII. *^ = w-»^ + «'$^log.«. 

dx dx dx 

79 
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In these formulas, u and v are functions of a?; a is any 
constant capable of being a base to a system of logarithms; 
and e is a particular constant whose value t^ seven places of 
decimals is calculated further on and found to be 2.7182818 •••. 

77. Derivation of formulas. 
Proof of VIII. 

Let y = log, u. 

Leta; = av. .-. yo = log,Wo. 

Let a? = 0^ + ^x, .-. y© + % = log, (w© 4- Am). 
Subtract. .-. Ay = log, (?/© 4- A?t) — log, Uq 

= log.!^L±^ 



=>°^('+^> 

H'-^) 



Divide by Aoj. .•. -^ _ 

Ax Ax 

t^ Aa? Am \ u^J 

identically, 

=i.^.iogyi+^)?«, 

Mo Aa? V Wo/ 

since m log, ^ = log, JV"*. 
. ^ _ limit fA^I 

It remains to find ^^^S^ogjl + ^^^l. 
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Let -^ = 2. As Aa? = 0, Aw ?s= 0, and -^, or z, = oo. 
Aw ' ' Au' ' 

- S[>»^(i^^)"]-L'-[.»<i+i)-]- 

To find I'f'^riogyi+IYI, expand fl + -)' by the Bi- 
nomial Theorem, assuming z to be a large positive integer. 

'-; ('-:)(^-f) AY 



Now 



limit 



i_l fi-lYi-2) 



ssthe infinite series 1 + 1 + — + — + 

If l£ 



■©■ 



Call the value of this series e. 



dx 



Uodx 



log. c. 



... l]2£Lif = l^log.e. 



do; 



u dx 



Note. In showing that ^^^J^flogafl + iyi =logoc, a number of 

assumptions were made that would require closer investigation for a 
rigorous proof. For a rigorous proof the student is referred to Byerly's 
Differential Calculus^ pages 60, 61, and 62. 
9 
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To calculate the value of e from the infinite series, to seven 
decimal places : 

1.0 
+ 1.0 
+ 0.5 

+ 0.166666666... 
+ 0.041666666... 
+ 0.008333333... 
+ 0.001388888... 
+ 0.000198412... 
+ 0.000024801... 
+ 0.000002755... 
+ 0.000000275... 
+ 0.000000025... 
= 2.7182818 ... 

Proof of IX. 

This is a special case of VIII, in which a = e. In this case 

Il2&i5 = l^^, since log, 6 = 1. 
dx udx 

Logarithms to the base e are called natural, or sometimes 
hyperbolic, logarithms. When the base of a logarithm is not 
given, it is assumed that the logarithm is to the base e. 

Proof of X. 

Let y = a\ 

Take the logarithm of each member of the equation. 
.-. log,y = log,a« 
= u log, a. 
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Differentiate each member of the equation with respect to x. 

.-. --^ = — logea. 
ydx dx 

dx dx 

= a- — log.a. 
ax 

Proof of XL 

This is a special case of X, in which a = e. In this case 

de^ « du • 1 4 

^_g«^ since log,e=l. 

Proof of XII. 

Let y = u\ 

Take the logarithm of each member of the equation. 
.-. log,2/ = 'yloge,t*. 

Differentiate each member of the equation with respect to x. 

Idy _^vdu ,dv -, 
"ydx udx dx 

= VM"-^ — J^u''— log- w, since y = u*. 
dx dx 

This formula can be easily remembered by noting that it 
can be derived by differentiating w", first, as if v were constant 
and u variable ; second, as if u were constant and v variable ; 
and then adding the two results. 
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EXERCISES 

Find -^ in each of the following cases : 

CLX 

1. y = log (a^ + 2 X). Ans. ?^^^- 



Z. y = log VaJ — 1. Ans, 



2{x-l) 
2 



3. y = log(« + l)*. Ans. 

4. y = a!*loga5. Ana. a!(l + 21oga!). 
6. y = x\og(a? + l). Ans. ^^-{.logiaf+l). 

6. y = log(a!« + l)Vr^. An8.^^f^- 

7. y = e*logaj. Ans. — + €^logx. 

X 

8. y^afa', Ans. af~*a'(a?loga + n). 

9. y = a^^. Ans, xe?'(2 + 3x). 

10. y = e^logVT+V. Ans. e^[2log(l + of)+--^^-^' 

11. y = log (e« + e-'). Ans. J^. 

12. 2^ = logio(a^ + 6a?). 

Ans. Jfer.^^±A, where Jlf = logioC = .43429 .... 

ar + 6aj 

13. y = 6»*+^ Ans. 6^+««(2 a: + 3) log 5. 

14. y = 2a;*--3aj* + 6aj*-61og(a;* + l). ^ng. - 

aji + aji 

15. y=zaf, Ans. of (1 — logic). 

16. y = €f. Ans. e*e*'. 
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86 


17 V *'-^~' 


^(^U- 


"■ ^-e- + e- 


1 

18. y = a^«**. 


Am, 0. 



In each of the two following exercises, find ^, — , and 

then ^: 
ax 

19. y=(l + e' + e2»), 2; = log(a2-2a; + 3). 

^iw. ^ = 2(a:-l)(2aj«-4a: + 7). 

20. y = log(22-«^, 2 = e-\ ^n«. ^ = ^C^~^"') . 

dx 2 — e'~^ 

21. In the curve y = log (aj* + 2 a), find the abscissas of the 
points at which x and y change at the same rate. 

Ana. a = ± V2. 

u__ 1 /ar* -4-1 

22. Investigate y = log-v/ - + log-vf "^ for maximum 

and minimum values. 

Ans. Max. a = — 1. Min. a; = + 1. 



HYPERBOLIC FUNCTIONS 

78. Definitions. The expression ^ "" ^ is denoted by sinh u 
and read, " hyperbolic sine of w." 

The expression — -^ — is denoted by cosh u and read, 

"hyperbolic cosine of m." Also, 

?1I^ , or ^^^^ , is denoted by tanh u. Eead, "hyperbolic 

COSu U 6 ~y~ 6 

tangent of w." 

5??—^, or ?_iA_^ is denoted by coth w. Eead, "hyperbolic 
Sinn u 6 "~~ 6 

cotangent of w." 
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1 



of w." 
1 



is denoted by cosech u. Read, " hyperbolic cosecant 
is denoted by sech u. Eead, "hyperbolic secant of m." 



coshw 

EXERCISES 

1. Establish the following identities: 

cosh^ u — sinh* « = 1. tanh* u + sech* m = 1. 

coth^ u — cosech^ ?t = 1. sinh 2u — 2 sinh u cosh u. 

sinh(w ± v) = sinh u cosh v ± cosh u sinh v. 

2. If w is a function of a, prove that : 

d sinh u ^^-^ du d cosh u „• , c?w 

= cosn u — • = smh u — • 

dM dx dx dx 

dx dx dx dx 

^^2!?2hif = _eosech«cotliM*^. 
dx dx 

dsechtt „^ , i. I. dw 

= — sech u tanh t* — • 

dx dx 

Definitions. If u = sinh y, then y = sinh"^ ?i. 
Similarly for the other hyperbolic functions. 

3. If w is a function of x, prove that : 

du 
d sinh"^ u dx 



dx 


^u' + l 




Proof. Let y = sinh"^ u. 


.-. sinhy = w. 




...cosh 2^^ = ^. 


du 
, dy _ dx 
dx ~~ cosh y 


du 
dx 


^ dx dx 


Vu' + l 


.•. dsinh" 


du 
^u dx 





^ Vi?+T 
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4. If M is a function of x, 


prove that : 


du 
d cosh-^ u dx 


du 

d tanh~^ u dx 


dx Vu^-l 


dx l-u" 


du 
d coth-^ u dx 


du 
d cosech"* u dx 


dx "l-u' 


<*" tt Vl + «* 


d sech"^ u 


du 
dx 


dx 


tt Vl — u* 


6. Show that: 





Bvah.~^ u = log(M + Vm' + 1). cosh~* « = log(u+ Vm' — 1). 

tanh-itt = hogi±^. coth-'M = ilog^i±4- 

21— w 2m— 1 



co8ech-'M = log ^+^^ + "* . 8ech-'w = log ^+^^~"' - 



CHAPTER VIII 

FORMULAS FOB DIFFEEElfTIATIOlf OF TEIGOKOMETRIO 
AHD AHTI-TRIGONOMETKIO FUHOTIONS 

79. The following formulas with those of Art. 52 will enable 
us to find the derivative of any trigonometric or anti-trigono- 
metric function. 

YTTT dsinu _„ du 

XIII. = cos u — • 

dx dx 

YTv dcosw „:^dti 

XIV, = — sin u—— 

dx dx 

XV. l*55Ji = sec*w^. 
dx dx 

XVI. ^^^ cosec^u^. 

dx dx 

VTTTT ^ sec u ^^^ ^, . „ du 

XVII. — ; — = sec u tan w-— • 

dx dx 

•v-TTTTT d cosec u ^. du 

XVIII. -— -^^ = — cosec w cot w --• 

dx dx 

vTv d vers u „. du 

XIX = smtt-— • 

dx dx 



XX. 



XXI. 



XXII. 



du 
d sin"^ u dx 



dx Vl — u* 

du 

d COS"* u dx 



dx vT-t? 

du 
d tan"* u __ dx 
dx 1 + tt*' 
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XXIIL 



XXIV. 



XXV. 



du 
d cot"^ u __ dx 
dx 1+u^' 

du 

d sec"^ u dx 

dx u-yJu^ — 1 
du 
d cosec"^ u dx 



XXVI. 



dx u-yJu^ — 1 

da 
d vers~^ u dx 



dx V2 u — u^ 

80. Derivation of some of the formulas. 

Proof of Xin. 

Let y=siiiw. 

Leta: = aJb- •*• 3^0 = sin Wq. 

Let a? = aJo + Aa?. .-. y^ + ^y = sin (wo + Am). 
Subtract. .*. Ay = sin (wo + Au) - sin i(o- 

In the trigonometric formula, 

sinJ.-sin5 = 2cos^(^ + 5)sin^(J.-5), 

let ^ = Wo + Aw, and B = u^ 

.-. sin (mo + Am) - sin Wo = 2 cos i (2 Mo + All) sin ^ Am. 
.-. Ay = 2cosi(2Mo + AM)siniAM 

= 2 cos ^Mo 4- y) ^^^ i ^^• 

Aw ft / . AM\siniAM 
Divide by ^x. .-. ^ = 2 cos [u,+ -^—^ 

rt / , AM\sin4^AM Am 



= COS ( t«o 



AM\sinJ-AM ^ Am^ 
2 J ^Am. * Aaj* 
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Pass to limits. 



dy 
dx 



Au"| 



_ limit Log f^ , Aw\"| ^ limit rsin^Au" ! ^ limit H 
^cost^^l . limit fsiniAul 
nit fsin 4 A?i "] 



It remains to find }^^}^ 



As Aa; = 0, A« = 0. .-. Umjt rsiniAw-| ^ limH rsiniAu" 



]■ 



••Ax=0[^ iAu J Am=0[_ ^Aw 



^} 



Let i Aw = 0. 



limit 



Qit rsin ^ A?n _ limit fsin 01 

^oL ^Au J~^=^oL ^ J 



With (Fig. 28) as center and any distance r as radius, 
describe a circle. Take any angle $ 
expressed in circular measure. From 
A draw a perpendicular to OA to 
meet OB produced in D, 

Arc AB = rOy AD = r tan 6, and 
2?(7 = rsin^. 

Now by geometry, 




Fig. 28. 


CB < arc AB < AD. 




.-. r sin tf < r^ < r ta,n ^. 


Divide by r. 


.-. sin (9 < (9 < tan ^. 


Divide by sin $. 


. . (9 tan^ 
sm ^ sm 




.-. 1 < -T^ < sec $. 



Now as ^ = 0, sec ^ = 1. 



sind 



sin^ 



is always greater than 1 



and less than something that approaches 1 as its limit. 
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Therefore Hmit fsi?:^] == i. ... limit rsHLi^l^l. 
^ = 0^ ^ J Ax=0L i^U J 





.-. 


dsmu 
dx 


du 

cos u — - 

dx 








Proof of XIV. 












Let 




- cos u. 


\ 
u • 

J 










. dy 

" dx' 


= cos(^2- 




i 


by 


Formula XIII, 


, 


d cos u 


du 
= — sm?t— • 









Proof of XV. 

Let y = tan u. 

sin t^ 



y= 



C08U 



do; 


d sin w . d 
cos^ , -smi^ - 

cos* u 


cosu 
dx 


by 


Formula VI, 




cos*w4-sin*?Adw 










cos* «A da: 






. 1 du__ odu 

: — := sec u —-* 

cos* u dx dx 








. dtan w 
" do; 


:sec^u^. 
dx 








Proof of XX. 
Let 


y = sin-^w. 
••. siny = w. 
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Differentiate each member of the equation with respect to x. 

du du 

dy ^ dx ^ dx 
" dx'~ cos u "~ -yj\ _ t^a' 

du 
d sin~* u dx 



dx VTT^ 

The proofs of the other formulas are left as exercises to the 
student. 



EXERCISES 

1. Prove the following : 



d\i 



dcottt , du dcot"*tt dx 

z — cosec* u -T- 



dx dx dx 1 + w* 

du 

dcosecu ^ die dcosec"*M dx 

-cosecucot u -T— 



dx dx dx w Vw* — 1 

du 
d COS"* u dx 



dx Vi^^n? 

2. Prove the following : 

du 

dsecu ^ du dsec"*M dx 

- = sec M tan u -j— 



da; cte da? wVt?^^ 

dw 

dversM . du dvers"*w dx 

- = sin M -7— 



dx dx dx V2w — M* 

du 
d tan~* M _ dx 
dx "" 1 + M** 
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Find -^ in each of the following cases : 
dx 

3. 2/ = sin3a;cos2fl;. Ans, 3 cos 2 a; cos 3 a;— 2 sin 2 a; sin 3 a;. 

4. y = sin^iccos2aj. -4n«. (1 — 4 sin* a?) sin 2 a?. 
b. y = sin* X cos' x. Ans, | sin 4 x. 

6. y = tan*5aj. ^n«. 10 tan* 5 a? sec* 5 a?. 

7. y =slogsec*a;. Ans, 2 tan a?. 

8. y = log tan* 3 a?. Ans, 6 sec* 3 a; cot 3 a?. 

9. y = l(^cos4a:. Ans. — 4tan4aj. 

10. y = log tan /^j + 1 \ Ans, sec a?. 

11. y = e"* log sin naj. Ans. e"* [n cot naj + a log sin na?]. 

12. w = e"* sin"* x, Ans. e"* — z= + a sin~^ x L 

LVl-aj* J 

13. y = tan-^ ^^""^"'X . Ans. — — 

2 e' + e- 

14. y = cos-^ —. Ans, 



16. y = sec~ \ » ^iw. = 



!+«" a;V3a;*-2a:*-l 



16. y = sin~* Vsin x, Ans. | Vl + cosec x, 

, «, . 1 3 a*aj — a5* ^ 3 a 

17. y = tan-^ > -4n«. 



a«-3a«* a* + a:* 

18. y = secaj + logtan^- Ans. sec* a? cosec aj. 

19. y = 2 "°"'' + log \^. Ans. ^ «> «'""' '^ 



Vl-«* l+a! (l-!r»)i 



2 

20. 3^ = ^arVa*-«* + ^sin-^-. Ans. Va*-aj*. 

21. y = tan-» ^^^1^ + tan-^ ^^=^. Am. 

oV3 «V3 
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Ans. ^ 



23. In the curve y = log sec a, find the abscissas of the points 
at which x and y change at the same rate. • Ana, (4n -|- 1)^- 

24. A vertical wheel of radius 8 feet makes 40 revolutions 
per minute in the positive direction of rotation, about a fixed 
axis. Find, in feet per minute, the horizontal and vertical 
speeds of a point on the circumference (a) 30° from the hori- 
zontal ; (6) at the highest point of the circumference ; (c) 180** 
from the horizontal; (d) at the lowest point of the circum- 
ference. 

Alls, Horiz. vel.: (a) -320^; (&) -6407r; (c)0; (fZ) 6407r. 
Vert, vel.: (a) 320V3ir; (&) 0; (c) -640,r; (d) 0. 

25. A vertical wheel of radius 8 feet is moving about a fixed 
axis. If the horizontal and vertical speeds of a point on the 
circumference, at a given instant, are 20 feet per second and 
10 feet per second, respectively, find the angle through which 
the wheel turns in 1 second. Ans, 160.1". 

26. A carriage wheel rolls along a level road, the axle 
moving at the rate of 8 miles per hour. Find, in feet per 
second, the horizontal and vertical speeds of the point of the 
circumference originally on the ground when the wheel has 
rolled through an angle of (a) 30°; (6) 60°; (c)90°; (d) 180°; 
(e) 270°; (/) 360°. 

Suggestion. First derive the equations of the cycloid 

a;=a(^ — sin^), y = a(l — cos^). 

Ans, Horiz. vel. (a) 1.57; (h) 5.87; (c) 11.73; (d) 23.47; 
(6)11.73; (/)0. 

Vert. vel. (a) 5.87; (h) 10.16; (c) 11.73; (d) 0; (e) -11.73; 
(/)0. 
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27. The crank and connecting rod of a steam engine are 2 and 
6 feet in length respectively. If the crank revolves uniformly 
at the rate of 3 turns per second, what is the rate, in feet per 
second, at which the piston is moving when the angle which 
the crank makes with the horizontal is (a) 0**; (b) 45**; (c) 90°; 
(d) 135°; (e) 180°; (/) 270°. 

Ans. (a) 0; (h) lOMw, (c) 127r; (d) dASw, (e) 0; 
(/) -12^. 

Determine the maximum and minimum points and points of 
inflexion of the following curves. Plot the curves. 

28. y = smx, 

Ans. Max. (4 n + 1) ^ • Min. (4 n + 3) ^ • Pts. of inflex. nir. 

29. y = cosaj. 

Ans, Max. 2 nm Min. (2 n -h 1)^. Pts. of inflex. (2 n + 1) ^ • 

30. y = sin 2 a; + cos 2 a?. 

^7t«. Max. (8n + l)^. Min. (8n + 5)^. 
o 8 

Pts. of inflex. (471 + 3)5- 

31. y = sin a; — cos a?. ^ 

^rw. Max. (8 71 + 3) J. Min. (871 + 7) |. 

Pts. of inflex. (47i + l)|. 

Determine the maximum and minimum values of r in each 
of the two following equations. In each case, plot the curve. 

32. r = a(sin2e + cos2e). 

33. r = a(sin^ — costf). 

34. An open gutter with cross section an arc of a circle is 

to be bent from a piece of tin 12 inches wide. Find the width 

across the top when the carrying capacity of the gutter is a 

maximum. . 24 

Ans, — • 



CHAPTER IX 

BOLLE'S THEOBEM. LAV OF THE MEAIT. 
TATLOB'S THEOBEM 

81. Before proceeding to a discussion of the theorems named 
above, we shall prove the following theorem : 

In the equation y =/(«), where f{x) is a single valued and 

continuous function of a;, as a; increases through x^ if f{x) is 

dv 

is positive or zero, and if f(x) is decreasing, 

is negative or zero. 



increasing, ^ 
dx 



Proof. 

Let x=:Xq, .'. yQ=sf(xo), 

Let x = Xo + ^x. .-. yQ + ^y =zf(xo + ^x). 

. Ay^ /(a;p + Aa?)-/(a\>) 

Suppose that f(x) is increasing as x increases through a^ 
Under this supposition, /(a\, + Aaj)>/(a\,), and therefore 
f(QBo + Aa;) — /(a\,) or Ay is positive. Now Aaj is positive, since 

by supposition x increases. Therefore ^^o aS i ^ ^ 

is positive or zero. 

Suppose that f(x) is decreasing as x increases through Xq, 
Under this supposition, /(a^o + Aa;) < /(aj^), or Ay is negative. 

Therefore ^ is negative. Therefore iL^^ofll 1 or ^ 

negative or zero. 

06 



«=«b 



IS 
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82. If between, two values of a?, namely 05 = a and a; = 6, a 
function, /(«), is single valued and continuous and has a con- 
tinuous derivative, and if /(a) = /(6) = 0, then there is at 

least one value ajn of a; between a iand h at which -f- is zero. 

dx 

This is known as Rolle's Theorem. The geometrical state- 
ment is as follows : 

If the curve whose equation is y=f(ps)y where f(x) is single 
valued and continuous for all values of x between two values 
a and b, crosses the a^axis when x=:a and x = b and does not 
have a cusp for any value of x between a and 6, the tangent 
line to the curve will be parallel to the aj-axis for at least one 
value of X between a and b. 

Proof of Rolle's Theorem. 

Since f(x) is zero when x=a and x = b, and is continuous, 
it must have : 

Case I been zero for all values of x between a and 6, or 
Case II increased from zero and finally decreased back to 

zero, or 

Case III decreased from zero and finally increased back to 

zero. 

Case I. If f(x) is zero for all values of x between a and b, 

its derivative, -^, is zero, not only for one value, but for all 
ax 

values of x between a and b. 

Case II. If f(x) increased from zero and finally decreased 
back to zero, it must have changed from increasing to decreas- 
ing at least once. Therefore, by Art. 81, its derivative, -^, 

ax 

must have changed from positive to negative at least once. 
Now a continuous function can change in sign only by passing 

through the value zero. Therefore -^ must have been zero 

dx 

for at least one value of x between a and b. 

The Proof of Case III is entirely similar to that of Case II. 
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83. As an illustration, consider the equation 

The function y is zero when x = and a; = 4. Then, by 

Rollers Theorem, the derivative must be zero for at least one 

value of X between and 4. That such is the case can readily 

be seen. ^,, 

^ = 4ar^-24«2^44^_24 
dx 

= 4(a;-l)(a?-2)(aj-3); 

and an examination of this function shows that it vanishes 
three times between and 4, namely, at 1, 2, and 3. 

EXERCISES 

1. Give a geometrical proof of Rollers Theorem. 

In each of the following equations, show that -^ is zero for 

ux 

at least one value of x between each two for which y is zero. 
In each case, plot the curve. 

2. y = a^ + 6ic*-|-llaj-|-6. 

3. y = aj3-12a;-hll. 

4. y = a;*-3ic»-fa^ + 3a?-2. 

5. y = aj* — ic^ — 16 aj + 16. 

84. If between two values of x, namely x = a and a5 = 6, a 
function, /(a;), is single valued and continuous and has a con- 
tinuous derivative, then there must be at least one value Xi of 
X between a and b at which 

This is known as the Law of the Mean. It is readily seen 
that Rollers Theorem is but a special case of it, because 

if /(a) = f(b) = 0, '^^^^Zi^^^ = /'(^)> a < «i < ^ becomes 
0=/'(a?j), a<Xi<h, which is Rolle's Theorem. 
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85. The Law of the Meau has a simple geometrical inter- 
pretation. Plot the curve y=f(x) (see Fig. 29). The left- 
hand member, '^^^l ~-^W^ ig the slope of the chord^^. The 
' — a 

right-hand member, /'(aJi), a<Qi^<b, is the slope of the tan- 
gent line to the curve at a point on the curve for which x 
has a value between a and 
b. The Law of the Mean 
stated geometrically is there- 
fore: 

In the curve y=f(x) in 
which f(x) is single valued 
and continuous and has a 
continuous derivative for all 
values of x between a and 
6, the slope of the chord joining the points for which x = a 
and x = b is equal to the slope of the tangent line at some 
point for which x has a value between a and b. 

'86. To establish the Law of the Mean, we proceed as 
follows : 

From f(x) we build up a function, F(x)y which is zero when 
x=^a and x=zb. Then, by applying Eolle's Theorem to F{x), 
we are able to obtain the desired result. 




Fig. 29. 



Proof of the Law of the Mean. 
Let 



b — a 



Since a and b are constants, K is constant. 
Clear of fractions and transpose. 

.:f(b)-f(a)-(b-a)K=0. 

From f(x) build up the function 

F(x)=f{x)^f(a)^(x-a)K, 

where iThas the value given it in (1). 



(1) 



(2) 
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Then F{a) ^f(a) -f(a) -(a --a) K= 0. 

Also, F(b) =f(b) --/{a) ^(b--a)K 

= because of (2). 

Differentiate F(x), remembering that /(a) and K are con- 

^^^^' .-. F'{x) =/'(«) - K. 

Since F(a) = F(h) = 0, .-. F'(x,) =/'(iCi) - ir= 0, a < aj^ < 6, 
by RoUe's Theorem. 

.-. K=f(xi), a<Xi<b. 

Substitute in (1). 

This equation is frequently written in the form 
/(6)=/(a) + (6-a)/'(aj,), a<x,<b. 

87. If between two values of x, namely x^a and a? = 6, a 
function, /(«), is single valued and continuous and has a first 
and second derivative each of which is continuous, then 

f(b) ^m + (& - a)f\a) +^^r\x,), a<x,<b. 
Proof. 

(b — g)' ^ ^ 

[2 

Since a and b are constants, iT is a constant. 
Clear of fractions and transpose, 

... f(p) _/(a) -(b- a)f'(a) - <t^ K= 0. (2) 

From f(x) build up the function 

F(x) =/(«) -/(a) -(X- a)f'(a) - ^^* K, 
where JThas the value given it in (1). 
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Then F(a) =/(a) -/(a) - (a - a)f\a) - ^2^ K= 0. 

Also, Fib) =f(b) -/(a) - (6 - a)/'(a) - ^^^ £- 
= because of (2). 

Differentiate F(x), remembering tliat /(a), /'(a), and ^ are 

constants. 

.-. F'{x) =f\x) -f{a) - (a? - a)K 

Since i?'(a) = i^'Cft) = 0, 

... i?"(^,) =/'(/!,) -/'(a)- (^i-a)^=0, a</ii<6, (3) 

by Eolle's Theorem. 
Differentiate F\x). 

.-. F"(x)=fXx)-K 

Kow i^'(a) =/'(a) -/'(a) - (a - a)^= 0. Also, F'(h) = 
because of (3). 

,'. F'Xh,)=f"{h,)--K=0, a<h,<h^ 

by Eolle's Theorem. 

... ^=/"(/i2), a<Aj<^. 

Since Ji^ <hi<b, .•. ^ < &. 

... K=fXh\ a<h,<b. 
Substitute in (1). 



2 =/'W, a<A,<6. 



Call h2 = Xi, Clear of fractions and transpose. 

••• f(P) =/(«) + (ft - «)/'(«) + ^^^/"(i^), a < ar. < 6. 
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EXERCISES 

1. Find, by the Law of the Mean, a point on the curve y=za^ 
at which the tangent line to the curve is parallel to the line 
joining the points (2, 8) and (5, 125). Ans, (Vi3, 13 Vl3). 

2. Using the Law of the Mean, find the equation of the tan- 
gent line to the curve y* = 4aj, which is parallel to the line 
joining the points (0, 0) and (4, 4). Ans. a? — y + 1 = 0. 

3. Using the Law of the Mean, find the equation of the tan- 
gent line to the curve 2/* = 8 a;, which is parallel to the line 
2aj-3y + 8 = 0. Ans. 2a;-3y + 9 = 0. 

4. Show that F(x) in Art. 86 represents the length QP 
where P and Q are points on the curve y=:f(x) and the chord 
AB respectively having the same abscissa x, a<x<b, 

5. Express 3*' — 2«-|-5in powers of a; — 2. 

Ans. 3(a;-2)«-|-10(aj-2)-|-13. 

6. If between two values of ar, namely x = a and a? = 6, a 
function, /(a?), is single valued and continuous, and has a first, 
second, and third derivative, each of which is continuous, then 

f(p)=f(a)+(b-a)f'(a)+^^^f"(a)+ (^/'"(x,), a<x,<b. 
Suggestion. Let 

fib) -f(a) -(b- a)fXd) - ^^^f"(a) 
^3^ K, and 

Using the results of Exercise 6, express : 

7. 2ar^ — 3a:*-|-4a; — 5in powers of a? 4- 1. 

Ans. 2(a;-hl)'-9(a; + iy + 16(a;-|-l)-14. 

8. 30* — 2a:* — 4a?-H2 in powers of a — 1. 

Ans. 3(a;-l)8 + 7(a;-iy + (aJ-l)-l. 
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88. If between two values of x, namely x = a and 05 = 6, a 
function, f(x), is single valued and continuous, and has n + 1 
derivatives all of which are continuous, then 

m =/(«) + (b- a)f'(a)+ ^^f"(a) + ^^^/'"(a) + - 

In |7i-|-l 

This is known as Taylor's Theorem. It is readily seen to be 
but a more general form of the Law of the Mean, and the proof 
is exactly similar to that given for that theorem and for the 
one of Art. 87. 

Proof. Let 

/(6)_/(a)-(ft_a)/'(a)-^^V"(«) 

[3 1» 



Ft ^- 0) 



\n + l 

Since a and h are constants, iT is a constant. 
Clear of fractions and transpose. 

... f(p) _/(a) _ (6 _ a)/'(o)- (t^f'Xa)- (^/"'(a)- ... 

From f(x) form the function 
F(x) =f(x) -f(a) -(X- a)f'(a) - ^^/"(a) - ^^V"'(«) 

\n |yi + 1 

where K has the value given it in (1). 
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F(a) ^f(a) -/(a)-(a - a)f\a) - ^^V"(«) - ^^/'"(«) 

If 12 

(fe - «)" /(«)(a) _ (^ - «)"" A"= because of (2). 

\n |rt+l 

Differentiate (3). 
.-. f-(.)-/'(«)-/'(«)-(»-o)/"(«)-fe^/'"(a)- ... 

-^/■W-^iT. (4) 

Since i^(a) = F{h) = 0, .-. i^'(Ai) = 0, where a<\<hj by 
EoUe's Theorem. 

Also, F\a) =f\a) -f\a)-(a - a)f"(a)- ^^^V"'(a) 

\n — l ' [n 

Differentiate (4). 

.-. F"(x) =f"(x)-f"{d) -(x- a)f"'(x) - ... 

_ (£n£)!lV(»)(a) _ ^Zl^V. 

\n — 2 \n — l 

Since 2^'(a) = F\hi) = 0, /. -F"(^) = 0, where a < Aj < ^i, by 
Eolle's Theorem. Also, F^'(a) = 0. Therefore, by Eolle's 
Theorem, F"Xh)=^f where a<h^<h2. And thus we can go on. 
After n+1 differentiations there results F^*'-^^\x)==f*'+^\x)'-'K, 
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which is zero for some value h^ such that a < ^» < ^^_i, where 
/i„_i is the value of x for which F^''\x) = 0. 

Since a<^„<A^_i<...<^3<A2<Ai<6, .-. a<h^<h. 

... K=f-^'\K), a<K<b. 

Substitute in (1). 

••• /(P)-f(a)-(b-a)f'(a)-(^^f"ia) 

If 

-^V"(«)--^>(a) 

(&-a)"+^ 
|» + 1 
= /<"+"(/0, a<K<b. 

Call A« = !»i. Clear of fractions and transpose. 

.•./(6)=/(a) + (6-a)/'(a) + i^^V"(a)+i5^/"'(o) + ... 

If l£ 

+ ^^f^/">(a) + ^\ ~y > ^'>(aa). a<a!.<6. (6) 

\n |n + 1 

89. In Equation (5) of the preceding article, we have an ex- 
pression which holds true for all values of x from a up to a 
value b at which f(x) or one of its derivatives ceases to be 
finite or continuous. If then we substitute x for b, we have an 
expression which holds true from a up to any value x at which 
f(x) or one of its derivatives ceases to be finite or continuous. 
Substitute x for b, 

.: /(a;)=X«) + (a,-a)/'(o) + ^^V"(«) + ^^V"(a)+ - 
This is another form of Taylor's Theorem. 
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90. Definitions. If /(a?) is expressed as 

f{a) + (x- a)f'{a) + ^^^/"(a) + ^^V"'(«) + - 

[n |yi + l 

it is said to be developed into a power series in oj — a with a 
remainder. 

The remainder is ^. — ^^r—f'^^\xi)y a<Xi<x, 

91. If a is chosen zero, Taylor's Theorem becomes 

f(x)=m + xf'(0) + ^/"(o) + ,^/"'(o) + ... 

+ ,-/"'(0) + ,-^/"+"(ai), 0<x,<x, 

which is a power series in x with a remainder. 

This special form of Taylor's Theorem is known as Maclauren's 
or Stirling's Theorem. 

92. Example 1. Develop cos x into a power series in « — a 
consisting of five terms and the remainder. 

f(x) = cos X, .-. /(a) = cos a. 

f'(x) = — sin Xf .-. /'(a) = — sin a. 

/"(«) = — cos Xf .-. /"(a) = — cos a. 

f"(x) = sin Xy .'. f'Xa) = sin a. 

f^^(x) = cos X, .', /^(a) = cos a, 

f^{x) = — sin X, .-. /^(a) = — sin a. 

.'. cos aj = cos a — (aj — a) sin a — ^^""^^ cos a + ^^""^ ' ^ sin a 

+ (^7/)% osa- '^^;":^)% ina^, «<«!<«'• 

|4 |5 
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Example 2. Develop sin x into a power series in x consist- 
ing of n terms and the remainder. 

f(x) =sina?, /. /(O) =0. 

f(x) =cosaj, .-. /'(O) =1. 

/"(a:)=-sina,.-./"(0)=0. 

/"'(a?) = -cosa?, .-. /'"(0) = -l. 

/^(aj)=sina:, /. /»v(0)=0. 

The law according to which the, derivatives proceed is that 
all derivatives of even order are sin x with the + or — sign 
attached, and all of odd order are cos x with the + or — sign 
attached. Also, that the sines are alternately + and — , and 
also the cosines. Since each alternate term is zero, we must 
take 2 n derivatives in order to get a series of n terms and the 
remainder. 

.-. P'^-'\x) = (- l)''-^cos X, .-. /<2»-i)(a;) = (- ly-^ . 1. 

f^^\x) = ( - 1)'* sin X, .-. P^^'^Xj) = (- 1)" sin 0?^. 

< a?i < aj. 

Example 3. Develop log (1 + x) into a power series in x 
consisting of n terms and the remainder. 

fix) =logil + x),.: /(O) =0. 
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Since f(x) = 0, it is necessary to take n -f 1 derivatives in 
order to get a series of n terms and the remainder. 

/<->(a,)=(-l)->^^;, .-. /')(0) = (-l)'-M»-l. 
.-. log(l + a,)=(«-| + |-| + ... + (-l)-'J 

EXERCISES 

1. Express 05*— 3aj' + 2a^ — ajH-2 in powers of aj + 2. 

Ans. (aj + 2)*-ll(» + 2)» + 44(aj + 2)«-77(a; + 2) + 52. 

2. Express ar^H-Sa* — 4ar^H-2a^ — a;H-2in powers of a?— 1. 
Ans. (a;-iy+8(a?-l/+18(a:-l)»+18(aj-l)*+8(a;-l) + 3. 

3. Eeduce the roots of the equation a?''— 2ar^+.3a^--a;H-l=0 
by 2, first by Homer's method, second by Taylor's Theorem. 

Ans, The equation with reduced roots is aj* + 10 aj* + 38 aj^ 
H- 71 aj«H- 67 aj + 27 = 0. 

4. Develop cos x into a power series in z consisting of n 
terms and the remainder. 

a^ . «* sfi , . / -,M>-i g^~' 



Ans.cosx = l-^+^-^+-- + i-iy ,^^_^ 

+ (- l)"io^— r«^° !t^ < a^ < sc 

5. Develop sin x into a power series in a? -- a consisting of 
five terms and the remainder. 
Ans. sin a? = sin a + (aj — a) cos a — ^ ^ sin a — ^ — r^-^ cos a 

+ (^7:^^% ina+ (^7:^)' cosa^ a<x,<x. 

[4 [5 
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6. Develop e* into a power series in x consisting of n terms 
and the remainder. 

Arts. e« = l + aj-h^ + ~+...-fr^H-,-e'i, 0<Xy<x. 
[2 [3 | n-l [n 

7. Eind the first three terms of the development of 
logiocosa as a power series in x, 

Ans, The first three terms of the development are 

"^rf"^S"*'£T w^e^® ^=logio 6 = 0.434294 .... 

8. Develop e* into a power series in a? + a consisting of 
n terms and the remainder. 

Ans. «.= e-.[-l + (. + a)+^ + ^+...+^^ 

9. Develop ^ into a power series in x consisting of n terms 
and the remainder. 

[2 [3 |yi — 1 [n 

0<aji<aj. 

10. Find the value of ^^^o? ^hen a? = 1. 

a; — 1 

Suggestion. Develop log,oa? into a power series in x—1 con- 
sisting of one term and the remainder. Ana. 0.434 •••. 

11. Find the value of ^^^^.^ when « = 0. Am. 0. 

a? — 2 sin aj 

12. Find the value of ^ + e"'-2 ^^3.^0^ ^^ 1 

a;sma; 

13. Find the value of ^Qg^Qs2a? ^^^^ ^^^ ^^ ^ 

log cos x 
1 

14. Find the value of (cos 2 »)** when a? = 0. 

Suggestion. Let u = (cos 2 a;)< .-. log u = l2&(2^1^. 

or 
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Develop log (cos 2 x) into a power series in x consisting of 
v^o terms and the remainder. 

15. Find the value of (a^ — a^) tan 77— when x = a, 



two terms and the remainder. . 1 

Ans, -5- 
irx ^ e* 

when x=za. 

Ans. —. 

16. Find the value of f 3 — - ^ when a? = 2 a. i. 

Ans, e^' 

93. In the development 

f(x) =:f{a) + (X - a)f'{a) + (^^/"(a) + - + i^f^/*»>(a) 

[2 \n 

+ ^^^^/"^^>(a^i), a<x,<x, 

the sum of the first n terms and the remainder is equal to f(x) 
for all values of x for which f(x) and its first n + 1 derivatives 
are continuous. Let ?i increase without limit. If 



«=«[^^^-^^""'H=^' 



the limit of the sum of the first n terms is /(«). That is, the 
series becomes an infinite series which is convergent and con- 
verges to the value /(ic). Then, for those values of x for which 
the remainder approaches the limit zero, the function is equal 
to the infinite series. 1 

From this infinite series the value of the function for par- 
ticular values of x can be calculated. 

For example, the development of sin x into a power series 
in X is I 

a? a^ a? a^^-"^ a^*^ 

sin» = iB~--f-~-+-±,^ -T,— sina^ 0<x,<x, 

|3 [5 [7 |2n--l \2n 

Since sin o^ must be less in absolute value than 1, ,— — must 

|2n 

be greater in absolute value than ,— — sinah. Now ^*"^^* ^ 1 

^ \2n ^ ^=°p| |2n| I 



TAYLOR'S THEOREM 111 

is evidently zero for all values of x. Therefore ^^™^ .-jr— sin Xi 

is zero for all values of x. Therefore, for all values of a?, sin x 
is equal to the infinite series 

[3 + [5 [7 + 

To calculate the value of sin x where x has some particular 
value, all that is necessary is to substitute that value in the 
infinite series and calculate enough terms to get the result to 
the required number of decimal places. 



EXERCISES 

1. Show that cos x is equal to the infinite series 

for all values of x. 



2. Show that log (1 + x) is equal to the infinite series 

if |aj|<l. 



'"-2+3-4+" 



CHAPTER X 
BINOMIAL THEOBEM 

94. Develop (1 + »)" into a power series in x consisting of 
n + 1 terms and the remainder. 

/(aj)=(l+x)-, .-. /(0)=1. 

f'{x)=m(l+x)^-\ .'. /'(0)=m. 

/"(a;)=m(m-l)(H-a;)-'-^ /. /"(0)=m(m-l). 

/'"(aj)=m(m-l)(m-2)(l+aj)— 3, 

.-. /'"(0)=m(m~l)(m-2). 

/c*)(a;)=m(m--l)(m— 2) ... (m-n-fl)(l +«)"*"*, 

.-. /(»)(0)=:m(m-l)(m-2) ... (m-n+l). 

/c*+i)(a;)=m(m-l)(m-2) ... (m-n+l)(m-7i)(H-a;)— ""S 

.-. /(*+'>(a;i)=:m(m-l)(m~2) ... (m-n+l)(m-n)(H-a;i)— -^ 

[2 [3 

m(m — l)(m — 2)...(m — n + l) ^ 

\n 

^ m(m^l)(m~2)...(m-n-i-l)(m^n) ^^,^^ ^ aj,)-n-i. 

If m is a positive integer, /^""^(a;) = |m, a constant, and hence 
all subsequent derivatives are zero. In this case the series 

112 
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consists of a finite number, m + l, of terms, and (l+a?)* is 
equal to the m + 1 terms of the series 

1 + ^ + ^(^-1) a^ + ^(^-l)(^-^) a^+..., 

\2 \3 

whose (n + l)th term is 

m (m — 1) (m — 2) ... (m — w + 1) 

[n 

If m is not a positive integer, the series does not consist 
of a finite number of terms, but becomes an infinite series as n 
increases without limit. The infinite series is equal to the 
function (1 -f a;)"» for those values of a?, and only those, for 
which the remainder 

m(m-l)(m-2)...(m-n + l)(m-n) ^^^^^ _^ aji)-'-' 

approaches zero as a limit as n increases without limit. 

It can be proved without much difficulty, although the work 
is too long and complicated to be given here, that this re- 
mainder approaches the limit zero for all values of x less than 
1 and greater than — 1. We shall assume the truth of this 
statement and say that, for those values of x less than 1 and 
greater than — 1, (1 + aj)" is equal to the infinite series 

1 + ^ + ^(^-1) a^ + ^(^-l)(^-2) a^ + ..., 

[2 [3 

whose (n + l)th term is 

m(m— l)(m — 2) ... (m — n+1) ^ 

95. The above is but a special case of the development of 
(a + /i)"*, where a and h are any numbers. 
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Suppose that it is required to develop (a-|-^)*. If a is 
greater than h, divide and multiply (a-h^)"* by a". .-. (aH-^)"'= 

a^flH--] . Since a is greater than h, - is less than 1. 

Let -=:x. .-. a; is less than 1. Therefore the development 
in Art. 94 holds. That is : 

(l I ^y_i I ^h ^ m(m^l) h^ , m(m.~l)(m-2) 7i» ^ 
\ aj a \2 a^ |3 a^ 

l£ 

+ ^(^-"y-"^) a-W+>.., (1) 

the (» +"l)th term being 

^(^ - l)(m - 2) .» (m - n H- l) a"'-«A»> 

[ri 

If a is less than h, (a + ^)"* may be written as (h + a)"^. 
Divide and multiply (h + a)"* by h"^. 



.-. (^ + a)« = A-^l+^y 



if 
_^ m(m-l)(m-2) ^^_,^3^^^^^ ^2) 

the (n H- l)th term being 

m(m ~ l)(m - 2) ».. (m - n + l) ^m-nqn 

[n 

Either of the developments (1) or (2) is called the Binomial 
Theorem. It is seen to be but a special case of Taylor's 
Theorem. 
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EXERCISES 

1. Find the first n terms of the development of tan'^a? into 
a power series in x. 

Suggestion. f(x) = tan~^ a?. 
.../'(i»)=^-A_=(i4.aO-^=l-aj«+i»*-aJ«+..., ifaj<l, 

and /''(«)=— 2a; + 4aj» — 6aj* 4- •••, if a?<l, etc. 
Ans, The first n terms of the development are : 



3^5 7^ ^^ ^ 2n-: 



2n-l 

2. Find the first four terms of the development of sin~^aj 
into a power series in x. 

Aas, The first four terms are : 

■^2' 3"^2.46'^2.4.6 7* 

3. Find the first five terms of the development of cos~^aj 
into a power series in x, 

Ans. The first five terms are: 

Z^ _1 ix? l'3a^ I'Z'b x' 
2^2*3 2.4 5 2.4.6 7* 

4. From the result of Exercise 1, calculate tt to two decimal 
places. 



CHAPTER XI 

DIFFEBEITTIALS 

96. Up to this point -^ in the equation y =f(x) was treated 

Cm/ 

as a symbol and not as a fraction. It is^ however, sometimes 
convenient to treat it as a fraction, but in order to do so, 
definitions must first be made for dx and dy. 

Definitions. In a function of one variable, the differential of 
the variable is defined to be the same as the increment of the 
variable. 

In a function of one variable, the differential of the function 
is defined to be the derivative of the function with respect to 
the variable multiplied by the differential or increment of the 
variable. 

Thus, in the equation y =f(x), the differential of x is defined 
to be the same as Ax and the differential of y to be the deriva- 
tive of y with respect to x, multiplied by either the differential 
of x or Aa;. 

Differentials are denoted by writing d before the variable or 
function. Thus, in the equation y =/(a;), the differential of x 
is denoted by dx and the differential of y by dy or df(x), 

97. In the equation y =/(»), 

dy = derivative X dx, by definition. 

.•. -^ = derivative. 
dx 

Therefore the derivative may be looked upon as a fraction : 
— the ratio of two differentials, as well as a symbol: — the 
limit of the ratio of two increments. 

116 
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The expression -^ is the ratio of two differentials. Hence 
dx 

the name Differential Calculus. 

98. We saw that the derivative is geometrically the slope of 
the tangent line to the curve at a point (a?, y) on the curve. 
Let us see what dx and dy are geometrically. 

Let P, (a?, y), be a point on the curve. (Fig. 30.) Let PA 
be the tangent line at P, Give x the increment Aa?. Draw 
the ordinate FB and pro- 
duce it to meet the tangent 
line at A, From P draw 
PC parallel to the aj-axis to 
meet FB in C. 

By definition, dx is the 
same as Aa;. Therefore dx 
is geometrically any arbi- 
trarily chosen length DF, 
By definition, dy is the de- 
rivative of y with respect to x multiplied by dx. Now the 
derivative of y with respect to x is tan CPA. Therefore 
dy=dxt2in CPA. Also, CA=dxtB.n CPA. Therefore dy=CA. 
Therefore dy is the distance, perpendicular to the a?-axis, from 
C to the tangent line. 

It will be remembered that Ay is the distance perpendicular 
to the X-axis from C to the curve. 



Y 




A 


/ 

A 






y^ 


b" 

C 




/ 


/ 






/ 


D F 


X 




Fia. 30. 







99. Our formulas for finding derivatives can be readily con- 
verted into formulas in differentials. 



Example 1. If 



yz=,u^Vj 

dy _du .dv 
dx dx dx 



Since the derivatives are fractions, we may cancel dx. 
.-. dy=:du + dv. 
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Example 2. 


If 


y=:uv, 

dy dv , du 
dx dx dx 


Cancel dx. 




.«. dy=sudv + vdiu 


Example 3. 


If 


u 

y=v' 

du dv 



Cancel dx. .•. dy = 



dx V* 

vdu — u dv 



v" 



EXERCISES 

1. In the equation y=iOi^, calculate Ay and dy when x=s2 
and Aa; = 3. Eepresent geometrically. 

Ana. Ay = 117; dy = 36. 

2. In the equation y = sin x, calculate Ay and dy when 

a? = J , Aaj = ^ . Eepresent geometrically. 

Ana. Ay =.0.2111] dy = 0.218. 

In each of the following equations, find dy for any values 
of X and dx. 

3. y = x\og(a^-hl). Ans. dy=^ hog(x' + l)^'^^\dx. 

4. y = logsec'a?. Ana. dy = 2 tan a? da. 
6. y = sin* a? cos' a?. Ans. dy = ^ sin 4 a; cto. 

6. y = tan"^sinha?. Ans. dy = sech a? daj. 

7. y = ^tan'a;H-tana5. Ans. dy = sec* aj da?. 

dx 



CHAPTER XII 

SLOPE OF THE TAUGEFP LUTE IN POLAB OOORDDSTATES. 
SUBTANaENT. SUBBOBHAL. ASTHPTOTES 

100. We saw in Chapter III that in the curve whose equa- 
tion is y=zf(pD) in rectangular coordinates, where y(aj) is single 
valued and continuous, the slope of the tangent line to the 
curve at any point {odq, yo) on the curve is 



tanr = ^ 
dx 



or, as we shall write it, 



tanr, = f^ 
dx 



9 



*=*o 



To find the slope in polar coordinates of the tangent line to 



the curve at a point on the curve, we may transform 

dx 
polar coordinates by means of the formulas 

x = rcos0, y = r sin $. 

Since 05 = r cos tf, .-. dx = cosOdr — ramOd0, 

Since y = r sin 0, .•. dy = sin $dr + r cos $ d$. 

dy _ sin0dr-\-r cosOdO 
" dx'^cosOdr — rsinOdd 

sintf^ + rcostf 
dO 



to 



dv • 

cos 0—- — r sin i 



dO 
119 
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Let (ro, ^o) be the polar coordinates of the point (a^, y^). 

Therefore 

dr 



tan To = 



sin^o-r;: 



+ r^ cos Oq 



g=»o 



cos^.| 



— ro sin ^o 



«=<>o 



is the slope in polar coordinates of the tangent line to the curve 
at the point (r©, 0^. 

If the equation y=f(x) be transformed to polar coordinates, 
it can be written in the form r = <l>{0), or as we shall write it, 
r=zf(0)y although y(tf) is not the same function of thatX®) is 
of X, 

The slope of the tangent line to the curve r =f(0), where 

f(j9) is single valued and continuous, at the point (r©, Oq), is 

therefore 

dr 



sin^o 



tan To = - 



dd 



+ ro cos $0 



cos A 



— ro sin $0 



101. As an illustration of the method of finding the slope of 
the tangent line to the curve whose equation is expressed in 
polar coordinates, at a particular point on the curve, consider 
the following example. 

Example. Find the slope of the tangent line to the curve 
r = a sin 2 tf at the point where ^ = 7* 




By the formula of Art. 100, 



0- sin ^ + a cos J 

tan To= • = — 1. 

• cos ^ — asin^ 



Fia. 31. 



,. ro = 135^ 
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102. The expression for tan tq in polar coordinates is some- 
what complicated. A simpler expression can be found for 
tan ^09 where ^o ^s the angle be- 
tween the radius vector to a point 
and the tangent line to the curve 
at the point. Let us measure ^o 
from the positive direction of the 
radius vector to the tangen^ line, 
in anti-clockwise rotation. Then 
^0 is such that tan ^o=tan(To— ^o) 
(see Fig. 32). 

_ tan tq — tan 6q 
1 -I- tan To tan $o 




tan^o = 



FiQ. 32. 



sin^( 



-I- To cos $0 



sin 00 



e»ft| 




1 1 


#=#, sin 9^ 


cos^o- 


ir 

m 


-r.sinOo '^^'^o 






e^$a 



103. Subtangent, Subnormal, Rectangular Coordinates. Let 
y =f(x) be an equation in which f(x) is single valued and con- 
tinuous. Let Po (Fig. 33) with 
coordinates (a?o, .y©) be any point 
on the curve y=f{x). Denote 
the foot of the ordinate of Pq by 
3f, and the points where the tan- 
gent and normal lines to the 
curve at Po ^eet the a?-axis by T 
Pjq 33 and N respectively. 
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Definitions. The lines TJf and Jt/^are called the subtangent 
and subnormal respectively of the curve at the point Pq. 

MPo 



Since 



tan To = 



TM' " tan To ^ 

dx 



The subtangent of the curve at a point (xq, y^ on the curve 
is therefore y 

Denote the angle which the normal line at Po makes with 
the oj-axis by v©. 

JfPo 



Since 



— ^^ 



Jf2V=-- 



tanvo 



Now tan vo = tan ( - 4- To \ .*. tanvo = — cotTo = — i 
■ V J m 

dx 




dx 



The subnormal of the curve at a point (x^, yo) on the curve is 

therefore ^y 

104. Subtangent, Subnormal, Polar 
Coordinates. Let r=^f(ff) be an 
equation in which f(0) is single 
valued and continuous. Let P© 
(Fig. 34), with coordinates (ro, ^o) 
be a point on the curve r=f{0). 
From the pole draw a line per- 
pendicular to OPo to meet the tan- 
gent and normal lines to the curve 
at Po in T and N respectively. 

Definitions. The lines OT and 
ON are called the polar subtan- 
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gent and polar subnonnal respectively of the curve at the 
point Pq, 

Since ^ = tan^o, .'. 0!r=OPo tan i^o = ^ 
OPo ^ dr 

The polar subtangent of the curve at a point (ro, 0^ on the 
curve is therefore 



d0 



tf^^o 



ON 



Since ~^ = tan ^PqO, .-. OJV= OPo tan JVPoO. 



Now OPo = 7*0, and, 

tan J^PoO = tan (^- ^o) = cot ^o = ^^^j^?^. .-. OiVr= 



dO 



9^0^ 



The polar subnormal of the curve at a point (r©, Sq) on the 
curve is therefore 



dO 



0^-00 



106. Let y =/(«) be an equation in which f(x) is single valued 
and has infinite but not finite discontinuities. 

If the point of contact of the curve y =/(«) and its tangent 
line at any point of an infinite branch of the curve is allowed 
to move so that its distance from the origin increases without 
limit, the tangent line may or may not approach a limiting 
position. Thus, as will be seen in Art. 107, the tangent line 
drawn to a hyperbola thus approaches a limiting position while 
that drawn to a parabola approaches no limiting position. 

106. Definition. If the tangent line to a curve approaches a 
limiting position as its point of contact with the curve moves 
along an infinite branch so that its distance from the origin in- 
creases without limit, this limiting position is called an asymp- 
tote of the curve. 
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The requirements that a curve has an asymptote are two in 
number, namely : 

1st. That the curve has an infinite branch. 

2d. That the tangent line at a point on an infinite branch of 
the curve approaches a limiting position as its point of contact 
moves along the branch so that its distance from the origin 
increases without limit. 

If the intercepts of the tangent line, or one intercept and 
the slope, approach limits as the point of contact of the tan- 
gent line and the curve moves on an infinite branch so that its 
distance from the origin increases without limit, these limits 
determine the equation of the asymptote. If they do not 
approach limits, this branch of the curve has no asymptote. 



107. The equation of the tangent line to the curve y =/(«) 
at a point {x^ y^ on the curve is 



-.y. = ^ 



y-yo= 



dx 



(x-Xo). 



Therefore its intercepts are 
1 



Xo — yo— , intercept on the aj-axis ; 
ay 



Vo — ^0 



dx 

dy 
dx 



, intercept on the y-axis. 



Example 1. Investigate the hyperbola _ — ^ = 1 for 

or (r 



asymptotes. 



di 
dx 






dx «=«. 



b'% 



b% 



and 



yo-a\) 
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Simplify by means of the equality ^ — ^ = 1. 



b^Xo^-a\^^a^ ^^^ a'yo' 



a' 



b% 



Xq 



a^o 






As the point of contact of the tangent line moves along the 
curve so that its distance from the origin increases without 
limit, the coordinates both increase without limit. If (aro, yo) 
are the coordinates of the moving point, 



limit 

00=00 



= 0, and 






limit 

yo 



Therefore the hyperbola has an asymptote. 
Since 



dp 
dx 



b% 



= ± 



bxo 



i=±- 



^' 



imit rdy\ 1 limit f . ^ 1 



limit 

Xo 






b 



The hyperbola has therefore two asymptotes, one with slope 

+ - and the other with slope . Their equations can be 

written readily from analytic geometry. They are : 

a b 



and 



a 



Example 2. Investigate the parabola y^ = 2mx for asymp- 
totes. 



dy 
dx 



m 
'Vo 
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1 Vo^ 

dx 



m 



, dy\ moso Vo 

Now ^»i[-a,] = -<», and »-^[|] = oo. 

Therefore neither intercept approaches a limit, and therefore 
the parabola has no asymptote. 

108. If the polar subtangent Or (Fig. 34) approaches a limit 
as the point Pq naoves along an infinite branch so that its dis- 
tance from the pole increases without limit, the curve has an 
asymptote passing through T in the limiting position of OT 
and parallel to OPo- 

Example. Investigate the curve r=a sec 2 6 for asymptotes. 
Since r=:asec20, 

.-. ^ = 2asec2tftan2ft 
de 

r* asec2tf a ^^ 

••• •T-=oi — o^ = oCosec2ft 
dr 2 tan 20 2 

de 

As the point of contact of the tangent line moves along the 
curve so that its distance from the pole increases without 

limit, 6 approaches either ^, ^, ^, or l^. Now 

4 4 4 4 

limit r„ ~^ n l>nii^ Fn ' ~\ n 

,,x[?cosec2<?J = |; ,^3^[^C08ec2<»J = -?; 
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The curve has therefore four asymptotes, two intersecting on 
the initial line at a dis- 
tance from the pole and 

making angles of 45° and 
SIS'* respectively with the 
initial line, and two inter- 
secting on the initial line 
at a distance from 

the pole and making angles 
of 136** and 225** respec- 
tively with the initial line. 

The curve is as in Fig. 35. 

Fig. 35. 




EXERCISES 

1. Find the slope of the cardioid r = a(l — costf) when 
tf = ^- Ans. -1. 

2. Find the slope of the curve r = a sec^ when r = 2 a. 

Ans. 3. 

3. In the circle r = a cos 6, find tq and ^q. 

Ans, If varies between and ir, 

4. In the logarithmic spiral r = a***, show that ^ is constant. 

5. In the lemniscate r^ = a^ sin 2 0, find tq and i^o* 

Ans. If tf varies between and ^, 

To = 3^o, or ~,r + 3^o; ^0 = 2^0. 

In each of the three following curves, find the subtangent 
and subnormal at any point (aro, y©) o^ the curve. 

6. 2/^ = 4aiB. J.ris. 2iBo; 2a. 



7. anj=zc. 



Ans. — aroi - — • 
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8. y^= ^ . Ana. ^^^~< ^^'-^'. 

9. In the cycloid aj = a(tf — sin ^), y = a(l — costf), find 
the subtangent and subnormal for a value $q of 0. 

Ans. 2asin3-°sec-^; asintfo- 



10. In the curve a; = a log cot - — a cos O^y^a sin tf, find the 

subtangent for a value Oq of ft -4ns. — a cos tfo* 

11. In the lemniscate r*=a^ sin 2 tf, find the polar subtangent 
for a value tfo of ft -^ws- ot tan 2 ^o Vsin2tfo- 

12. In the curve r = asec^tf, find the polar subnormal for a 
value ^0 of *• -4ns. 2 a sec* So tan tf©- 

Investigate the following curves for asymptotes. 

13. y* = a^ — 3 a? — 4. -4ns. Asymptotes, no 

2 a? + -^ y = 3. 

14 . ^ = a;* — 8 a*. -4ns. Asymptote, a? — y = f . 

a^ 

16 . y* = . -4ns. Asymptote, a; = 2 a. 

2a — X 

16. r = atanft -4ns. Two asymptotes perpendicular to 0-4 
and distant a from 0. 

17. ^ = ? • -4ns. An asymptote parallel to 0-4 at a distance 
a above. 
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OUEVATURE. EADIU8 OP OTIEVATUBE. 
EVOLUTES AND INVOLUTES 

109. Definitions. The integral curvature of an arc of a curve 
whose equation gives a continuous function is the angle between 
the tangents at the extremities of the arc. 

Thus, if P^P (Fig. 36) be the arc, and AP^ and BP the tan- 
gents at its extremities, the integral 
curvature is the angle ACB, 

The mean curvature of an arc of 
a curve whose equation gives a con- 
tinuous function is the integral cur- 
vature of the arc divided by the 
arc, the integral curvature being 
measured in units of angle and the 
arc in units of length. 




Thus, in Fig. 36, the mean curvature is 



/.ACB 



SiVCPoP 

Mean curvature is usually expressed in radians per unit of 
length.. 

The actual curvature at a point on a curve whose equation 
gives a continuous function is the limit which the mean curva- 
ture of an arc beginning at the point approaches as the arc is 
allowed to decrease without limit. 

Thus, in Fig. 36, the actual curvature of the curve at the 

point Po is l^i^ nf^^l 

For brevity, actual curvature is spoken of merely as 
curvature. 

K 129 
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The curvature of an arc is said to be aniform when it is the 
same at all points of the arc. 

110. Let y =/(«) be an equation in which f{x) is single 

valued and continuous. To find the curvature at a point 

(aJo, yo) on the curve y =/(«). 
Suppose that the curve is as in Fig. 37. Let Pq ^ the point 
whose coordinates are (% ^o)* 
Let x — x^-{- Aoj. Let P be the 
point whose abscissa is iCo + Ao;. 
Denote the arc P^ by As and the 
chord PJ* by Ac. 

Denote the angle which the tan- 
gent line at Pq makes with the 
aj-axis by tq. The angle which the 
tangent line at P makes with 
the aj-axis is therefore tq + At, 

where At is the increment in the angle due to x having taken 

the increment Ax. 

The curvature at P^ = W™** [—1 
As=o[asJ 

"^"^ ofl^} since Aa; = as As = 0. 

It will be shown in Chapter XXII that the limit of the ratio 
of a chord to its arc as both approach zero is 1. Assuming 
this theorem, we have : 

The curvature at Po= ^^"^^ f— • —1 
^=^\Jlc As J 

_ Umit rArl limit fAcI 

^ limit ["At"] . limit fAcI ^ 
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imit r ^T 1 



limit 
"ax 



. limit 
■ax=0 



At 

Ax 



V'HiT 



\Aajy _ 
by dividing and multiplying by Aa:, 



(1) 







dr 

dan ...0 




M^J 


To express ^ 
ax 


in terms of x and y. 


tanr = ^. 
do; 


... 8ec«r? = ^5 
do? da? 


. ^ 






«=»o 


•• do: 


x-xq sec^To 1 + tan^Tg 


d^l 




d^\x=x, . 




\dX z^xj 


Substitute this value in (1). cPy\ 


Therefore the curvature at 


_^ dx^U... 


i-(i..jr 


Curvature is u 


3U 


ally denot 


ed by k. 





(2) 



that of -2/ 
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111. In the expression (2) for curvature, ip. the preceding 
article, the positive square root was taken. Then, since the 
denominator is always positive, the sign of k will depend on 

• Therefore k is positive if the curve is con- 

cave upwards, and negative if concave downwards. 

There is no advantage in distinguishing between positive 
and negative curvature, and consequently, when the curvature 
is negative, we shall omit the minus sign and consider it as 
positive. 

112. As an illustration of the method of finding the curva- 
ture at a given point on a given curve, consider the following 
example. 

Example. Find the curvature at a point (x^ yo) on the 
circle a^ + y* = a*. 

Since 7? + ]^=^a^j .*. y = ± V^^^^^. 

At first consider the part of the curve above the a^-axis. 

Then 



dy^ 


y-- 

X 


— , and 

-ar 

a* 


-ar". 
dx' 

1 

a 




a* 


dx 


(a' 


-oO* 


. fC = 




^' 1* 





Or, as we shall say, k = 



a 



Next consider the part of the curve below the aj-axis. 



Then y = ^-Va^-a^. 



CUBVATUBE 
^ = ?_ and ^ = 
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dx VcT^ 



da? 



(a? -3^^ 



(a'-Xo')i 1 






i~^a 



113. Let r=f(ff) be an equation in which f(ff) is single 
valued and continuous. To find the curvature at a point 
(Toj ^o) on the curve r=f(0). 

Suppose that the curve is as in Fig. 38. 
Let Pq be the point whose coordinates 
are (vo, So). Let ^ = ^o 4- A^. Let F be 
the point at which 0=^Oo + Ad. De- 
note the arc PqP by As and the chord 
PqP by Ac. Let the angles which the 
tangent lines at Pq and P make with 
the initial line be denoted by tq and 
to + At respectively. 

Suppose that the equation r = f(ff) is transformed to rec- 
tangular coordinates. The equations of transformation are 

a = r cos tf , 

y=srsinft 

If Pq is the point whose abscissa is osq, and P the point whose 
abscissa is irb + Aa;, 




Fio. 38. 



, _ limit rAr"] 
Ax=0[a«J 

_ limit r At " 1 
^=«LVAa?TA?J 



Kow Afl = as Aa; = 0. 
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Therefore k = l'^}^ \ ^^ 1 



_ limit 



At 



MHm 



by dividing and multiplying by A^, 

(1) 






Since 



tan T = tan (^ + ^) (see Art. 102), 



.'. T = A;ir + tf -f- ^, where k is zero or an integer positive or 
negative. 

.-.^ = 1 + ^. 



dO 



dO 



Since 



tan ^ = — (see Art. 102), 



,\ iZr = tan~^ rr- 

^ dr 



dO 



dr 
dO 



fdry_ ^ 
dil; J\d6) dff" 
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Also, since a; =^ r cos 0, .*. dx= cos Odr — rsinOdO', and since 
y = r sinOf ,\ dy=ismOdr-{-r(iOs$d$. 



Substitute the value of 



+ To cos ^( 



tf=«o 



'•) 



dr 
d6 






114. As was seen in Art. 112, the curvature of a circle is 
the reciprocal of the radius of the circle. Then, since a circle 
can be described with any radius, a circle can be described to 
have any curvature. 

115. Definitions. Two curves are said to be tangent to each 
other at a point when they coincide at the point and have the 
same tangent line there. 

The circle tangent to the curve and having the same curva- 
ture as the curve at a point, whose concavity has the same 
aspect as that of the curve, is called the osculating circle of 
the curve at the point. 

The radius of the osculating circle at a point on a curve is 
called the radius of curvature of the curve at the point. 
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The center of the osculating circle at a point on a curve is 
called the center of curvature of the curve at the point. 

From its definition, the radius of curvature of a curve at a 
point is the reciprocal of the curvature at the point. 



EVOLUTES 

116. Definition. The locus of the center of curvature of a 
given curve is called the evolute of the curve. 

Let y =/(») be an equation in which f(x) is single valued 

and continuous. To find the evolute of the curve y =/(«). 

Suppose that the curve is concave upwards and rising, as in 

Fig. 39. From the investigation in this case, the student can 

readily investigate the other 

cases for himself. It will be 

found that in all cases the 

results are the same. 

Let D with coordinates 

(^ ^o) be a point on the curve, 

and F with coordinates (aj', y') 

the corresponding center of 
Fia. 39. ^ , .. 

• curvature. Denote the radius 

of curvature of the curve at D by p. From D draw DC paral- 
lel to the a-axis to meet the ordinate y* in (7. 




Then 
and 

Since 



x' = Xo-CD, 
y' = yo-^CF. 



IT 1 



cos Vo = 



dx\ 



dx 



=, and sin vq = ■ 



HtU ^^WJ 
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Now CD = I p cos Vol = 



»li 



>-(l|J} 



^1 

dx\ 



^1 



Hnj 



dx 



— W\ ' 



because 



dy 
dx 



is positive since the curve is rising, and — ^ 

dor 



is positive since the curve is concave upwards. 



Also, 



I dy\ 

a:' = a?o — -/ 

dx I «=x„ 



2/' = 2/o+|/t>sinvo|- 






(1) 



y*^yo + 



\Mz^J 






(2) 



If Xq and 2/0 l^e eliminated from equations (1), (2), and 
yo =:f(xo), the resulting equation is that of the e volute. 

117. Example 1. Find the evolute of the parabola y^=2 mx. 
At first take y = + V2 m Vx and consider the part of the 
curve above the aj-axis. 

^ = ^/^ JL. 
dx >'2 V5 



d^ __ _ 1 Irnl^ 
d^" 2^2 ^,i 
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m 
'2x^ 



i+^ 



x' 



2V 2, J 



= 3xo + m, 



and 



y'=yo+ 



2xo 

1 jml_ 
2^2 ^i 



.M. 



(1) 



a\) = - 



»' — m 



, and2/o = — Vmy. 



Substitute the values of a?o 3'°^ yo iii ^o^ = 2 mscb- 
.*. m^^ = ^ (a?' — m)' is the equation of the evolute. 

Solve equation (2) for yK .-. 3/' = ± ^ («' — m)*. 

3V3m 



(2) 



In this equation the minus sign must be taken, since, from 
equation (1), y' is negative. The part of the parabola above 
the aj-axis and its evolute are therefore as in Fig. 40. 




Fig. 40. 
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Similarly we may show that the evolute of the part of the 

parabola below the fl?-axis has the equation y'= H j- — (x' — my* 

The parabola and entire evolute are as in Fig. 41. 
Example 2. Eind the evolute of the cycloid 
x = a($ — siD.O), ^ = a(l — costf). 

dy __ sintf ^ Y 

dx 1 — cos $ 

d^y__ d f sing \ d$ 
doi^ dtf \1 — cos $J dx 

= -_— J— . 

a (1 — cos Oy 

,: x^ = a(do — sin do) + 2 a sin Oq = a($Q + sin $q). 

y = a(l — cos do) — 2 a(l — cos do) = — a(l — cos $0). \ 
Therefore the equations of the evolute are 

x' = a(0 + sm0)y 

y' = — a(l — costf). 
One arch of the cycloid, and its evolute, are as in Eig. 42. 




PROPERTY OF THE EVOLUTE 

118. The evolute of a curve has the property that the 
extremity of a stretched string unwound from it traces out 
the original curve. 

Thus, in Eig. 40, Art. 117, the extremity of a stretched 
string OBC unwound from BC traces out the part of the 
parabola OA, 

On account of the property of the evolute just mentioned 
the original curve is called the involuta 
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119. To prove the above property of the evolute we have 
to establish two theorems. 

Theorem I. Every normal to the involute is tangent to the 
evolute. 

Theorem 11. The length of any arc of the evolute is equal 
to the difference between the lengths of the radii of curvature 
of the involute which pass through the extremities of the arc 
in question. 

Proof of Theorem I. 

Let D with coordinates (a?, y) be a point on the involute, 

and F with coordinates (x\ y'), 
the corresponding point on the 
evolute. (Fig. 43.) 

Let the tangent line at F and 
the normal line at D make the 
angles t' and v respectively with 
the ovaxis. The theorem is proved 
when it is shown that tan T'=tan v. 

. dy' dx 
dx 
From (1) and (2) of Art. 116, 




>Hi)" 



dx dj^y 

d^ 



y'=y + 



dx" 
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and 



dx 



dx' 



^*_ dx\da^j da^ \dx) 



da? 



dy (odyf^y_ 
[ dx\d^J 



dx 



da? 



fdyY^l 
'\dxj da?] 



dx 
dy' 






.-. :t-; = — -T-, by division. 
dx' dy' ^ 

dx dx 
/. tanT' = tanv. 

Proof of Theorem II. 

Let D with coordinates {x, y) be a point on the involute, 
and F with coordinates (a?', y') the corresponding point on the 
evolute. Let x take an increment y 
Aaj. Let E be the point on the 
involute whose coordinates are 
(x -h Aa?, y + Ay), and G the corre- 
sponding point on the evolute. 
Let (aj'+Aoj', y'+Ay') denote the 
coordinates of G. Denote the 
arc FG by As', and the chord FG 
by Ac'. 




Fia. 44. 



Now 



A«^ 

Aa; ' 



Ac' As' 
= —.^, identically. 



limit r^1= limit r^"| . limit f^l 



= "'""o[!^]«^'^«« 



Ax = 



^ limit r VAa;'^4-Ay" 



*Ax = 



L 



Aa; 



imit [^1 
.x=0[Ac'J 



1 (see Art. 194) 
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dx 



- /l (dy^ dx\d^) dx' \dxj dx" 



From the formula of Art. 110, 

" K d^y 

d^ 



dp_ L fdyV d^ [d^J ~ dx^ [dxj 



dx" 



ds' _^dp 
" dx"" dx' 

ds' do 
It will be seen later that since -r- = -^, .\ s' = p + c, 

ClX ClX 

where c is any constant. The student can see now that if 
s' = p + c be differentiated with respect to x, the result is 
ds' _^dp ' 
dx " dx' 

Let Si and sj be the lengths of arcs of the evolute measured 
from some fixed point on it, and p^ and p^ the radii of curvature, 
which pass through the extremities of these arcs. 



Then, since 




s' = /t> + c, 


we have 




«l' = /t>l + C, 


and 




«2' = P2 + C. 




.-. s^ 


— '^2' = Pl — P2- 



Now Si —S2 is any length of arc, and pi — P2 is the differ- 
ence between the radii of curvature which pass through the 
extremities of the arc. The theorem is therefore proved. 
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EXERCISES 

In each of the two following curves, find the curvature at a 
point (xof yo) on the curve. 



1. y^^2mx. Arts, k = 



m' 



2 



\m' + yo'\'^ 






{6V + aVJ* 

In each of the two following curves, find the curvature at a 
point (tq, 0q) on the curve. 

3. r = a(l — costf). Ans. k = * 

2 V2 aro 

4. r = a sec* -• Ans. k = —- cos'^ ^• 

In each of the six following curves, find the radius of curva- 
ture, p, at a point (a^ yo) ^^ ^^^ curve. 

5. xy==c. Ans. p = M±i(L)!. 

2c 

6. ^.-g = l. Ans. ,^IM±^. 
a' ¥ a*b* 

7. y = rX<^ + e'). Ans. p = -^'. 

8. »* + y* = a*. -4ns. p = 3(aa;oyo) • 

9. e* = siny. Ans. p = e~'o. 

10. a;i + yi = a*. ^«a. p = ^(^+_^'')^ 

11. Find the radius of curvature, p, of the cycloid 

X = a(0 — sin 0), y = a(l — cos 0) for a value 0o of tf. 

Ans. p = 4:asm-^' 

12. Find the radii of curvature of the trochoid oj = ad + A; sin d, 
y^a — k cos d at the points where it is nearest to and farthest 
from the base. ^ (a ± A:)* 

A: 
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In each of the three following equations find the radius of 
curvature, p, at a point (tq, Oq) on the curve : 

13. r2 = a2 cos 2 ft Ana, p — -^- 

oro 

14. r2cos2d = al ^n». p = ^. 

or 

o j 

15. r(l + cosd) = 2a. Am, p = =-%. 

In each of the six following curves, find the equation of the 
evolute of the curve : 

16. 7?'\-y^^a\ Ana. x'=^0,y^ = 0. 

17. ^2 + ^1 = 1- ^^«- (ax')i + (by^)i = (a'-¥)i. 

18. ^-|J = 1. ^w«. (aa?')*-(6y)*=(aH&0*- 

19. a.» + 2/5 = a». ^n.. ^^^±2^^ ^^^^ =2. 

20. ajy=c. ^n«. (a;'+y')*-(a?'-y')*=:2(2c)* 

21. x=::a (cos <^ + <^ sin <^), y = a (sin <^ — <^ cos <^). 

Arts. aj'* + y* = a'. 

In each of the following curves, find the coordinates of the 
center of curvature of the curve at a point (xq, yo) on the curve : 

22. a^ = af. Arts. x'^-Xo-^, 

2a 



23. 2/ = ^(e^ + e"«). Ans. aj' = a^-^V3/o^-a», 

^ a 






CHAPTER XIV 

DIFFEEElfTIATIOlf OF FUUOTIOlfS OF TWO INDEPEHDEirT 
TABIABLES 

120. In the preceding chapters, the functions considered 
were all of one variable. The functions, however, with which 
we have to deal are sometimes functions of two or more inde- 
pendent variables. Thus, for example, the area of a rectangle 
is a function of two independent variables : — the two sides ; 
and the volume of a rectangular parallelopiped is a function of 
three independent variables : — the three edges. In this chap- 
ter the differentiation of functions of two independent vari- 
ables will be considered. 

121. In a function, /(«, y), of two independent variables, if 
real values be assigned to x and ^, and the resulting value or 
values of /(a?, y) be real, the values for oj, y, and z =/(«, y), 
plotted according to the conventions of analytic geometry of 
three dimensions, determine a point, or points, in space. Then 
z=^f(x,y) is geometrically represented by a surface, or by 
surfaces. 

For example, in the function ± Va^ — a^* — 2/*> given by the 
equation 2; = ± Va^ — aj^ — y^ if real values be assigned to x 
and y, such that a:^ + y^<a\ ± Va* — a^ — y^ has real values, 
and the values of x, y, and ±Va* — a^ — 2/*> plotted on the 
axes of a?, y, and z according to the conventions of analytic 
geometry of three dimensions in rectangular coordinates, deter- 
mine two points in space. Then « = ±Va^ — a^ — y^ is geo- 
metrically represented by two surfaces. As a matter of fact, 
f. 145 
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in this particular example, the two surfaces join together and 
give the entire surface of a sphere with center at origin and 
radius a. 

122. Definitions. A function, /(«, y), of the two independent 
variables x and y, is said to be single valued when, for values of 
X and y, the function has just one value. 

A single-valued function, f(x, y), of the two independent 
variables x and y is said to be finite when there is no set of 
values of x and y for which the function does not have a 
definite value. 

A single-valued function, /(a;, y), of the two independent 
variables x and y, is said to be continuous for the set of values a 

limit r "1 

and h, when /(a, b) is finite, and ^=0 f(a + h, b + k) \=^f{a, b), 

no matter how h and k approach zero. 

In what follows we shall suppose that /(«, y) is single valued 
and continuous. 

123. In a function, f(x, y), of two independent variables, 
we have to consider : 

Case I. How f(x, y) varies when x varies and y remains 
constant ; 

Case II. How /(a?, y) varies when x remains constant and 
y varies ; 

Case III. How /(oj, y) varies when both x and y vary and 
are independent of each other. 

124. It was seen above that z =/(«, y) in Case III is repre- 
sented geometrically by a surface. In Case I, where y is con- 
stant, z = f(x, y) is represented geometrically by a plane curve 
formed by the intersection of the plane y = the constant, with 
this surface. In Case II, where x is constant, z = f(x, y) is 
represented geometrically by the plane curve formed by the 
intersection of the plane x = the constant, with this surface. 
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125. In either Case I or Case II the function f(x,y) is 
exactly like those considered in the preceding chapters, 
because in either case it is a function of one variable 
alone. 

Case I. Suppose that y has the constant value yo- Then 
for any value Xq of x, Az =f(xo -f Aaj, yo) — /(a^ Vo)- 

Case II. Suppose that x has the constant value a\). Then 
for any value yo of y, Az =f(xo, 2/0 + Ay) --/(% ^o)- 

To distinguish between the A2;'s in the above cases, we shall 
use the notation ^^ in Case I, and A^ in Case II. 
Erom the definition of a derivative, it follows that : 

3^™? A — is the derivative of z with respect to x when 
^^=0[_AajJ ^ 

x = Xq and y is constant ; and 

1)^0 ~ ^^ *^® derivative of z with respect to y when 
y = yo and x is constant. 

126. Definitions. J|^^'^or~1^^ ^^^^®^ *^® partial derivative 

of z with respect to jr when a; = a:o and y is constant. It is 

dz I 
written — , and read, "partial— d—oj— of— 2; when aj=a\,.'' 

^i^^of^ I ^^ called the partial derivative of z with respect 



limit 



Ay 

to / when y = yo and oj is constant. It is written — 
read, " partial— d — y—of—z when y=yo-" 



, and 



In general, for any value of x, ^^™?* -^ = -1 and for any 

limif A « fl« L- -J 



value of y, jj"'' 



nit fA^n ^ 

=^LAyj 5t/ 



127. To interpret A^,^ I , Aj2, and ^ 

dx\ "^ dy 



geometrically : 



Suppose that y has a constant value y^. Let u4 be a point, 
distant x^ from the ya^plane, on the curve formed by the inter- 
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section of the plane y = yQ with the surface z=f(Xf y). (See 

Fig. 45.) From A draw AB per- 
pendicular to the icy-plane. On 
the line of intersection of the 
plane y=^yQ with the xy-^lsme, lay 
off BO equal to Aa?. From C draw 
CD perpendicular to the a^-plane 
to meet the curve in D, From A 
draw AE parallel to BO to meet 
CD in E, 
Then A^ is geometrically the 



kf^-- E 

oj 

/ X 



B 

Fia. 45. 



dz 

distance ED, and -— 
' dx 



IS geo- 



metrically the slope of the tangent line AF to the curve at 
the point A 

Suppose that x has 'the constant value Xq, Let -4 be a point 
on the plane curve formed by the intersection of the plane 
x=Xo with the surface z=f(Xyy). 
(See Fig. 46.) From A draw 
AB perpendicular to the xy- 
plane. On the line of intersec- 
tion of the plane x=zXo with the 
ojy-plane, lay off BG equal to 
Ay. From G draw GH per- 
pendicular to the icy-plane to 
meet the curve in H, From A 
draw AK parallel to BG to meet 
GH in K. 

Then A,^ is geometrically the distance KH, and 




dy 



IS 



V=»o 



geometrically the slope of the tangent line, AS, to the curve 
at the point A. 



Since -^ and -^ are, in general, func- 
dx dy 



128. 'Letz=f{x,y). 

tions of X and y, we may, in general, repeat the operation of 
partial differentiation with respect to either x or y. 
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The partial derivative of -^ with respect to a; is — ( — \ 
-2 dx ^ dxKdxJ 

IS written ■—-' 
dor 

The partial derivative of -^ with respect to v is -|- ( — \ 



5^« 
It is written — r 



The partial derivative of -^ with respect to a? is — f—\ 



It is written 



dxdy 

The partial derivative of -^ with respect to v is — (—\ 

dx ^ dy[dxj 

It is written -r— r-* 
ayox 

Similarly for higher derivatives. Thus -T-i-r-l — 1 1 is the 

dx\dy\dyJJ 

partial derivative of z, first, with respect to t/; second, with 

respect to y : and third, with respect to x. It is written . 

docdy^ 

129. In Chapter XI, in the equation y = f{x), where f{x) is 
a function of one variable alone, we defined dx to be Aoj, and 

eft/ 
dy to be -i^ da;. Then in z=f{Xy y), in Case I, dx=^x and 

dz = — dXf and in Case II, dy = Ay, and dz = — dy. 
' ox ay 

To distinguish between the dz's in the above cases, we shall 
use the notation dji in Case I, and d^ in Case II. 

130. To interpret d^ and d^ geometrically : 

Produce CD to meet AF in F. (See Fig. 45.) Then d^ is 
geometrically the distance EF, 

Produce GH to meet AS in S. (See Fig. 46.) Then d^ is 
geometrically the distance KS. 

131. So far we have considered differentiation only in 
Cases I and II. It remains to consider Case III. 

In the equation z = f(x, y) where x and y both vary and 
are independent of each other, let x have the value a^ and 
y the value t/o- Then /(aJo + Aa;, yo + ^y)—f(xo, yo) is the 
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increment produced in f(x, y) by giving x and y increments. 
Denote it by A2;. 

Then A2; = /(ojo 4- Aoj, yo + Ay) — /(i^o, 2/o). 

132. To interpret A2; geometrically : 

Let A, with coordinates (iCb, 2/0, 2;o)> ^ a point on the surface 
z=f(x^ y). Through A, pass planes parallel to the xz and yz 

planes. On the line BC of 
intersection of the plane ABG 
with the icy-plane, lay off 
BC==Ax, On the line BG 
of intersection of the plane 
ABG with the ay-plane, lay 
off BG = Ay. Through A 
pass a plane parallel to the 
aiy-plane. Let ML, the line 
of intersection of the planes 
HGM and ECM, meet the 
plane through A parallel to 
the icy-plane in N and the surface in L. Then Az is geometri- 
cally the distance NL, 

133. To define dz when x and y vary and are independent of 
each other : 

Let A with co(5rdinates 
(^o> Vof ^0) be a point on the 
surface «=/(», y). Make 
the same construction as in 
Fig. 47. (See Fig. 48.) Also, 
from A draw a tangent plane 
to the surface to meet the 
lines drawn perpendicular to 
the ajy-plane in P, F, and S. 

Since Az is NL, we should 
wish dz to be .ATP. Let us 
define dz to be NP. 



Fig. 47. 
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It is a theorem of solid geometry, easy of proof, that if a 
plane cuts a rectangular parallelepiped, the sum of two oppo- 
site edges cut off is equal to the sum of the other two opposite 
edges. Then since the plane AFPS cuts the parallelopiped, 

NP -h zero = EF + KS. 
Now NP = dz, EF= dji, and KS = dj&. 

.\ dz = d^-{-d^. 
From the definitions of d^ and d^, it follows that 

dz = — dx + ^dy. 
ax ay 

EXERCISES 

In each of the three following equations, find A^, Ay2, ^ and 

dz , . ^a;' 

•— , when x = iCQ and y = yo: 

dy 

1. z = a:^ — Sxy + y^. 

Ans, (2ir6-32/o)^a; + A«*; (2yo — 3a\,)Ay + Ay*; 

2x0 — 3 yo; 2yo — 3a?o- 

2. « = 3ar*-22/'. 

Ans, 6a\)Aa;-f 3A?; 42^o^t/ — 2A^; 6iBb; — 4yo. 

3. « = aj8-3a:2y^2/* ^ ^ 
Ans. (Sxq^ — 6xf^o)Ax-\- (3 Xo-\-Syo)Ax^ -^ Ax^ 'j 

(3yo'-3xo')Ay + 3yoKy' + Ay', 3xo-6x^o; 3yo'-3xo^ 

In each of the four following equations, find djs, d^, and dz : 

1 V A -, yd^ -, ^dy 

4. « = tan-^-« Ans. d^ = — ? , o ; djs= . ' ,, - 

V A , 2y(ia? , 2c?a; 

5. « = log tan -• Ans. d^ = » > ^i^ = o— 

a? _2 • 2v' "^ . 2i/ 

ar sm — ^ « sin — ^ 

aj X 

6. z = ^. Ans. djs = y^dxi d^ = x^dy. 

7. aisa^^K^ ^ns. d^saj-^+^^^J'logt/da;; dj? = a^<^8«' log a? ^. 
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In each of the five following equations, prove that 

Bh ^ dh 
dy dx dx dy 

8. 2 = 6**. y 

J 11. 2; = logtan^« 

9. z={a^ + f)i. ^ 

12. z = 2^°*" 

10. 2 = a? log (1 -f icy). 

13. If x=a cos 0,y=a sin 6, prove that cos ^ -rf -f sin ^ -^ = 0. 

14. ltu=:A COS (x + at) +B sin (a? — at), prove that 



16. If % = log V(a; — ay-\-(j/ — by, where a? — a and y — b are 

not simultaneously zero, prove that — - -f — — = 0. 

oar ay^ 

16. If pv = a^, where a is a constant, find dp in terms of dv 

and d^. ^ , jP , JP ,^ 

u4n5. dp = — — di; + ^dltf. 

17. If M = log (tan x -f tan y), prove that 

sm 2 a? -— + sin 2 y -r- = 2. 
035 dy 

18. If w= (5«« + 322)i, prove the^t u'-p^ + uh~ +10 zt=0. 

19. If M = r»sinntf, prove thatr*|^ + r^ + S = 0- 



CHAPTER XV 
ISTEGEATIOU 

134. In Chapter XI, the problems discussed were of this sort : 
given a function of one independent variable, to find its differ- 
ential. We shall now consider the converse problem ; namely, 
given a function of one independent variable in the form of a 
differential expression, that is, consisting of a function multi- 
plied by the differential of the variable, to find the function 
whose differential is the given function. 

135. It is evident at the outset that if we can find one func- 
tion whose differential is the given function, we can find any 
number of such functions, because, since the differential of a 
constant is zero, functions which differ only in their constant 
terms will have the same differential. It is also true that 
functions which have the same differential can differ only in 
their constant terms, but the proof of this theorem would be 
beyond the scope of this book. We shall assume the truth of 
the statement, and on this supposition can conclude that if we 
can find a function whose differential is the given function, 
this function plus c, where c is an arbitrary constant, will con- 
tain all functions whose differential is the given function. 

For example, 2 a? da? is the differential of 05^ + 2, a?^ — 5, or in 
general, a?^ + c, where c is any constant, and a^ + c contains all 
functions whose differential is 2xdx. 

136. Definitions. A function whose differential is the given 
function is called an indefinite integral of the given function. 

Thus, aj* -h 2 is an indefinite integral of 2 a; dx, 

153 
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The process of finding an indefinite integral of a function is 
called integration. 

The constant c added to an indefinite integral is called the 
arbitrary constant of integration. 

Integration is denoted by the symbol j . 

Thus, C2xdx = a^ + c. 

The symbol i is read, " indefinite integral of." 

137. Integration is the inverse of differentiation. Therefore 
to integrate a function we must reduce it to a form where it is 
recognizable as the differential of some known function. The 
forms, called the fundamental forms of integration, to one or 
other of which we shall reduce our functions, are as follows : 

w*du = -^^ + c, if n:#:-l. 
n + 1 

II. C^ = \ogu + c, 
J u 

III. Ca^du=-^-\-c. 
J log a 

IV. re«dw = e«-fc. 

V. I cos u du = sin u-^ c. 

VI. j sin w dtt = — cos w + c. 

VII. j sec^ udu = tan u-\-c. 

VIII. I cosec^ udu=: — cot u-\-c, 

IX. j sec u tan u du = sec u-\- c. 

X. j cosec u cot udu^ — cosec w + c. 

XI. j tan u du = log sec u + c. 
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XII. I cot udu = log sin u + c. 

XIII. I sec u du = log (sec u + tan u)+c 

= logtang + |) + c. 

XIV. I cosec udu = log (cosec w — cot i^) -f c = log tan ^ + c. 

XV. I — ==^ = sm-^ - 4- c, or = — cos"^ - -f c. 
J -^a^^u^ a a 

XVI. r--^ = ltan-^?-^ + o,or=-lcot-^^ + c. 
J a^ + u^ a a a a 

XVII. f ^^^^^ = - sec-^ !f + c, or = - 1 cosec"* ?^ + c. 

J uVu^ — a^ a « a a 

XVIII. r-*^= 1 logH^ + c,or=JLlog^ + c. 
J u^ — a' 2a M + a 2a a + w 

XIX. f— =^^ = log(M + Vi?±^ + c. 

XX. r ^" =Yer8-'^ + c. 
^ V2 aw — M^ ^ 

These forms are not fundamental in the sense that no one 
of them can be derived from one or more of the others. They 
contain all the fundamental forms and others used frequently 
in practice. 

These forms can be readily established by differentiation. 
For example, 



dx 71 + 1 

n-f 1 
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138. The following theorems are of constant use in problems 
in integration. 

Theorem I. A constant factor may be written either before 
or after the sign of integration. 

Theorem II. The integral of an algebraic sum of two func- 
tions in the differential form is equal to the sum of the integrals 
of these functions. 

Proof of Theorem I. 

Since dcu = c du, where c is a constant, therefore, from the 

definition of an integral, ^ 

ai= icdu. (1) 

Kow j du = u, by applying Form I where w = 0. 

.-. cidu = cu. (2) 

Equating (1) and (2), we have 

I cdu = ci du. 

Proof of Theorem II. 

Since d(u + v) = dlw -f dv, therefore, from the definition of an 
integral, ^ 

i {du -\'dv)=:u + v. (1) 

Kow I du = u and j dv= v, by Form I. 

Substitute in the right-hand member of (1). 

.-. j (du + dv)= j du-\' j dv. 

The reasoning in Theorem II can be readily extended to any 
number of functions. It can therefore be shown that 

J (du +dv-\ h dto)=j ^u + J dv -\ \-j dw. 
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139. The following examples will illustrate how the integral 
of a function may be obtained in some simple cases. 

Example 1. Find j (a;* + 0?^ — 3ic* + 2aj — 4)cto. 
r(aj4 + aj8 - 3 a? + 2 a? - 4)daj = jVdte + jVdte + f^ 

by Art. 138, 
= I aJ*da;-|- I aj^d!aj — 3 I oi^dx 

-\-2Cxdx-'^CdXf 
by Theorem I, Art. 138, 

^ * by Form I. 

Example 2. Find rf-^ + -^paj. 

r('4= + ^V= r^+ f-^, by Theorem II, Art. 138, 
•^ VVaJ voj/ ^ Va *^ Va? 

= ix''^dx-\- ix^dx 

= 2 a;* -f f aj* -f c, by Form I, 

Example 3. Find f^^ dx, 

= ixdx— j -(foj 
= --log aj + c. 
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EXERCISES 



Evaluate the following integrals and in each case show by 
differentiation that your result is correct. 



)dx. 



1. /(a^-1) 

2. ("(»*- 1) 

3. C(■^/x + ^/xydx. 

4. C{V^ + S^/^dx. 

- /•a!»-3a!* + 2a!-l 

®- J X 



dx. 



a^-1 



f— 



dx. 



10 



11 



8. C(a^ - a^Vxdx. 

9. ("(a^+a^-^dx. 
Ce'-^^dx, 
flO'-^dx. 

. Caf'+^dx. 



20 



21. 



L jcos(a; + a) 
t. I sin (aj — a) 

J a?-2 
Jse' + B 

r. r ^ • 

•^ a;Var'-3 
,. f ^ . 

•• r ^ . 

'^ V3-!B» 

/: 



dx. 
dx. 



dx 

Va?34 

dx 



22. I— g^. 

23. |tan^a;c2fl;. 

24. I cot^ X dx. 



The arbitrary constant of integration, c, can always be deter- 
mined if we know the value of the integral for some particular 
value of the variable ; for, since a constant is a number that 
has the same value for all values of the variable, it is known 
whenever its value for any value of the variable is known. 



CHAPTER XVI 

PLANE ASEAS BT INDEFINITE INTEGBALS 

RECTANGULAR COORDHf AXES 

140. Let y=f(x) be an equation in which f(x) is single 
valued and continuous for all values of x between and includ- 
ing two values a and 6. To find the area inclosed by the 
curve yz=zf(x)y the a?-axis, and the ordinates corresponding to 
the abscissas a and b respectively. 

In the equation y = /(«), the function f(x) may be positive 
or negative for all values of x between a and b, or it may 
change in sign any number of times as x increases from a to b. 

141. At first suppose that f(x) is positive iot all values of 
X between a and b. 

Under this supposition, the curve y=:f{x) is above the axis 



Y 


C 
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X 



for all values of x between a and &. Suppose that it is as in 
Fig. 49. 
Let OB and OC represent the abscissas a and b respectively. 

169 
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Let OP represent an abscissa x,a<x<b. From '5, P, and C, 
draw ordinates to meet the curve in D, S, and F respectively. 

The area BDSP is obviously a function of a, because as x 
assumes different values, it assumes different values. Denote it 
by A. Let x take an increment Aa. Then A takes an increment 
A-4. In the figure, PQ represents Air, and PSRQ represents AA. 

The areas of the rectangles SQ and EP are f{x)^x and 

/(aj + Aaj)Aaj respectively. From the figure we see therefore 

that 

f(x) ^x<^A<f(x + Aa:) Aaj, 

if the curve is rising from S to E, or 

f(x + Aaj) Aaj < A-4 < f(x) Aaj, 

if the curve is falling from S to E, Divide by Aa;. 

A^ 

.•. f(x) < — </(» -h Aa;), if the curve is rising from S to E, 

£a,X 

£^A 

or, /(« + Aa?)<-— -</(aj), if the curve is falling from S to J?. 

As? 

As Aa; approaches zero, f{x-\-^x) approaches /(a?) as its 
limit. Then, whether the curve is rising or falling from S 

£^A 

to E, — has a value between f(x) and an expression that 

Aa? 

approaches /(a?) as its limit as Aaj approaches zero. Therefore 

^A 

— approaches /(«) as its limit as Aa? approaches zero. That is: 

Aa; 



But limit ["^^"1 = ^. 



- ^-^<* 



.•. dA=f(x)dx. 
.-. A=Jf(,x)dx. 
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Suppose that I f(x)dx is <^(a;) + c. Then the area inclosed 

by the given curve, the a?-axis, and the ordinates correspond- 
ing to the abscissas a and x is <^(aj) -f c, where c is a constant 
at present undetermined. To determine c: Suppose that P 
moves back to B, Then x assumes the value a. Under this 
supposition the required area is zero, and <^(a?) -f c becomes 
<t>{a)-\-c, .*. c = — <^(a). 

Therefore the area inclosed by the curve, the a?-axis, and 
the ordinates corresponding to the abscissas a and x, is 
<f>(x)-<f>(a). 

Therefore the required area = <^(6) — <^(a), where 



Jf(x)dx=fl>(x)-\-c. 



142. Example. Find the area inclosed by the curve y = aj*, 
the oj-axis, and the ordinates corresponding to the abscissas 1 
and 4 respectively. 

The curve is as in Fig. 50. 

a?^x< A J. < (a? -f Aaj)2Aaj. 
.AJ. 

Y 



^<^<(x+^xy. 

Aa? 



dx 
dA^zx'dx. 

'. A^ Cix^dx = - 



■ + c. 



Let P move back to B. Then x 
becomes equal to 1, and A to zero. 

.-. A = — -i'C becomes 0=- + c. 




Fia. 50. 






Therefore the area inclosed by the given curve, the a^^xis, 
and the ordinates corresponding to the abscissas 1 and x respec- 
tively is ar* 1 

Therefore the required area = ^ — J = 21. 
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143. Let us again consider the problem stated in Art. 140, 
and suppose now that f(x) is negative for all values of x 
between a and b. 

Under this supposition the curve is below the a-axis for all 
values of x between a and b. Suppose that it is as in Fig. 51. 

Make the same construction as in Fig. 49, Art. 141. 




Fig. 61. 



Since f(x) is negative for all values of x between a and 6, 
the areas of the rectangles RP and SQ are --/(a; + Aaj)Aa? 
and —/(xjAx respectively. 

Therefore - f(x + Aa;) Aa; < A^ < - f(x) Aa: 

if the curve is rising from S to E, or 

—f(x) Aa? < A^ < —/(a? -f Aa;) Aa; 

if the curve is falling from S to R. 

Divide by Aaj. Then, whether the curve is rising or falling, 

A^ 
Aa; 



has a value between —f(x) and an expression which ap- 



proaches — /(«) as its limit as Aa; approaches zero. Then, as 
in the preceding case, 

.-. ^ = -j7(aj)daj. 

Therefore the required area = — [<^ (6) — ^ (a)], where 
Jf(x)dx=4>(x) + c. 
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144. Example. Find the area inclosed by the curve 
y z= (a; — 1) (a; — 2) and the a?-axis. 

The curve is as in Fig. 52. 

The required area is the region inclosed by the part of the 
curve between a? = 1 and a? = 2, and the a:-axis. 

Y 



.-. ^ = - (*(«-- l)(aj-2)cto 




Fia. 62. 



When x = l, A = 0, and therefore 

... ^ = -H-6-4 + f = f 

145. Suppose now that in the problem stated in Art. 140, 
f(x) changes in sign as x increases from a to b. 

Under this supposition the curve cuts the a?-axis for some 
value or values of x between a and b. 

Since there are different expressions for area according as 
the curve is above or below the a-axis, it follows that to find 
the area in this case we must find the area separately for each 
of the regions above the aj-axis and for each below and add the 
results. 

146. Example. Find the area inclosed by the curve y=sina;, 
and the avaxis between x = and a: = 2 w. 

The curve cuts the avaxis when x^ir. 
For the region above the avaxis, 

A= I sin ajc^ = — cos a? + c. 

Therefore the area of the region above the aj-axis = 2. 
For the region below the a?-axis, 

A=— I sin a; da? = cos x + c. 

Therefore the area of the region 
/^Q -jf below the a?-axis = 2. 
FiQ. 63. Therefore the required area = 4. 
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147. From Arts. 141 and 143, we see that when /(a), as de- 
fined in Art. 140, does not change in sign as x increases from 

a to 6, <^(&) — <^(a), where (/(a;) (f a: = <^ (a?) -f c, denotes the 

area or the negative of the area inclosed by the curve whose 
equation is y=f(x), the a?-axis, and the ordinates correspond- 
ing to the abscissas a and b respectively. This raises the 
question as to what it denotes when f(x) changes in sign as 
X increases from a to 6. 

Suppose that f{x) changes in sign for n values of x between 
a and 6. Let the values be Ci, Cg, Cg, •••, c„, taken in this order 
as X increases from a to h, 

*(&)-*(«) = *(<^)-*(«)+*(C2)-<^(Ci) + <^(C3)-<^(C2) 

+ ••• + ^ (ft) — <^ (Cn), identically, 

=[*(oi) - *(a)] + [<^(c2)- <^(cx)]-f[<^(c3) - <^(c,)] 

+ - + [<^(&)-<^(c„)]. 

Now each expression in square brackets denotes the area or 
the negative of the area of one of the regions inclosed by the 
curve and axis, the area being denoted when the region is 
above the aj-axis and the negative of the area when the region 

is below. Therefore <^(&) — <^(a), where Cf(x)dx = <t>(x)'\-c, 

denotes the sum of the areas of all the regions inclosed by the 
curve and axis above the aj-axis, mintLS the sum of the areas of 
all the regions below. 

POLAR COORDINATES 

148. Let r=/(tf) be an equation in which f(9) is single 
valued and continuous for all values of 6 between and in- 
cluding two values a and ^. To find the area inclosed by 
the curve r=f(0), and the radii vectores that make angles 
of a and /? respectively with the initial line. 
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149. At first suppose that f(6) is positive for all values of 
between a and fi. 

Suppose that the curve r = f{0) is as in Fig. 64. 

Let OB and OC repre- 
sent the radii vectores 
that make angles of a 
and p respectively with 
the initial line. Let OP 
represent a radius vec- 
tor that makes an angle 
$ with the initial line. 
Let 6 take an increment 
^6, Let OS represent 
the radius vector that 
makes the angle 6 + ^6 
with the initial line. 

As 6 takes an increment Atf, the area BOP, or A, takes an 
increment A^. Then from the figure we see that 

if f(ff) is increasing from P to S, or 

i}/(^ + A^)}2A^ < A^ < i\m\'Ae, 

if f($) is decreasing from Pto S. 
Divide by A^. 




if f(0) is increasing from P to S, or 

if f(0) is decreasing from P to S, 

As A^ approaches zero, if/(tf + A^)p approaches ^\f(0)l^ 
as its limit. Then, whether f{0) is increasing or decreasing 
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from Pto S, —— has a value between ^\f{0)\^ and an expres- 
sion that approaches ilf(0)l^ as a limit as A0 approaches zero. 

That is, S[^] = i^/WJ'- 



dA 
d$ 






dd 



where 



= ^(i8)-^(«), 



150. Next, suppose that in the problem stated in Art. 148 
f{d) is negative for all values of ^between a and )3, or changes 
in sign as increases from a to fi. 

Since f{0) is real, \\f(0)\^ is positive for all values of 6 
between a and fi. Then, whether f{d) is positive or negative, 
dA 



dO 



is always positive. 



dO 



= *08)-<^(«), 
where if\f{0)\^de = il>{0)+c. 



151. Example. Find the area inclosed by the curve 

r,2 



r = aVl — cos^. 




A = ^C(l-cosO)de 
= |Ttf-sin^1 + c. 



c = 0. 



FiQ. 55. 



A^ When ^ = 0, ^ = 0. 

When tf = 27r, J. = |T27r-o1 = 
Therefore the required area = ira^ 



rra. 
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EXERCISES 
When tables are necessary, use them to four places. 

1. Find the area inclosed by the parabola y* = 8a; and the 
double ordinate corresponding to the abscissa 2. Ana. ^^. 

aj* — 1 

2. Find the area inclosed by the curve y = , the 

aj-axis, and the ordinates corresponding to the abscissas ^ and 
1 respectively. Ana. 0.318. 

3. Find the area inclosed by the curve 2^=-^ — j, the 

fl^axis, and the ordinates corresponding to the abscissas ~1 
and + 1 respectively. Ana. 0.549. 

4. Show that the area cut off from a parabola by any double 
ordinate is f the area of the circumscribing rectangle. 

5. Find the area inclosed by the parabola a?* + ijr* = a* and 

the coordinate axes. Ana. — • 

6 

6. Find the area inclosed by one arch of the curve 
and the aj-axis. * Ana. 2. 



y=cos(x + '^y 



7. Find the area inclosed by the curve y= — y the 

V4 — iB^ 
aj-axis, and the ordinates corresponding to the abscissas —2 

and -h 2 respectively. Ana. v. 

8. Find the area inclosed by the semicubical parabola 

or 

ay^ = a^, the j^-axis, and the line y=b. Ana. -— - Vofi^. 

5 

In each of the seven following curves, find the area inclosed 
by the curve, the avaxis, and the ordinates corresponding to the 
abscissas set opposite the equation. 

9. 2^ = a?(a; — l)(aj — 2). a; = — ^, a; = 3. -4ns. 3.141. 

10. y = (a?-l)(a;-2) ^ a. ,,, i a. = 1, ^^^^ 0.261. 

X 

11. xy = 4:. aj = 1, a? = 5. Ana. 6.44. 

12. y = sin aj. a? = 1, a = 3. Ana. 1.530, 
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13. ysacosaj. a; = 2, aj = 7. -4ns. 3.566. 

16. y = 10". a; = i, aj = 2. ^ns. 42.06. 

In each of the four following equations, find the area inclosed 
by the curve, and the radii vectores corresponding to the values 
of set opposite the equation. 

16. r = tan fl. fl = 0, fl = ^ . Ans, 0.107. 

4 

17. r = sinifl + cosifl. fl = 0, fl = j. ^ns. 0.539. 

18. r = aft fl = 35^fl = 70^ ^rw. 0.266 al 

19. r = eK fi = Jfl = |. ^ns. 1.308. 

Find the area inclosed by each of the following curves : 

20. r» = a«(l-.C08e). Ans, (ir + 2)al 

21. r = a(l — cosfl). Atis. f wti*. 

Makb USB OF Tcos^ ^ d9 = - + - sin 9 COS 9. 
J 2 2 

22. T^a sin 0, Ans, -a\ 

4 

23. r = l4-2cosft (Outer curve.) Ans. 2x + fV3. 

24. r = 2 + cosft Ans, f x. 
26. r^a + bcosO, \b\ > \a\. (Outer curva) 

Ans. 

/^a« + |> + ^V?3^, where fl=cos-»-«= sin-^:^^^?H^ 

if a and 6 have the same sign ; (o' + — Vx--6>]+2^V6* — o^ 

where fl=cos-^- g = sin~^ ^^~°', if a and 6 have opposite 
signs. ^1^1 *^^ 

26. r = a + 6eos», |a|>|6|. Ans, (2a* + W)-. 

27. r=a + 6co8tf, ;a; = i6;. (See 21, above.) ^» f xo*. 



CHAPTER XVII 
METHODS OF IirTEQEATIOir 

In Chapter XV, we saw how to obtain the indefinite integral 
of a differential expression in a few simple cases. In this 
chapter, we shall investigate methods whereby the integral of 
more complicated expressions can be found. 

For convenience in writing, the arbitrary constant will be 
omitted in this and the following chapter. 

INTEGRATION BY SUBSTITUTION 

152. In many problems in integration the integral can be 
evaluated by reducing it to one of the fundamental forms by 
means of the substitution of a new variable. The following 
examples will illustrate the process. 

Example 1. Eind f-^- 
J x — 1 

The differential of the denominator is the numerator. The 
integral will therefore reduce to Form II by the substitution of 
u for a; — 1. 

Let x-l=u, .-. da; = dw, and C-^-= f— • 

Now f— = log u, by Form II. 

J u 



Example 2. Find 



/-^ = ,og(.-l). 



VI -ha 

The differential of the expression under the radical in the 
denominator is the numerator. The integral will therefore 
reduce to Form I by the substitution of w f or 1 + x. 
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Letl + aJ = w. .". cto=dM,and | = j-^^ CvT^du, 

Now CvT^ dtt = 2 M*, by Form I. 

•^ VI 4- a? 

Example 3. Find Csec^ (2 — S x)dx. 

This integral appears as if it may reduce to Form VII. 
Let 2 — 3 a? = w. 

.•. da? = — -^, and rsec*(2 — 3 x)dx = — ^ | sec' u du. 

Now — I Tsec* u dtt = — ^ tan u, by Form VII. 

.-. rsec2(2-3aj)daj = -^tan(2-3aj). 

Example 4. Find Ce'+^dx. 

This integral appears as if it may reduce to Form IV. 

Let a-\'bx=u. .-. da? = — , and Cef'^^dx = ^ fe^ c?w. 

Now \ fe" dw = ^e**, by Form IV. 

.-. r6-+*'daj = ^e-+*'. 



Example 5. Find f- ^ 
J a 



aa^ + 6a; 4- c 

The denominator is rational and of the second degree. The 
integral should therefore reduce to Form XVI or XVIII. 
Divide both numerator and denominator by a. 

dx 



/ dx 1 r 

a/a? 4- 6a; 4- c "" a J ^ 



7? + ^X + ^ 

a a 
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Now a? + ^-x+'-^a^ + ^x+(P\+^-^^ 

a a a \2aJ a 4tar 

V 2a/ 4 a* 

V_ 2 ay 4 a* 



' — 4ac 



e^J 



6*— 4ac 
4 a* 



Let « + — - = tt. .'. dx = du, 

2a 



and r ^ = lr ^^^^ , 

J aix^-\-bx-\-c a J g i 4 ac — 6* 

4 a' 
1 /• du 



4:ac 
4 a* 



Suppose that 6* — 4 ac is negative. 



Then 4 ac — 6* is positive, V4 ac — 6* is real, and 

r *L_,= 2a_ ^^_. " .byFormXVI. 

m' I ^ '^ - ^ V4ac-6* V4ac-6« 

4a* 2a 

/ da? 1 2a _i 2a 

aaj* + 6aj + c""a V4 ac — 6* 



V4 ac - 6* V4ac--y 

2a 

■ tan-^- lj^+L . 



V4 ac — 6* V4 a^ — 6* 

if 6* — 4 ac is negative. 
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Suppose that 6^— 4 ac is positive. 

Then V6* — 4 oc is real, and , 

/c2u 12a. 2a , ^ 

4tt 2a 

... r^_^ _2a_ M ^2a; 2a 



log 



2a 

2aa;4-6-V6'~4ac 



V6* — 4ac 2aa; + 6 4-V6^ — 4ac' 

if 6* — 4 ac is positive. 
Suppose that 6^ — 4 ac = 0. 

Then either - f ^ or - C ^^ becomes 

4a2 4a« 

- I -^, which, by Form I, reduces to — - 1. 
aJ u^ aw 



... r ^ ^ 1 1 

"J aa^ + bx-\-c a „ , 



2a 
^ , if 6«-4ac = a 



2 00? + 6 

EXERCISES 

Show by integration that: 

a? + 3* 



1 r dx 1 , ^4aj 

'• J 16^=9 = 24^^^4^ 

J9aj«+16 12 4 
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4. r ^ =^8in-'4r«. 

6. C{2-ifZxfdx=h2 + Sx)\ 

9. j Va + 6aj da? = — - V(a + &«)'• 

c/ 15 0* 

/ da; ^ V3-4a; 

2. r(e' + e-ydx = ^ (e^- + 4 a; - e-*«). 

3. C(€r + e-*") cZa; = -(e« - e-~). 

*• j£^ = ^e^+|e«'-h|e^ + e' + log(c--l). 

5. j (siii3aj + cos3a;)daj = -(— cos3a;+ sin3a?). 

6. J^£:l(to = log(a^ + 3)5(aj-3)* 

8. r ^ - =-J:-log/'V2a?'4-3a?-3+a?V2+-^Y 
-^ V2aj2+3aj-3 V2 V 2V2/ 

9. I — = sm • 

-^ V3 + 3a;-2aj2 V2 V33 
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dx 1 i_4a;4-3-VS 



20 



r dx _ 1 . < 

J 2aj2 + 3aj-4""-x/4T ^^l 



21. f__^_ = J_ tan- 3^Ill. 
j3aj2-2a? + 4 Vll VH 

Jar» + 2a; + 3 V2 V2 

23. f ^ _ = J- log (4 fl;+8+2v^ V2 a!^-h3 fl;-hl)> 
•^ V2aj*+3a:+l V2 

24. r ^^ - = — log(2aa;4-64-2VaVa^4-6g;4-c). 
•^ Voo^+ftaj-fc Va if a>0. 

-^=1 sin * — ' y II a < U. 



V— a V6^ — 4ac 



25. r ^dx ^l^a^4-bx4-c^^C- 



Suggestion. 



2aa; + 6 h 1 



laentically. 

31. r^^=|v(r+^-^V(r+^»+2vr+i. 
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-f x\/2-5x V2 V2-5aJ4-v2 



35. f /^ =V2tan-J 



5a;-2 

= Vi: i;aii"*'\/ 

a? V5 a; — 2 



36. C-^==^log (^^^-^\ if «>Q. 

=_2_tan-\^+^, if a<0. 
r cfa; 1 1 / Va^-3t«+7+V7 3 V 



a!Va!»-3a:+7 

SDG0B8TI0N. Let « = — 
« 



/da; • _i/'3a;-2\ 
— - = sin-' — • 

xVia^ + Sx-l \ 5x J 

39. r ^ =_ 1 iogfV^±li±i±^+^\ 

•^ xVcu^+bx+c Vc \ ^ 2Vc/ 

if c>0. 

= _l_siu-Y-^P±^\ifc<0 

V— c vc V6^ — 4 oc/ 

^^ /• da? 2 Va + &a; 

40. I — = 7 • 

•^ Vo-h^ ^ 

SUGGBSTION. Let X6 = «. 



43. 
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.. C xdx . Fx^ x^ , X x^ , x^ 1 , , , 1 , ^v"| 
J 2a-x |_3 a;4+V2aJ 



2tanf + 5-V2l 

46. r ^ ^log 2 

J2 + 6sina; V21 2tan| + 6+V21 

Suggestion. \ — = | — ; ^ 

J2 + 68inx J2f8in2?+co8a|^ + 10sinico85 



sec^-dx 



2 tana- + 10 tan- + 2 
2 2 

V7tan^-V3 

47. f—^ Llog ^ 

J2-6cosa! V21 VTtanf + VS 

^ . o 6tan^ + 2 

48. r _ ^. =-l.tan-' 2 



/ 



6 + 2sina; V2l V2l 

49. r f =^tan-YJZtang\ 



RATIONAL FRACTIONS 

153. A rational fraction in x multiplied by da can be inte- 
grated, whenever the denominator can be factored into linear 
or quadratic factors, by breaking the fraction up into partial 
fractions. 

Example. Find f- -^ -• 

■Let — — -— - — _ = ___ + __4-. 



(a;-.l)XaJ-2)~(a;-l/ ' aj-1 ' x-2 
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Clear of fractions. 

.-. l=A(x-2)-\-B(x-l)(x-2) + C(X''iy. 

Equate coefScients. 

.-. B+G=0. 

A'-3B-2C=0. 

. -2^ + 2J5 + (7=l. 

By solving the equations, we get J. = — 1, J5 = — 1, (7 = 1. 



+ 



(x-l)\x-2) (aJ-1)' x-1 x-2 

dx 



/ dx _ r dx r dx . r 
(aj-l)Xa?-2) J (x-lf Jx-l'^j] 



«-2 



, x — 2 
4-log- 



aj — 1 x — l 

EXERCISES 

Show by integration that : 

J(a!-l)(a!-2) ^ x-1 

J(a! + l)(a! + 3)(a; + 5) 8 ^ (a; + 5)»(a! + 1) 

J (a! + l)(a5 + 2) * aj + 1 

r tto =log— ^ 

*• J(«-l)V+4)*"- %3i) + 60^°g 1^ + 25*^ 2 
'"^ ^1 In. a^ + gjg + S ^ J_ tan-' £+1- 



J (a; + !)(«» + 2* + 3) 4 " (x + 1)* ' V2 V2 

Jx' + l 6 *!r»-a! + l^V3 V2 
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I1TTS6RATI01T BY PARTS 
154. In Art. 99 we saw that 

d(uv) = udv+vdu. 
Transpose. .-. udv^d{uii)^vdu. 

.•. j w du = I d(uv) — ivdu,' 
Now I d(uv) = uv, 

.'. ludv^uv— Iv du. (1) 

The use of (1) is called integration by parts. By its aid^ 
the desired integral can often be found. 

Example 1. Find I sin' a? da;. 

Let u = sin x, and dv = sin x dx. 

.'. du = cos x dx, and v = — cos x. 
Substitute in (1). 

.•. I sin* a; da; = — sin a cos a? -h j cos* x dx, (2) 

Now cos* a; = 1 — sin* x, 

.-. I cos* ajc?a;= Idx— j sin*a;daj 

= a? •— J sin* X dx. 
Substitute in (2). 

.'. sin*a?(i» = — sinajcosaj + a;— I sin*ajda?. 

Transpose (sin* a; da?, and add. 

.'. 2 j sin* a? c?a? = — sin a? cos » + a?. 

/I X 

sin* a; c?a; = — - sin a? cos « + ^ . 
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Example 2. Find I 6*^ sin nx dx. 

Let u = e% and dv = sin nx dx. 

.'. dw = oe*' cto, and v = cos na?. 

Substitute in (1). 

.'. I e^smnxdx = — e** cos wa + - j e** cos na; da;. (2) 

In I e^'coswa^c^a?, let w = e"*, and dv=C03nxdx, 

.'. du = ae*", and v = - sin nx. 

' n 

Substitute in (1). 

.'. j e"* cos nxdx==- ^ sin nx — j e" sin nx dx. (3) 

Substitute (3) in (2). 

.'. I e*"sinnajdaj= — e*'cosna;4-- -c"*sinwaj — | e*"sinna;(to 
J n n\ji nJ J 

a^ sin nx —- ne~ cos wa? a? 



(J? C 
Transpose ^ I c**sinwadaj, and add. 



■i:/«-^ 



sin nx dx. 



^ . , a€"*sm na; — nc"* cos wa? 
e^ sm nx dx = r • 



/' . , oe*" sm naj — ne~ cos naj 
ef^ sin na; dx = 5— — • 
ar + n^ 

EXERCISES 

Show by integration that : 

1. J*a:logajdaj = -r logaj--! 

2. Ja^logajdaj = |rioga;-|1. 

3. I a;"* log a; da? = -^ — r log a; 7 • 

J ^ m + l[_ ^ m + lj 
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4. j a sin ado; = sin 05 — « COS a?. 

5. j aj^sina;cZa; = 2a;sina;— (a^ — 2)cosic. 

6. I aj*cosa?da; = 2iccosa;+(a5*— 2)sin» . 

7. Cx€rdx = ^(ax-1). 

9. I sin"^ xdx = x sin"' x + VI — a^. 

10. I cos"^ xdx=:x cos-^iB — Vl — a;^. 

11. j tan"^a;da; = a? tan-^a; — - log (1 + a^. 

12. I log a; da; = a; log a; — a;. 

/• 1 1 

cos* a;c?aj = - sin a? cos x + -i 

14. I sin X cos xdx = - sin* x, 
J 2 



r- 



1 e r • « ^ sin*+^aj 

15. I sin"a;cosajdaj = ^« 

J n + l 

r * - , cos'*''"^a; 

16. I sm X cos"a; cto = —• 

J n + 1 



IT To^r^^/^o^o^^^^ cos (n — m)aj cos(n4-wi)a; 

17. I sm nx cos mx ax = — > -^ — > — ' — :f— 

J 2(n — m) 2(n + m) 

lo. I sm nx sm ma; cfcc = — -r-r r ttt — ■ — ^— 

J 2(?i — m) 2(n -\- m) 

1 A Cr.^ ^ sin (w — m^a? , sin (n -h wi)a; 

19. I cos naj cos majc^aj = -—^^ ^+ ^> / » 

•/ 2(n — m) 2(n + m) 

J o' + n' 



CHAPTER XVIII 
EEDUOTION FOEMULAS 
ALGEBRAIC REDUCTION FORMULAS 
155. These are formulas whereby the integral 



S' 



may be made to depend upon a similar integral with a more 
convenient value for m or p, or, in some cases, may be com- 
pletely evaluated. They are : 

Caf^(a-\-bixrydx 

(np-\-m + l)b (np + m-{-l)bJ ^ / y \ / 

Cx'^ia + boif^ydx 

^ ar^\a + bafy anp r^^^ ^^.^., ^^^ 

np + m + 1 np-\-m-\-lJ ^ ^ ^ '^ 

Car{a + barydx 

^ary + bxr-^_^(np^m-^n-^l)b r^.n^^_^^^y^^ (p) 
(m + l)a (m + l)a J ^ / 'v / 

Car(a-i'boif'ydx 

^^ary^bafy-^ np + m-^n + l f^^^ + ^^^.g^^ (^) 
n(p + l)a (p + l)a J ^ ^ ' ^ ^ 

Formula (A) is used to reduce the exponent m, (B) to reduce 
the exponent p, (C) to increase the exponent m, and (D) to 
increase the exponent p. Formula (C) or (D) is used when m 
or p is negative. 

181 
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156. Derivation of Formulas. 

To derive (A): 

Integrate by parts where af»-"+^ = u. 

u = ic*-*+^, and dv = (a + baryoT-^ dx. 

.-. du=z(m-n + l)ar'^, and i; = (" t ^^)^\ 
^ nb(p-^l) 

.-. Caf(a + ba!rydx 

n6(i) + l) n6(i) + lV ^ ^ ^ ^^ 

Now 

= a Car-''(a + 6af)'c?a; + b Cixr(a + barydx. 

Substitute in (1), transpose, add, and divide by ^P + ^y _ 

ri(jj H- 1) 

.-. jV(a + bixf^ydx 

^ar---\a^baf^y-^_ (m-n + l)a f^-n(^ + ;,^),^^ 
(n/) + mH-l)6 (np + m-\-l)bJ ^ ^ ^ 

which is formula (A). 

To derive (C) : 

Transpose the integrals in (A) and divide by ; "^ ^ "^ ^ ^ » 
^ 6 V y J (npH-m+l)6 

(m — n 4-1) a {m — n-^l)aJ 
Let m — n = m', or m = n+m', substitute and drop the accent. 

.-. Car(a-\-boifydx 

^^^\a-hbafy^^__{np-^m-^n^l)b r . y 

which is formula (C). 
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To derive (B) : 

Integrate by parts where (a + ba^y = u, 

u=:(a-\- bafy, and dv = oTdx. 



.-. du=:bnpoc^~\a-\-bx''y-^dx,2Lndv: 



m + 1 
.-. Ca!r(a-\-bxydx 

^ ar^\a-^bafy _ _6rip_ r^^. ftaf^y-irfaj. (1) 
m + 1 m + 1*/ 

Now 

(V(a + baf'ydx = jV(a + &aj») (a + fta^y^^c^a? 

= a Car(a + 6afy-^daj + & fx^^-^^a + bof)^^dx. 
.'. Caf^\a-\-bary-^dx=- Csr(a-hbixfydx~ Car(a-^bx^y-^dx. 

Tl'D I 771 I 1 

Substitute in (1), transpose, add, and divide by -^^-^ — - — . 
\ /7 ir 7 7 " m + 1 

.-. Cijcr(a + bafydx 

^ ar^\a-^baf^y _^ anp r^^^ ^ baf^'^d^, 
np + mH-1 rip + m + U 

which is formula (B). 

To derive (D): 

Transpose the integrals in (B) and divide by ^^ — -• 

.-. Car{a + baf)^^dx 

^^ar^^a + bxy^^r^p + m + l f^^^^^^ny^^^ 
anp anp J 

Let p — l=p' or p = l -i-p', substitute and drop the accent. 
.-. Car^a-hboifydx 

nlp + l)a ^ n(p + l)a J«^(«+^^)' ^> 

which is formula (Z>). 

These formulas fail when a denominator becomes zero. 
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157. As an illustration of the method of application of these 
formulas, consider the following example. 

Example. Find C ^^^ ' 

By an application of formula {A) this integral may be re- 

duced to an expression containing I — , and can therefore 

be integrated. ^^ "~^ 

Apply fonnala (-4). m = 2, n = 2,p=— \, a = a?,h =—1. 



■a? 



2 ^ 2 a 



V^ZT^"" 2 2a 



EXERCISES 

Show by integration that : 



1. rVa^^^dx = ?Va2-«2 + ^'sm-^-- 
J 2 2 a 

2. C-\/a^ + x'dx=z^^/a^ + x'-h^log(x + ^/a^ + a^. 
3 C ^^ = ^ 3a^-2a^ 

4. Cx^/¥^^dx==--^^'(a^^3^^ 

5. Cx'-\^^?T^dx=%^+2x^y/aF+x^ 

•/ 8 8 

6. Ca^V¥^^dx= -|V(a2-aj2)3+|Y«Vc?3^H-a2sin-i^. 
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a 



10. r — ^^ = -V2Si^^ + avers-i?. 

11 r c?a; ^ y/2ax-7? 

-^ x^2ax-Q^ aa? 
-„ f a^da; /a; 36\ /— 

•^ 'y/aa^-\-hx-\-c \2a 4a7 ^ ^ 

36^-4acp tfa; 

Suggestion. qxg+6a;+c=arfa;+— V~ ^^"^^H * Let M=a;+— • 
L\ 2a/ 4 0*-^ J 2 a 

TRIGONOMETRIC REDUCTION FORMULAS 

158. The following are reduction formulas for trigonometric 
functions : 

rtan»a;rfa; = :^5B!lL^- Aan- ^xdx, (1) 

foot" xdx = ^ Q^^ - fcot--^ X dx. (2) 

fsin- X cos- a? c7a?= _ sin"*-^a;cos-^^a; ^ m-l Tg^^M-s g. ^ogn x dx. 
J m-\-n m-\-nJ ^ov 

fsin- X cos- a; (fa;= ^^^""*"'^^^^''"'^ + ^^'^ fsin-ajcos-^ajda? (4) 

/ cos" a; dx cos-"*"^ x n — m-^2 /^ cos- x dx ^ ^^. 
sin"* X (m — 1) sin"*""^ x m — 1 J sin "*~* a? 

/ cos* X dx __ cos-~^ a? n — 1 / ^cos-"^ a; (7a; /^v 

sin"* X (n — 7m) sin"*"^ x n — mJ sin"* a; 
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/. « , sin"*"* X cos « , m — 1 /* . __• , /^v 

sm"* xdx = 1 I sm"^' x dx. (7) 
m m J 

fcos- X dx= °°"""'^°^'^^ + ^^^ fcos-' X dx. (8) 

•/ n n •/ 

/ ' dx coso; , m — 2 / * dx ^ ^gv 

sin"' a; (m — l)sin"'~* a; m — 1 J sin"*"* x 

/ ' (Za? _ sin a; . n — 2 / * da; qqv 

cos" a; ~ (n — 1) cos*~* a; n — 1 J cos**"' a5 

159. Derivation of some of formulas. 
To derive (i) : 

I tan* xdxssi I tan*"* x tan* x dx 

= I tan*"* X (sec* a; — 1) da5 

= I tan*"* X sec* a; cZa; — j tan""* x dx 

n — 1 J 
To derive (3) : 

Integrate by parts where sin"*"*aj = m. 

u = sin"*"* Xy and dv = sin a; cos* x dx. 



du = (m-- 1) cos"*"* X, and v = - 



cos""*"* X 



n + l 

.'. I sin"* a; cos* a; da; 

sin"*"* a; cos*"*"* a; , m — 1 /* . ^_,^^^„««i^^^ 
= — I sm"* ' X cos* aj cto. 

n + 1 n + U 

Now 

I sin"*"* a; cos*"*"* aj da; = j sin"*"* x cos* x cos* a; da; 

= j sin"*"* a; cos* a; (1 — sin* x) dx 

= I sin"*~* a; cos* a; da;— j sin"* aj cos* a; da;. 
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Substitute, transpose, add, and divide by VUljI^. 

/' . «. „ , sin"*~^a/C0s"'*"^a/ . m — 1 /*•-.» - , 

sm"'a;cos"ajdaj= — ^i^= — ^=^^^^ — ±-f.ll?^^ I sin"-* a cos" a? da;. 
m-i-n m-\-nJ 

To derive (5) : 

Substitute m — 2 = — m', or m = 2 — m', in (3), transpose, 

divide by "^ — -, and omit the accent. 

n — m -{-2 

The derivations of the others are left as exercises to the 

student. 

EXERCISES 

Show by integration that ; 



1. Jtan«xcte = *^-*^+log8ec!». 

2. rcofx<te=-52?|^-logsiiia!. 

- C • t 4 J /cosa; , eos*a5 cos'asXsinas , 

3. J 8m'»co8*a,cto = (^-g-+-^— ^j — + 

4. r523!^=_^-|co8a,-|logtaaf. 
J sm'a? 2sin^a; 2 2 2 

r sin' a;da; _ sin a; sin a? ^logtnn/^'^ I ^ 
' J cos'x 4cos*aj Scos^a? 8 ^ \4 2/ 

C dx cos a? 4 cos a; 8 . 

6. I . - =— ^ . ^ ^ ^ . , :r:;Cota;. 

%/ sin' a? 



5 sin* a; 15 sin^aj 15 

7. f ^:^— ^ ^ - + 

J sin*aj" * "--« 9 « « 



dx 1 5 5 sin a; 

cos^a5 Ssin^ajcos^a; 3sina;cos^a? 2cos^a? 



^i- 



8. r sec«a;daj = tan a; ( — f- — — + -- )• 

J \5cos*a; 15 cos* a? 15/ 

9. I cosec*ajda; = — cotajf -— r-r- + 7;— : — 1 + :t log tan ^ • 
J \4sin*aj 8sina;y 8 2 



10. rtan»x8ec»a,(to = 555:^-??^. 
J 7 6 



CHAPTER XIX 

SUMMATION OF fix)^x. PLAHE AEEAS JS REOTAHGULAE 
OOdSDINATES 

160. Let y=f(x) be an equation in which f(x) is single 
valued and continuous for all values of x between and includ- 
ing two values a and b. Let =Aa;, where n is any 

positive integer. 

Definition. The symbol ^f(x)Ax is used to denote 

/(a)Aa;-f-/(a-f-Aaj)AajH-/(aH-2 Aa;)AajH |-/(aH-(n— l)Aa;)Aaj 

for any value of n a positive integer. 

161. To interpret ^f(x)Ax geometrically: 

At first, suppose that f(x) is positive for all values of x 
between a and b. 




A Ai A, A, 



An-iB 



Fig. 66. 



Under this supposition the curve y=f(x) is above the a?-axis 
for all values of x between a and b. Suppose that it is as in 
Fig. 56. 

Let OA and OB represent the abscissas a and b respectively. 

188 
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b — CL 

Divide AB into n equal parts. Each part is of length • 

Call each part Aa?. Denote the successive points of division 
of AB by Ai, A^, ^3> — , A-v At Ay A^, A^ ^3, —, A-i, By 
erect ordinates to meet the curve in (7, B^ B^ B^, •••, 5»_i, D 
respectively. From C, Bi, B2, •••, J5„_i, draw lines parallel to 
the ovaxis to meet the next succeeding ordinates in (7i, C2, C3, 
..«, Cn respectively. 

The symbol ]^/(a;)Aaj denotes the sum of the areas of the 

x = a 

rectangles, CAjy B^A^ B^A^ •••, B^^iB. 

Next, suppose that f(x) is negative for all values of x 
between a and b. 

Under this supposition, the curve y = f(x) is below the 
avaxis for all values of x between a and 6. Suppose that it 
is as in Fig. 57. 




Fia. 67. 



Make the same construction as in Fig. b^. 

Since f(x) is negative for all values of x between a and 6, 

x=h x=h 

each term of ^/(«)Aaj is negative. Then — ^/(aj)Aaj denotes 

x=a x—a 

the sum of the areas of the rectangles CAi, B1A2, BiA^, •••, 

x = b 

Bn_iB, and therefore ^f(x)^x denotes the negative of the 
sum of the areas of these rectangles. 
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Next, suppose that f(x) changes in sign as x increases from 
a to 6. 

Under this supposition, the curve y=f(x) crosses the a>axis 
for some value or values of x between a and 6. 

Suppose that it is as in Fig. 58. 




A«.,B X 



Make the same construction as in Fig. 56 or Fig. 57. 

From the preceding investigation, it is evident that in this 

case,2J/(a')Aaj denotes the sum of the areas of certain rectan- 

gles, minus the sum of the areas of others. Thus, in Fig. 58, 
it denotes the sum of the areas of the rectangles from A to 
(?, minus the sum of the areas of the rectangles from G to jB", 
plus the sum of the areas of the rectangles from H to Bj where 
O and H are the first and last points of division, respectively, 
of the line AB, when the curve is below the ovaxis. 

162. Definitions. Those of the rectangles CA^j A^» ^2-^3, •••^ 
B^_iB of the preceding article whose bases not on the avaxis lie 
wholly between the curve and the aj-axis are called inscribed 
rectangles. 

Thus, CA^ B1A2, B^^ of Fig. m, or C^i, B^A^y B^^ of 
Fig. 57, are inscribed rectangles. 

Those of the rectangles CA^, B^A^ BzA^, •••, B^-iB of the pre- 
ceding article such that the curve lies wholly between the base 
not on the ovaxis and the ovaxis are called circumscribed rectangles. 

Thus, OAu B1A2, BzA^ of Fig. 58 are circumscribed rectangles. 
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EXERCISES 

In each of the following problems plot the curve, draw the 
rectangles, and calculate : 

x=2 

1. '^0? Aaj, (a) when n = 5', (b) when n = 10. 

'=^ Ana. (a) 2.04; (6)2.19. 

2. ^ sin a? Aoj, when n = 4. Ana, 1.16. 



x=2 



3. V logio X Aoj, when ri = 5. 



Ans. 0.137. 



In Chapter XVI we regarded area as the inverse of a differ- 
ential. It is more convenient, however, to regard it as the 
limit of the sum of a set of rectangles described as explained 
in Art. 161. 

163. Let y =f(x) be an equation in which f(x) is single valued 
and continuous for all values of x between and including two 
values a and b. To investigate the area between the curve 
y=zf(x), the aj-axis, and the ordinates corresponding to the 
abscissas a and b respectively, from the point of view of the 
limit of the sum of the areas of a set of rectangles. 

164. At first suppose that /(a?) is positive for all values of x 
between a and b. 

Suppose that the curve is as in Fig. 59. Let OA and OB 
represent the abscissas a and b respectively. Divide AB into 




Fig. 69. 
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n equal parts. Call each part Ax. Denote the successive points 
of division of AB by A^ A^ A^ •••, A^^ respectively. At A^ 
A29 -4s, •••, -4,-1, erect ordinates to the curve. Let a^ os^yXs, •••, 
^n-ij denote the abscissas OAi, OA^ OA^ •••, 0-4»_i respectively. 
The ordinates drawn at -4i, A^ A^ •••, A^-i, divide the area 
up into infinitesimal strips of area. Let A^^J. represent the 
strip whose base is Aj^i^^i. Then, by Art. 141, 



limit fA^^I ^/^ N 
Therefore, from the definition of a limit, 



where c* is infinitesimal as Aa? = 0, or when n = oo. 

.'. A^A=^f(xi)^-\-€j^x, 

Let k take in succession the values 1, 2, 3, •••, n — 1. Let Ajt^ 
and Cfc when a; = a be denoted by ^A and c© respectively. 

Then Ao-4=/(a) Ax + coAo;, 

Ai^ =f(xi) Aoj + cjAaj, 

Aa^ =/(«2) ^» + cgAa?, 



A^.iA =/(a?„_i) Ao; + c^-iAaJ. 

Therefore A = Ao^ + ^lA + Ag^ H f- A«_i^ 

=/(a) Aa; +/(«!) Aa? ^fix^) Aa? + - 4-/(«n-i)Aa? 

+ (co4-ci + c2+-H-€„_i)Aa; 
=/(a) Aa? +/(« + Aa?) Aa? +f(a + 2 Aa?) Aa? + • • . 
+f(a + (w — 1) Aa?) Aa; 
+ (co + €i + €2 + -- + €n_i)Aa; 
= X /(a')Aa;+ («(. + «i + €2+ - + «.-i)Aa!. 
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To show that j^^jjr(coH-c, +€, + - + c„-i)aJ = 0: 

|(€b + €lH-C2 + -+C,.l)|^|co| + |ci| + |c2| + ... + |en-l|. 

Of the infinitesimals |€o|, |€i|, [cjI, •••, |c»-i|, let |€,| be one 
which is not less than any of the others. 

.-. |(€bH-ci + c2+-+c«-i)|^n|e,|. 

.'. |(cb + €i + c2H hc«-i)Aa;|^n|c<|Aaj. 

Now n Aoj = 6 — a. 

.-. |(co + ci + €2H--+Cn-i)Aa;|^(6-a)|c|. 
When n = 00, c< = and therefore (6 — a) |€j| = 0. 

••• J^'i[l(*«+«i+<» + -+<«-.)^l]=o. 



165. Next, suppose that f(x), in Art. 163, is negative for 
all values of x between a and b. 

Suppose that the curve is as in Fig. 60. 




Fio. 60. 



Make the same construction as in Fig. 69, Art. 164. 

Let a?i, iTj, iBj,, •••, aj^_i, denote the abscissas OAu OA2, OAqj 

•, OAn-i respectively. 
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Then, as in Art. 143, 

Umit rM"| = _y^(a.). 
Ax=oLAajJ J^^^ 

.'. At^ = — /(a?4)Aaj + €4Aaj. 

By reasoning exactly similar to that employed in Art. 164, 
we find in this case that : 

x = h 

166. To evaluate (a) ^^^ 2^/(aj)Aa; of Art. 164, and (6) 
-n=«l)/(^)^^of Art. 165: 

(a) By Art. 141, the area inclosed by the curve y=f(x), the 
a?-axis, and the ordinates corresponding to the abscissas a and 

b respectively is <^ (6) — <^ (a), where | f(x) dx=<f} (x) + c. By 
the preceding article, this area also = ^*™^ ^fi^)^^- There- 

x = a 
x=ft 

fore ^^^ 2^ /(aj) Aa? = </> (6) - </> (a), where !/(«) (fa? = </> (x) + c. 

(b) By Art. 143, the area inclosed by the curve y =/(«), the 
avaxis, and the ordinates corresponding to the abscissas a and 

b respectively is — [</>(6) — <A(^)]j where I f{x)dx = <^(aj) -f c. 
By the preceding article, this area also = — ^*™^ ^/(^)A^- 

x=a 

Therefore -^^^^ 5/(aj)Aa: = - [<^(6) - <^(a)], where J/(a;) da: 
= <^(a?) + c. 

167. As illustrations of the method of application of the 
above principles to problems in area, consider the following 
examples : 



PLANE AREAS, RECTANGULAR COORDINATES 195 



Example 1. Find the area inclosed by the curve 4y 
= aj^ — 6»^4-llaj-f4, the oj-axis, and the ordinates correspond- 
ing to the abscissas and 4 respectively. 

The curve is as in Fig. 61. 

The required area 
= i^L'l;i(a5«-6a:^ + llx + 4)Aaj 



= 4(4-^'^"^^-^^'' 



L 



_l^^_2a^ + ll^ + 4. 



4V4 







Fig. 61, 



= 10. 



Example 2. Find the area inclosed by the curve 4y 
= aj^— 6aj" + llaj — 12, the aj-axis, and the ordinates corre- 
sponding to the abscissas and 4 respectively. 

The curve is as in Fig. 62. 

The required area 




■r 



Fig. 62. 



= 6. 



168. Next, suppose that f(x) in Art. 163 changes sign as x 
increases from a to b. The curve y=f(x) therefore crosses 
the avaxis for some value or values of x between a and b. 
Since there are different expressions for area according as the 
curve is above or below the aj-axis, we must, in this case, find 
the area for each of the regions above the avaxis, and for each 
below, and add the results. 
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169. Example. Find the area inclosed by the curve 4y 
= a^ — 6ic* + lla5 — 6, the a^axis, and the ordinates correspond- 
ing to the abscissas and 4 respectively. 

The curve is as in Fig. 63. 

Denote the points where it crosses the avaxis by -4, (7, and 
D, Let B be the foot of the ordinate whose abscissa is 4. 

Divide 0-4, ACy CDj and DB into n^ n^, n^ and n^ equal 
parts respectively. Denote these equal parts by AjX, AjX, Agic, 
^^x respectively. 



The required area = - ^[^^ ^^ J (or* - 6 oj* + H « - 6) Ajo; 

ZsO 




limit 



xs2 

2 = 4 



Fig. 63. 



+ nl=«5;i(«^-6a:« + lla^-6)A,a. 
x=:a 



X = 

170. We have already seen that ^^™^ ^/(«)A» denotes an 

tt=a 

area or the negative of an area according as f(x) is positive or 
negative for all values of x between a and 6. This raises the 
question as to what it would denote if f{x) changed in sign 
as X increases from a to h. In Art. 161, we saw that, in the 

x = & 

particular case considered there, ^f{x)dkX denotes the sum 

of the areas of the rectangles from A to (?, minus the sum of 
the areas of the rectangles from G to E) plus the sum of the 
areas of the rectangles from H to B. (Fig. 58.) It can be 
shown without much difficulty, although the proof will not be 

x = b 

given here, that ^^™^ 5)/(^)^^ denotes the sum of the areas 
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of the regions ACK and MDB, minus the area of the region 

x = h 

KFM. In general, ^^^™^ ]5/(aj)Aa; denotes the sum of the 

x=a 

areas of all the regions above the oj-axis, minus the sum of 
the areas of all the regions below. 

171. To evaluate ^^^^ 5J/(«)Aa; when f(x) changes in sign 

x=a 

as X increases from a to h. 

By Art. 147, the sum of the areas of all the regions above 
the oj-axis, inclosed by the curve, the oj-axis, and the ordinates 
corresponding to the abscissas a and h respectively, minus the 
sum of the areas of all the regions below, =:<l>{b) — <l> (a), where 

jf(x)dx=:<l>(x) 4- c. By the preceding article, this difference 

also = »^|^ l;/(a')Ax. Therefore ^^j^ l;/(a')Aa;=,^(6)-<^(a), 

where jf{x)dx = <l>(x) + c, if /(») is single valued and continu- 
ous for all values of x between and including a and b, and 
changes in sign as x increases from a to b, 

172. From Arts. 166 and 171, we therefore see that 

where lf(x)dx = <l>(x)-\- c, if f(x) is single valued and continu- 
ous for all values of x between and including a and 6, whether 
it changes in sign as x increases from a to 6 or not. 

X = h ^j 

173. Definitions. ^^""^ ]^/(aj)Aaj is written J f(x)dx and 

read, "the definite integral of f(x)dx between a and 6." 

The values a and b are called the lower and upper limits of 

integration respectively. 
The expression f{x) is called the integrand. 
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174. In the last chapter, we saw that an indefinite integral 
could sometimes be evaluated by the substitution of a new 
variable. In a definite integral, if we substitute a new vari- 
able, we must either return to the old variable before substi- 
tuting the limits in the result, or else change the limits at the 
time of substitution to suit the new variable. 

For example, suppose that it is required to evaluate 

Let a5»=tt. .•. Jo? »da? = dw. 

Substitute in the integral. 
We may proceed as follows : 



CylJ-xidx 
= 3 r~\^^a^-u^du 

= 3{-iW(a»-t.0^4-^(WaJ--i.^ + a*sin-^^M 

Or, we may proceed as follows : 

Since 05* = i*, .\ u=zO when a = 0, and u = a^ when x = a. 
And, as x increases from to a, w increases from to aK 

•x 



ya' — x'dx 
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Of these two methods of procedure the latter is preferable, 
because the work of transforming back again to the old variable 
is usually more difficult than that of transforming the limits 
to suit the new variable. 

EXERCISES 

1. An ellipse whose semi-major and semi-minor axes are 
5 feet and 3 feet respectively is cut into two parts by a line 
perpendicular to the major axis, 2 feet from the center. Find 
the area of each of the two segments of the ellipse. 

Ans. 35.23 sq. ft. ; 11.89 sq. ft. 

2. A circle with its center at the origin, and a parabola with 
its vertex at the origin and axis on the avaxis both pass through 
the point (2, 2 V2). Find the areas inclosed by the curves. 

Arts. 24.35; 13.35. 

3. A circle has a radius of 4 feet. A parabola has its ver- 
tex at the center of the circle, and the distance of its focus from 
the vertex is 1^ feet. Find the smaller area inclosed ^y the 
two curves. Ans. 19.07 sq. ft. 

In each of the five following curves, find the area inclosed 
by the curve, the oj-axis, and the ordinates corresponding to the 
abscissas set opposite the equation : 

4. y = sm^x, a? = 3, a; = 4. .4ns. 0.183. 
5.^4-^ = 1. aj = 3, aj = 6. Ans. 7,37, 

6. ^4-2^ = 1. a:r=0, a; = 2. ^ns. 11.48. 
16 9 ' 

7. y==x(x + l)(x-\-2), x = — SyX = S. ^ns. 59. 
8- 2/=A(«"l)(«-3)(aj-5). a; = -2, a? = 7. Ans. 12.854. 
9. y=:logioX. x = ^yX = 2. Ans. 0,234:, 

10. rind the area of the segment of the circle o(? + y^ = a^ 
cut ofE by the line a? = 2 . Ans, 0.614 a". 
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11. Find the area inclosed between the parabola a?:=^ay 

and the witch y = — — - — - • Arts, (2 ir — 4) a\ 

ar -f 4 a* 

Evaluate the five following integrals, changing the limits as 
you change the variable : 

12. pi^zi^L^. Let(aj-3)* = tt. Ans. 0.37. 

13. r' Ve^<^ . Lete' = wl Arts. 2. U. 
Jo e«-hl 

14. f ^^ . Let -y/x = w. Ans. - 3.386. 
•'^^ 1-VS 

,7-1 J. Leta;* = u. ^ws. 5.31. 

^ 2 a:* -fa?* 

/•f 

16. I sin2a;cZaj. Let2a: = w. Ans. 0.765. 

17. Evaluate j cos (2 a? — 1) dx. Eind the area inclosed by 

3 

the curve y = cos (2x — 1), the aj-axis, and the ordinates corre- 
sponding to the abscissas ^ and 2 respectively. 

Ans. 0.071 ; 0.929. 

Eind the area of the loop in each of the three following 
curves : 

18. ocy^=(x^ay(2a — x). Ans. ^(4 — 7r)al 

19. 9y2=(aj + 7)(aj + 4)l ' Ans. |V3. 

20. aV = ar»(a-aj)(2a-aj). ^ns.J|}V2-Jlog(-\/2+l)!a'. 

21. Find the larger area inclosed by the circle a^ + y*= 12 aj 
and the parabola y* = 6 a:. Ans. 18 ir -f 48. 

22. Find the area cut off from the curve 27 a^ = 4 (a; — 2 ay 
by the line a; = 3 a. j Sa^ 

15V3' 

23. Find the area of one arch of the cycloid a; = a (^ — sin 0), 
y = a (1 — cos 6). Ans. 3 Tral 
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24. Find the area inclosed between the y-axis and the arc of 
the involute of the circle a^-j-^=a^ which is traced as ^ 

varies from to ^. The equations of the involute are 
a:=a(cos<^+<^sin<^), y=a(sin^— <^cos<^). a '^('^ _x_a\ 

175. We have supposed thus far in this chapter that /(«) in 
the equation y=f{x) is single valued and continuous for all 
values of x between and including a and 6. We shall now 
suppose that f{x) is single valued for all values of x between 
a and 6, but violates the above condition of continuity by 
becoming infinite or infinite negatively either for a? = a or a? == 6 
or some value or values of x between a and 6, or by any com- 
bination of these. 

Under these suppositions, we shall consider but one case, 
that in which Jlx) is single valued and continuous for all 
values of x between a and 6, is continuous when a: = a, and 
becomes infinite as x approaches h being always less than 
h. From the reasoning in this 
case, the student can readily 
supply the reasoning in any of 
the other cases. 

In the case just mentioned, the 
curve may be as in Fig. 64. 

Let OA and OB represent the 
abscissas a and h respectively. 
On OB lay off a distance OQ 
such that GB is equal to some 
arbitrary length c. Then OG is of length 6- 
ordinate GH. 




Fig. 64 



-c. Draw the 



The area AGHO = ^^'^ ^ ^f(x) Aa? 



= J 'j{x)dx. 



202 DIFFERENTIAL AND INTEGRAL CALCULUS 



Suppose that j f(x) dx = <^(a:) -f c. 

Then f ~'f(x) dx = <l>{b - c) - <^(a). 

If <^(6 — c) — ^(a) approaches a limit as c approaches zero, this 
limit is called the area between the curve, the ir-axis, the ordi- 
nate AO, and the asymptote «= 6. If <^(6 — c) — ^(a) increases 
without limit as c approaches zero, the area between the curre, 
the avaxis, the ordinate AC, and the asymptote x = b, is said 
to be infinite. 

176. Example 1. Find the area inclosed by the curve 

y= ^ — , the oj-axis, the ordinate corresponding to the 

Va; — 1 
abscissa — 1, and the asymptote a? = 1. 

The curve is as in Fig. 65. 
Let OA and OB represent the 
abscissas —1 and +1 respec- 
tively. 
Let GB = c. 
The area AOHC 

"^-« dx 



Y 
A 


G 


B 


^ 


H 


\ 


X 



=-£ 



l-€ 



Fio. 66. 



-1 -v/^^ 

f(a:-l)?r.7 

= -fe« + f2». 

As € approaches zero, — f c^ + f 2? approaches f 2*. 
Therefore the required area = f 2*. 



Example 2. Find the area inclosed by the curve y= ■ 



(x-lf 

the a>axis, the ordinate corresponding to the abscissa — 1, and 
the asymptote x=l. 

Let OA and OB represent the abscissas — 1 and + 1 respec- 
tively (Fig. 66). 
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Y 



The area AOHO 



■s: 



1 ' i^-« 



^jL 1 

2^ S 

As € approaches zero, — ^ — - 
becomes infinite. 




g=t-e 



177. In Fig. 64, as c approaches zero, ^ /(x) Ax approaches 
the sum of the rectangles inscribed on an equal number of 

x=b- t 

equal divisions of the line AB, Then if ^I^qS X»)^^ 

x=a 

approaches a limit as e approaches zero, this limit can also be 
denoted by ^I^qX -f^.'')^''' o^" IX*)*"- 



EXERCISES 

Evaluate the following integrals : 

1. r ^^ . 

♦* Vl-as' 

-'• Vl..-a!» 

3 r' a;cto . 

*^<' Vi-a!« 

/•" da; 



Ans. -• 

-4n5. 1. 
u4ws. Infinite. 



2'a6 



Ans, 
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7. Find the area inclosed by the curve ^'(a^ — a^* = 8a^, 
the a>axis, and the asymptote x = a. Ans. 3a^. 

8. Find the area inclosed by the curve y^(a^—a^y=Sa^, the 
aj-axis, and the ordinate whose abscissa is 3 a. Ans. 9 a^. 

9. Find the area inclosed by the curve y(a?— o)* = l, the 
ovaxis, and the ordinate whose abscissa is 2 a. Ans, Infinite. 

8 a^ 

10. Find the entire area inclosed by the witch y = — — —-z 
J 4.1. • x2 4-4a2 

and the aj-axis. ^ . „ 

Ans. 4 ira*. 

a^ 

11. Find the area inclosed by the cissoid y* = ^ , the 

a>axis, and the asymptote aj = 2 a. „ 

Ans. - ird^. 

12. Find the area between the curve xy = l and the aj-axis. 

Ans. Infinite. 



CHAPTER XX 



SUMMATIOH OF ^f/WJ^AA PLANE AEEAS IS POLAE 
OOOBDINATES 

178. Let r:=f{0) be an equation in which f{$) is single 
valued and continuous for all values of between and includ- 



Let 



■ = A^, where n is any 



tf«/3 



ing two values a and fi. 
positive integer. 

Definition. The symbol ^Uf(^)l^^^ is used to denote 

i{/(a)PAtf + i{/(a + Atf)PA^ + i{/(a4-2A^)pAtf+... 
+ *{/(«+ (n-l)Ad){'A« 
for any value of n a positive integer. 

To interpret ]^il/(tf)j*Atf geometrically. 

179. At first suppose that f(ff) is positive for all values of 
between a and fi. 

Under this supposition, 
the curve r=f{$) may 
be as in Fig. 67. 

Let OB and 00 repre- 
sent the radii vectores 
whose angles are a and p 
respectively. Divide the 
angle BOO into n equal 
parts. Each part has 

therefore the value • 




Fia. 67. 



205 
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Call each part A^. Denote the points at which the lines that 
divide the angle BOC into n equal parts meet the curve by B^ 
Bi, B^"; B^_i, With center O and radii equal to OB, OB^, 
OB2, •-, OB^_iy describe arcs of circles to meet the next 
succeeding radii vectores in C^ Cj, C,, •••, C, respectively. 

The symbol ^ ^}/(d)}*A^ denotes the sum of the areas of 
the circular sectors OBC^^ OBfi^ OB^C^ ..., OB^.^C^. 

180. Kext, suppose that f(ff) is negative for all values of 
between a and p, or changes in sign as increases from ato p. 

Since f(6f) is real, i{/(^)}* is positive for all values of 
between a and p. Then, whether f(0) is positive or negative, 
the area of each circular sector, described as explained in the 
preceding article, is ^\f (0)1^^0. Therefore in these cases also, 

2^ ^If (0)1^^0 denotes the sum of the areas of circular sectors. 

EXERCISES 

In each of the following problems, plot the curve, draw the 
circular sectors, and calculate : 

1. ^ J(l - cos fl)*A«, when n = 4. Ana, 0.093. 

B=0 

2. VsindA^, when n = 5. Ans. 0.408. 



§^" 



181. Let r=f(0) be an equation in which f(d) is single 
valued and continuous for all values of between and includ- 
ing two values a and p. To find the area inclosed by the 
curve r=f(6), and the radii vectores that make angles of a 
and p respectively with the initial line. 

Suppose that the curve is as in Fig. 68. 

Let OB and OC represent the radii vectores whose angles 
are a and p respectively. Divide the angle BOC into n equal 
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paxts. Call each part Ad. Denote the points at which the 

lines that divide the 

angle BOC into n equal 

parts meet the curve by 

Bi, B2, B^ •••, Bn-i* Let 

the radii vectores OB^, 

OB,, OBs, ..., 0B„_„ 

make the angles $1, O2, 

^s) •••> ^n respectively, 

with the initial line. 

The radii vectores di- 
vide the area up into 
infinitesimal strips of 




O Fig. 68. A 

area. Let A^^ represent a strip OB^ B^^i. Then, by Art. 149, 



sr^l=Mm)i'. 



A^=OLAdJ- 

Therefore, from the definition of a limit, 

A A 

— ^ = ^|/(dj) j2 -I- cj where cj is infinitesimal as Atf = 0, or when 
Ad 

Let k take in succession the values 1, 2, 3, •••, n — 1. Let 
A^4 and e^ when S = a be denoted by AqA and <o respectively. 

Then Ao^ = i{/(«)}«Ae + t„Atf, 



Then, as in Art. 164, A=^^^^X *1/W1'^<^- 
Therefore the required area = ^'™^ 2J i\f{ff)\^^e. 
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182. To evaluate ^^^]^i{/((9)PA6>: 

tf=o 

It was shown in Art. 149 that the required area 

= *08)-<^(a), where iJ'l/W{W=<^((9)4-c. 

0=B 

Therefore ^'^1* SiJ/(tf)?A<? = <A08)-<^(«), • 
where if\f(ff)l^d$ = il>{ff) + e. 

183. Definitions. ;['™^ 2J il/Wl*'^^ « denoted by 



i£\f{«)Vd9, 



and read, "one half the definite integral of {/(^)}W between 
a and )8." 

The values a and p are called the lower and upper limits of 
integration respectively. The expression {/(^}^ is called the 
integrand. 

184. Example. Find the area inclosed by the curve 

r = a(l — cos ^), and the radii vectores that make angles of 0° 

and 180° respectively with the initial line. 

The curve is as in Fig. 69. 

The required area 

,. . ^=' 
limit ' 




#=0 

= |'r'(l_costf)«dtf 



Fig. 69. 



= f7ral 



EXERCISES 



In each of the three following curves, find the area inclosed 
by the curve, and the radii vectores that make with the initial 
line the angles 6 set opposite the equation. 



PLANE AREAS, POLAR COORDINATES 209 

1. r = 4cosA ^ = 0, « = f Arts, S,6S3. 

2. r = 6 sine. ^ = 0, tf = ^. Ans. 2.569. 

4 

3. r = 4cos2^. d==0,0 = ^. ^rw. 2.909. 

4. Find the area inclosed by one loop of the curve r=a sin 2 0. 



A., f . 

6, Find the area inclosed by the curve r = a sin*- and the 
initial line, below the initial line. 2 

An8.(10ir-^27VS)^' 
64 

6. Find the area inclosed by a small loop of the curve 
r = a sin J d. Also the area inclosed by the whole curve. 

Ans, \{ir-2)a^; |(7r + 2)al 

7. Find the area inclosed by the loop of the curve 

r^cosO^a'sinSe ^^^ 3^'_?^W2. 

4 2^ 



8. Find the area inclosed by a small loop of the curve 
= a2cos^. Ans. (2~V2)al 

9. Find the area of a loop of the curve 7^ = a^ cos 2 $. 



2 

10. Find the area inclosed by the curves r = and 

, 1 — cos 

'■"l + costf' ^'^■'^- 

1 1 . Find the area inclosed by the curve r = a(sin 2 6+ cos 2 0) . 

Ans. Tra\ 

12. Find the area inclosed by the outer branch of the curve 
r=l+2 sin f ^ and the initial line, above the initial line. 

13. Find the area of a loop of the curve r=2 a sin 3 0. 

Ans. lira\ 



CHAPTER XXI 

THEOBEH IN HTFIinTESIHALS. DEnNITE IFTEGBAL U 

GENEBAL 

186. As already seen, each term of 2^/(x)£kx of Chapter XIX 

is the area or the negative of the area of a rectangle, two of 
whose sides remain finite while the other two approach zero 
as a limit as n increases without limit. Also, each term of 

2 i 1/(^)1*^^ o^ Chapter XX is the area of a circular sector, 

0=a 

the radii of which remain finite while the angle between them 
approaches zero as a limit as n increases without limit. The 
area, therefore, in either case is expressed as the limit of a 
sum of terms, each of which is infinitesimal as the number of 
terms increases without limit. The student will see later that 
many of the problems discussed in the remaining chapters of 
the book also involve the limit of a sum of terms, each of 
which is infinitesimal as the number of terms increases with- 
out limit. 

186. The limit of a sum of terms, each of which is infini- 
tesimal as the number of terms increases without limit, can 
frequently be written more simply by the aid of the following 
theorem in infinitesimals. 

Theorem. Let Oi, 02? «3> •••> «»> be n infinitesimals, all of the 

same sign, such that ^^^^ [ai-f Oa + «g H h ««]= -4; where A 

is some definite number. Let ^1, /Sg? ft, •••, ft, be n other infini- 
tesimals such that ^"^^ f ^1 = 1, ^'"^'^ [-1 = 1, ^'""'^ [-1 = 1, 

-^ n=x [|]=1- Then must ^^^^fi,+p,-^fi,+ ... -F)8j=A 

210 
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Proof. Of the ratios ^, ^, ^, ..., ^, let ^ be one which 
Q ai 02 a-s On a* 

is not greater, and — one which is not less than any of the 

others. Then, by a familiar theorem of algebra, 

ft^ ft + ft + fe-f-'+jSn ^jgr 

«» ai + «2 + "3 +••• + «» Or' 

As n increases without limit, — and — each approaches the 

a* Or ^ 

A + A + iSs-f' 



limit 1. Therefore, since 



-f)8n 



is always 



greater than the one and less than the other, it also approaches 
the limit 1. And, by supposition. 

Therefore ]^i^j^ [ft + ft+ft+ ... + ^J = A 

187. As an application of this theorem, we shall again prove 
that the area defined in Art. 163 is ^^™j^ ^f(x)Ax. 

x=a 

Make the same construction as in Fig. 59. See Fig. 70. 
Denote the abscissas OAi, OA^ OA^^ •••, OA^_i, by a?i, ajj, iR,, •••, 
a;„_i respectively. 

Y[ 

C 




A Ai As As 



Fig. 70. 



An-iB X 



The required area is the sum of the strips whose bases 
are AA^j AiA^ -^a^s? •••> A^_iB, Denote these strips by aj, Og, 
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Therefore the required area = ai-f-a2 + a8 + "" + «i» 

limit I 



= n=«[«i+«2+a3+--+an], (1) 



where each strip is infinitesimal as the number of strips 
increases without limit. 

Let a„+i denote any one of these strips. Let x\ and x^\ be 
the abscissas corresponding to the longest and shortest ordi- 
nates that can be drawn in this strip. 



Then 




/(a!".)Aa!<a»+i</(a!'»)A«. 


Divide 


by /(a 


•t)^x. 








•* 


nx'\)£ix 

















As Aaj = 0, or when n = oo, /(«'») aaid /(«"») both approach 

•^^'"*^* . limit r/(*".)"i_i ^„. limit r/(«',)i_i 



limit r__?*±l_ 1 = 1 



Therefore, by the theorem of the preceding article, a^+i may 
be replaced by f(Xi)^x in any problem involving the limit of 
the sum of the infinitesimals a. Let a^+i take in succession 
the values «!, 02, Og, •••, a„, and oj* the values a, Oj, ajj, •••, aj^-i- 
Substitute in (1). 

Therefore the required area = ^^^!^ [/(a)Aa;+/(ai)Aaj 
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DEFINITE INTEGRAL IN GENERAL 

x = h 

188. In ^f(x)^x of Chapter XIX, each term is built up 

x=a 

from f(x) by multiplying the proper value of f(x) for that 
term by Aa;. In ^i\f(^)V^^ ^^ Chapter XX, each term is 

built up from f(0) by squaring the proper value of f(0) for 
that term and multiplying the result by ^ A^. The student will 
see later that in all problems involving the limit of the sum of 
a set of infinitesimal terms, each term is built up from the 
original function in some way. Let F(a)^x -f- F{a -f- Ax)Aa; 

+ F(a + 2^x)^x-\ h F{a + (w - l)Aa;) Aa;, where Aaj = ^^=-^, 

n 

be a sum of terms built up from the original function in any 
way. Suppose that F(x) is single valued and continuous for 
all values of x between and including a and b. 

x = h 

189. Definitions. The symbol V F(x)^x is used to denote 

x=a 

F(a)^x-\'F(a'^^xy^x+F(a-\'2^x)^x-] \'F{a-{-{n'-l)^x)^x 

for any value of w a positive integer. 

^^^^jP(x)Aa? is denoted by j F(x)dx, and read, "the 

x=a 

definite integral of F(x) dx between a and 6." 

As in Art. 173, a and b are called the lower and upper 
limits of integration respectively. 

The expression F{x) is called the integrand. 

190. To evaluate | F(x)dx, when F(x) is single valued 

and continuous for all values of x between and including a 
and b: 

Plot the curve whose equation is y = F(x), 

The function F{x) is some function of x, single valued and 
continuous for all values of x between and including a and b. 
The function f(x) of Chapter XIX is any function of x which 
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satisfies the same conditions. The reasoning, therefore, ap- 
plied in Chapter XIX to show that ^'f ^ 2) /(«)Aa?, or 
I f(x) dx, = if>(b) — <^(a), where I f(x)dx = <^(a?) + c, will apply- 
equally well here to show that j F(x)dx = <^(6) — <^(a), where 

Therefore, rF(aj)dir=<^(6)—«^(a), where ri?l(a;)daj=^(a:)+c. 

EXERCISE 
Prove by means of the theorem of Art. 186 that the area 
defined in Art. 181 is ^^^'^ "^ ^{/(d) j^Aft 



CHAPTER XXII 



SUMMATION OF VA^ + Ap. LENGTH OF AN AEO OF A 
PLANE OUEVE 

191. Let y=f(x) be an equation in which f(x) is single 
valued and continuous for all values of x between and includ- 
ing two values a and b. 

Suppose that the curve y =/(«) is as in Fig. 71. 

Let OA and OB represent the abscissas a and b respectively. 




Divide AB into n equal parts. Call each part Aa;. Denote 
the successive points of division of AB by Aiy A^ A^, •••, -4„_i. 
At A, Ai, A2, A^j •••, ^_i, B, erect ordinates to meet the curve 
in Cf Bi, B2, -Bg, •••, B^_if D respectively. From C, B^, B^ •••, 
5„_i, draw lines parallel to the aj-axis to meet the next suc- 
ceeding ordinates or ordinates produced in Ci, Cj, Ci, •••, 6^ 
respectively. Join CBi, B^B^ -B2B3, •••, -B„_iZ>. 

Denote the abscissas of the points A^, A^ A^^ •••, -4„_i, by 
oji, ajs, X, •••, «„_! respectively. Denote the chords CB^, B^B^j 
BiBsf •••, Bf^^iD by AjC, AgC, AgC, •••, A„c respectively. Then 

216 
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AiC = Va?Ta17, where £i,iy=zf(x^^f(a\ 



AjC = VAa^ + A2y*, where i^2y=f(^)—f(^)f 



AgC = VAar^ -f- ^zlf, where Aj^ =/(iC8) — /(^a), 



A„c = VAar^ + Ay, where A^ =/(6) -/(aj^_i). 

192. Definitions. The symbol V VAa:* -f Ay* is used to 
denote *=" 

VAa^-hAy+VAar^+A2y«+VAa:>-hA8y*+ — -hVAa^+A^. 
The symbol ^ Ac is used to denote AiC + AjC + AjC + ••• -f- A^c. 

acssa 

If AiS, AjS, AjS, .••, A^s, denote the lengths of the arcs corre- 
sponding to AjC, AgC, AgC, •••, A^c respectively, the symbol 

x=h 

2^ As is used to denote Ai5 + A2S + AgS^- ••• + A^s. 

EXERCISES 

x=3 

1. In the equation y = a^, calculate V VAar^ -f- Ay* when 
n = 4. *=* ^n«. 19.03. 

2. In the equation y = sin a;, calculate ^ Va«* + Ay* when 
n = 3. ^ ^n«. 1.90. 

RECTANGULAR COORDINATES 

193. Let y =/(«) be an equation in which f(x) is single 
valued and continuous for all values of x between and includ- 
ing two values a and 6. To find the length of the arc of the 
curve y =/(«) contained between the two points on the curve 
whose abscissas are a and b respectively. 

194. Before proceeding to a discussion of the problem stated 
in the preceding article, we shall first establish the following 
theorem : 



LENGTH OF AN ARC OF A PLANE CURVE 217 

Theorem. If an arc of a plane curve is concave toward 
its chord, the limit of the ratio of the arc to the chord as 
both approach zero is unity. 

Let APB be an arc concave toward its chord AB (Fig. 72 or 
Fig. 73). At A and B draw tangents to the arc to meet in Q. 
From Q draw QM perpendicular to AB. 





Fia. 72. Fia. 73. 



4% = seQMAQ. 
AM 

As AB approaches zero, Z MAQ approaches zero, and there- 
fore secMAQ approaches 1. .-. ii^iVr4S1 = l- ^Iso, 
Jie^il^O \F~ \^' Therefore, from the fundamental idea of a 

limit, — -^ = 1 -f- cj and ^-— = 1 + cj, where ci and e^ are 
AM MB 

infinitesimal. 

.-. AQ=:AM-{-AM'€i, and QB=MB + MB'€^ 
.-. AQ + QB^AM+MB-^-AM-ei + MB'^ 
zzzAB-i- AM ' ci + MB . cj. 



AQ±QB__.,AM^ ,MB^ 
~AB ^'^AB^'^Ab'"' 
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AM 
Since — — < 1, and ci approaches zero as -4-B approaches zero, 

limit [AM ~]_r. Also "™it rJ»fi5 1 Q 
. limit \'AQ±QB1_^ 



Now AB < arc APB <AQ-{-QB. 

Divide by JJ5. 



. ^^ arc^P^ ^ ^Q + Qg 



AB 



AB 



arc APB 
Therefore — — — — is always greater than 1 and less than a 

number that approaches 1. 



Therefore 



limit rarC-^PBl _ -, 
AB±0l ^ J-1- 



196. To return to the problem of Art. 193. 

Suppose that the curve y=f(x) is concave toward all chords 
that can be drawn to it from points between the two whose 
abscissas are a and b respectively, and that the slope of the 
tangent line to the curve does not become infinite at any point 
between and including these two points. 




Fig. 74, 



Under this supposition the curve may be as in Fig. 74. 
Make the same construction as in Fig. 71, Art. 191. 



LENGTH OF AN ARC OF A PLANE CURVE 219 
The required length of arc = 2) ^« 



^ limit y^ 

n = 0O jLmf 



^ limit y^ 
n=ao i^ ' 

by the preceding article, since ^^^ -^ = 1, 



(1) 



The chord ^A+i = VAo* + A^+i^/*. Compare this length 
with Vci«* + c^A+i^, where d^+i^/ is the differential correspond- 
ing to A^+iy. 



limit r VAr^Aj+y 



A^+yi lim 



limit 

00 









Therefore VA«* -f- A^+iy* may be replaced by Vdic* + d^+iy^ 
in any problem involving the limit of the sum of infinitesimals. 
Replace each term in (1) by Vda^ + d^+i^, where dj+i^/ has the 
proper value for that term. 

Therefore the required length of arc 

hmit v^ , /^^ , ^.j (2) 
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by dividing and multiplying by dx. 



-£MW^ 



The length of an arc can also be expressed as | ^1 +(-^]^y 

by dividing and multiplying (2) by dy. In this case c and d 
are the values of y corresponding respectively to the values 
a and b of x, 

196. The results of the preceding article have been estab- 
lished only in the case where the curve satisfies the conditions 
imposed in that article. When either or both of these con- 
ditions are violated, a special investigation is necessary. It 
would be found, however, that in any case in which the equa- 
tion of the curve satisfies the conditions of Art. 193, the 
results are the same as those obtained in the case already con- 
sidered. As the investigation would be tedious, we shall 
assume the truth of this statement without further discussion. 

197. Example. Find the length of the arc of the catenary 

y = - (e« -f e~») contained between the two points on the curve 

whose abscissas are and a respectively. 
The curve is as in Fig. 75. 

Since 2/ = ^ (es + e~«), ^ = _ (e' - e"-). 
Therefore the required length of arc 




«=0 
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POLAR COORDINATES 

198. Let r =/(^) be an equation in which /(d) is single val- 
ued and continuous for all values of between and including 
two values a and p. To find the length of the arc of the curve 
r=f($) contained between the two points on the curve whose 
radii vectores make angles 
of a and ^ respectively with 
the initial line. 

Suppose that the curve 
that represents the equation 
r=f($) is as in Fig. 76. 

Let AOB and AOC rep- 
resent the angles a and P 
respectively. From C and 
B draw CD and BG perpen- 
dicular to OA, 

Suppose that B and O 
have the abscissas a and b respectively when the equation 
of the curve is expressed in rectangular coordinates. Then, 
in rectangular coordinates, the required length of arc is 

=« ^ ^^^ "^ ^y^' Transform this expression to polar co5r- 

dinates. The equations of transformation are 

a; = r cos tf, 

y = r sin B, 

dx = cos $dr-:r sin dO. 

dy = sin d c?r -f- r cos B dO. 




Fig. 76. 



Since a? = r cos 0, 
Since y = r sin 0, 



... ^^^ ^ y/d^ + df= ^if ;t "^ Vdb^'+iW. 

x=.a x=a 

Now = a when x=ay and 6 = p when a? = b. 



B=P 



^^^ X^^+^y'^n^^ ]^Vdr« + r^d^. 
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Therefore the required length of arc = ^^^^ V Vdr* + i^de^ 



The length of the arc can also be expressed as 



dO. 



Jy ^ \drj 

by dividing and multiplying by dr. In this case, y and 8 are 
the values of r corresponding to the values a and p respectively 
of d. 

199. Example. Find the entire length of the cardioide 
r = a(l —GosB), 

The curve is as in Fig. 77. 
The required length of arc 




= 2 f'Va^Cl - cos Oy -h a^ sin^ dO 

= 2 a rV2(l-cosd) dO 

^AaCam^dO 
Jo 2 



Fig. 77. 



= 8 a. 



EXERCISES 



1. Find the length of the arc of the curve y = log x con- 
tained between the points on the curve v«rhose abscissas are 1 
and 5 respectively. Arts, 4.37. 

2. Find the length of the four cusped hypocycloid x^-\-y^=l 
contained between the points on the curve whose abscissas are 
— ^ and 1 respectively. Ans, 2.445. 

3. Find the length of the arc of the four cusped hypocycloid 
xi 4. yi == a^, first using the limits to a, then the limits — a 
to a. Ans» 6 a. 



LENGTH OF AN ARC OF A PLANE CURVE 223 

4. Find the length of the loop of the curve 

9f = (x + 7)(x-\'4:)\ Arts. 4V3. 

5. Find the length of the arc of the curve y = log sec x con- 
tained between the points on the curve whose abscissas are and 

^ respectively. Ans, log (2 -f- V3) = 1.32. 

6. Find the length of the parabola y* = 4 oa? cut off by the 
latus rectum. Ans, 2 [ V2 -f- log (1 + V2)] a = 4.591 a. 

7. Find the length of the arc of the curve y = log(l — a^ 

contained between the points on the curve whose abscissas are 

and X respectively. j^^^ log 1 + ^ __ g. 

1 — x 

8. Find the length of the arc of the curve y^ = a^ contained 
between the point (0, 0) and the point (a;, y) on the curve. 

Ans. (i^LhMi. 
27 a* 

9. Find the length of an arch of the cycloid a; = a (^ — sin $), 
y = a(l — cos 0). Ans, 8 a. 

10. Find the length of the arc traced by the extremity of a 
string while it is being unwound from a circle. Given that the 
equations of the involute of the circle are x = a(cos <^ -f- ^ sin <^), 
y = a (sin <^ — ^ cos <^). Ans, 2 T?a, 

11. Find the length of an arc of the hypocycloid 

.r = (a — 6) cos <^ + 6 cos ^"7 <^, 2/ = (<* — ^) sin <^ — 6 sin ^~" <^ 
described in a complete revolution of the generating circle. 

a 

12. The cables of a suspension bridge hang in the form of a 
parabola. Given that the length of the bridge is 1000 feet and 
that the distance from the lowest point of the cable to the level 
of the top of the piers is 60 feet, find the length of a cable. 

Ans, 1006.4 ft. 
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13. Find the length of the arc of the circle r = 2 a cos 0. 

Ans. 2 Tra. 

14. Find the length of the arc of the hyperbolic spiral r6=a 
contained between the points on the curve where = ^ and 
^ = f respectively. Ans. [|| -f- log f] «- 

16. Find the length of the arc of the spiral of Archimedes 
r^aB contained between the points on the curve where 6 = 
and = 2 IT respectively. 

Ans. [^vTT7i^ + ilog(2 7r + Vr+T^]a. 

16. Find the length of the arc of the parabola r = r -, 

^ 1 -h cos ^ 

contained between the points on the curve where = and 
tf = I respectively. Ans. 2[^/2 + log tan ^T 

17. Find the length of the arc of the curve r» = a^sin-- 

Ans. f ira. 

18. Find the length of the arc of the cissoid r = 20 tan sin 
contained between the cusp and the point on the curve where 

tf = ^. Ans. 14.6. 

4 



CHAPTER XXIII 
AEEA8 OF 8UEFA0E8 OF EEVOLUTIOH 

200. Let y =/(») be an equation in which f(x) is single 
valued and continuous for all values of x between and includ- 
ing two values a and h. To find the area of as much of the 
surface generated by the revolution of the curve y=f{x) 
about the avaxis as is contained between planes perpendicular 
to the ovaxis through the points whose abscissas are a and h 
respectively. 

Suppose that f{x) is positive for all values of x between 
a and 6. 

Under this supposition the curve y=f(x) may be as in 
Fig. 78. 

Let OA and OB represent the abscissas a and b respectively. 
Divide AB into n equal parts. Call each part Ax. Denote 



B« B, 



B;,-l D 




A Ai As A» 



Fig. 78. 



Ajfc Ajt-i-i An-iB 



the successive points of division of AB by Ai, A^ A^, •••, ^_i. 
At Ay Aiy A^ A^y ••«, ^n-i> By crcct ordinates to meet the curve 
in C, 5i, B^ B^y •••, JBn-i> ^ respectively. Join GB^y B^B^ 
B^B^y •••, B^^iD. 

Q 225 
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Let Xiy x^y aJa, •••, a5n-i> denote the abscissas 0-4i, OA^ OA3, •••, 
OA^^i respectively. 

Since the sum of the chords CBi, BiB^, BJB^y ••-, B^_^Dy 
approaches the length of the arc as its limit as the number of 
chords increases without limit, we should expect that the sum 
of the areas of the surfaces generated by the chords would 
approach the area of the surface generated by the arc as ,its 
limit as the number of chords increases without limit. On 
the assumption that such is the case, the area of the surface 
generated by the arc can be found as follows : 

Each of the chords CB^ B^B^ B^B^y •••, B„_i2>, generates 
the frustum of a right circular cone. The curved surface of 
the frustum of a right circular cone is the product of the slant 
height and one half the sum of the circumferences of the bases. 
Therefore the sum of the areas of the surfaces generated by 

the chords = 7r[{2/(a) + ^^l^iC -h\2f(x,) + Aay} A^c 

+ \2f(x,) + A^yl A3C +... + {2/(a:,.0 + A^]A,c]. 

Therefore the required area of the surface 

= n=x^[|2/(a) + A^}A,c-h {2/(a:0+A^|A^ 

+ \2f(x,) + A^yj A3C + ... + {2/(aJn_0 + A^l^nc]. 

The area of the surface generated by the chord -Bj^B^+i is 

7r{2/(a54)4-A4+,y|A4+iC. (2.) Compare this area with 2 ir/(a;4)A4+iC. 

Since ^k+iy approaches zero as n increases without limit, 

therefore 

limit r 7r|2/(a;,)+A^^iyiAt^iC -| ^ ^ 

«=«>L 27r/(a;»)A,+iC J 

Therefore each term in (1), by the theorem of Art. 186, may 
be replaced by 2 'nf(x^)Aj,+iC where k has the proper value for 
that term. Let A; take in succession the values 0, 1, 2, 3, .••, n. 
Denote x^ when A; = by a. 
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Therefore the required area of the surface 
= "f«[2T{/(a)A.c+/(a;0A^ + /(a^)A,c + -+/(a;,_,)A.c}] 



X = h 

limit 



="=«2;2-/(«')va?ta? 



=2.j;/(.)Vi+(|)x 



or 



The required area of the surface can also be expressed as 

by dividing and multiplying by dy. In this integral, c and d 
are the values of y, corresponding to the values a and 6 of a; 
respectively. 

201. In the equation y=f(x) of the preceding article, if x 
is a single-valued function of y between the values c and d of y, 
and is positive for all values of y between c and d, the area of 
as much of the surface generated by the revolution of the 
curve y =f(x) about the y-axis as is contained between planes 
perpendicular to the 2/-axis through the points on the curve 
whose abscissas are a and b respectively can be found in a 
similar manner to be 






or 
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EXERCISES 

1. If /(«) of Art. 200 is negative for all values of x between 

a and b, show that the area of the surface defined in that 

article is 

-2n\ y^ll + l^]dx. 



'fW^- 



2. K a? of Art. 201 is negative for all values of y between 
c and d, show that the area of the surface defined in that 
article is 



-^'fw^- 



202. As illustrations of the application of the above prin- 
ciples to problems in areas of surfaces, consider the following 
examples : 

Example 1. Find the area of as much of the surface gen- 
erated by the revolution about the aj-axis of the catenary 

y =-j gi^^_g'"5 J as is contained between planes perpendicular 

to the a>-axis through the points whose abscissas are and a 
respectively. 

The required area of the surface 








Fig. 79. 

Example 2. Find the area of as much of the surface gen- 
erated by the revolution about the y-axis of the catenary 

' + e " J as is contained between planes perpendicular 

to the y-axis through the points whose abscissas are and a 
respectively. 



'=i(^' 



ABEA8 OF SURFACES OF REVOLUTION 



229 



The required area of the surface 




= XT \axe^ — a^e" — axe"'* — a^e""]*, 
by integration by parts, 

= 2.a'(l-J). 

EXERCISES 

1. Find the area of as much of the surface generated by 
the revolution about the a?-axis of the parabola y^ = 4:ax as is 
contained between the origin and the plane x=a, 

Ans, |(V8-l)7ral 

2. ' Find the area of the surface of the torus formed by the 
revolution of the' curve a* + (y — 6)* = a*, 6>a, about the 
avaxis. Ans. 47r^a6. 

3. Find the area of the smaller surface formed by the revo- 
lution of the curve m^ -^ (y — bf = a% b < a, about the aj-axis. 



Ans, 4 wa 



r , . Wa'-bn 

Va^ - 62 - 5 sin-^ • 



4. Find the area of the surface generated by the revolution 
of the four cusped hypocycloid aj* -f y» = a« about the a?-axis. 

Ans. ^-iro?. 

5. The axis of a parabolic reflector is 20 inches long and 
the focus is 4^ inches from the vertex. Find the area of the 
surface of the reflector. Ans. 686 ir sq. in. 

6. Find the area of the surface generated by the revolution 
of one arch of the cycloid aj = a(d — sin0, y = a(l — cos^) 
about the aj-axis. Ans. ^iraK 
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203. If the areas of the cross sections of a solid made by a 
set of parallel planes, drawn in any convenient manner, can be 
expressed in terms of the distances of these planes from a 
fixed point, the volume of the solid can readily be determined. 
The following example will illustrate the method. 

Example. Find the volume of the right circular cone of 
height h and radius of base a. 

C 




Fig. 81. 



Take the vertex of the cone as the origin, and the axis of 
the cone as the oj-axis (see Fig. 81). Let B denote the point 
at which the oj-axis cuts the base of the cone. Divide OB into 
n equal parts. Call each part Aa?. Denote the successive 
points of division of OB by A^, A^y ^3, •••. Through each 
of these points pass a plane perpendicular to the a>axis. Let 
the planes through Aj^ and ^j+i intersect OC in Bj, and -B^+i 
respectively. On the circles of intersection of the planes 
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through Af, and Af,^i with the cone construct right cylinders 
of height Aaj. 

Denote the abscissas of Ai, A2, ^3, ••• by Xi, x^ a^s? ••• respect- 
ively. Denote the radii of the circles of intersection of the 
planes through Aj, and -4^+1 with the cone by y* and y^+i 
respectively. 

From similar triangles, 

OA^\A^Bt,\\OB'.BG. 

.-. x^:y^\'.h: a. 

axu 
^* k 

Similarly, y^ = ^v . ^*+ V . 

Let «!, 02, «8, •••, ctni denote the elements of volume into 
which the cone is divided by the planes through Ai, A^, A^, 
•••, perpendicular to the avaxis. 

The volumes of the right circular cylinders, the radii of 

whose bases are y* and y^^^u are ^^^ Aa; and ^^ ^^^j" " ^ ^ 
respectively. 



ira^'. 



Divide by 2^ A*. 

A* 
As Aa; = 0, or when n = oo, limit ^ * . — ^ = 1 



limit 
n=oo 



«i^4-l 



ird^X^^X 



= 1. 
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Therefore, by the theorem of Art. 186, a^+i may be replaced 

by — -^ — in any problem involving the limit of the sum of 

the infinitesimals a. 
Now the volume of the cone 

= [ai + a2 + a8H !-«„] 

= ^^^'[«i + a. + a8+-+i^„]. (1) 

Let a^+i take in succession the values ai, o^, Os, •••, «„, and 
Xf, the values 0, a?i, ajj, •••, a;^_i. Substitute in (1). 
Therefore the volume of the cone 

= "=« fe' { 0" + *»* + '^' + - + '^-i } ^*] 

limit v NtoV a^ 

x=0 '* 



Q^dx 



hOo 
= ^ ira%. 

204. Of the solids, the areas of cross sections of which made 
by a set of parallel planes can be expressed in terms of the 
distances of these planes from a fixed point, an important 
class is those formed by revolving a plane curve about a 
straight line in its plane. 

Let y =f(x) be an equation in which f{x) is single valued 
and continuous for all values of x between and including two 
values a and 6. To find the volume of as much of the solid 
generated by revolving the curve y—f(x) about the aj-axis as 
is contained between planes perpendicular to the aj-axis through 
the points whose abscissas are a and h respectively. 

Suppose that the curve is as in Fig. 82. 

Let OA and OB represent the abscissas a and h respectively. 
Divide AB into n equal parts. Call each part Aa;. Denote 
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the successive points of division of AB by Ai, A^ A^, •••, A^-i- 
At each of these points draw the ordinate to the curve. Draw 
^kOk+i and B^^iD^ parallel to the oj-axis. 




Denote the abscissas of Ai, A^ -^g, •••, -4„_i, by aJi aj2 «8 •••> »n-i 
respectively. 

Let «!, ogj «8> •••)«„> denote the elements of volume into which 
the given solid is divided by the planes generated by the 
revolution about the aj-axis of the ordinates from Ay A^ -4^, 

Divide by 'K\f{xi)Y^x, 



.-.K 



\f(x,^£^x)\^ 



As Aaj = 0, or when n = oo, limit ^ f */"s,g ^ = 1. 
. limit r «ii+i " I __ -I 



Therefore, by the theorem of Art. 186, a|.+i may be replaced 
by 7r{/(a?4)}^Aic in any problem involving the limit of the sum 
of the infinitesimals a. 

Now the required volume = [«! + Og 4- Os + ••• + On] 

= S[«l+«,+ «3+-+««]. (1) 
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Let Ui^^i take in succession the values «!, <h, a^, '^^ ct^y and 
Xj^ the values a, Xi, x^ x^ •••, aj„_i. Substitute in (1). 
Therefore the required volume 

+ {Xa^)}*+-+IAa'«-.)l')Ax] 

x=a 

= irjr^/(aj)Pd«,or 

= IT I r^dx. 

205. In the equation y=zf(x) of the preceding article, if a; is 
a single-valued function of y, the volume of as much of the 
solid generated by the revolution of the curve yz=f(x) about 
the y-axis, as is contained between planes perpendicular to 
the 2/-axis through the points on the curve whose ordinates 
are c and d respectively can readily be found to be 



w I a?dy. 



206. Example 1. Find the volume of the solid generated 

by the revolution about the i»-axis of as much of the parabola 

y^z=z2mx as is contained between the origin and the plane 

perpendicular to the oj-axis through the point whose abscissa 

is 2 m, 

The required volume 




_ limit V^ 
= 2 irrri I 



2irmxdx 



2m 

xdx 



Fig. 83. =4 irm\ 
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Example 2. Find the volume of the solid generated by the 
revolution about the y-axis of as much of the parabola y^=2mx 
as is contained between the origin and the plane perpendicular 
to the y-axis through the point whose abscissa is 2 m. 

The required volume 



— /*2i» 

4mVo 




EXERCISES 

1. A tree is 24 inches in diameter. A notch is cut to the 
center of the tree, one face being horizontal and the other 
inclined 45° to the horizontal. Find the amount of wood cut 
out. Ans, I cu. ft. 

2. A variable equilateral triangle moves with its plane 
perpendicular to the a?-axis and the ends of its base on the parts 
of the curves y^ = 16ax and y^ = 4:ax respectively above the 
a?-axis. Find the volume generated by the triangle as it moves 
from the origin to the points whose abscissa is a. -j^S s 

Z 

3. The cap of a banister post is a solid, any cross section 
of which is a square. A vertical plane through the diagonal 
of the base contains one diagonal of any such square, and the 
ends of this diagonal lie on a circle of radius 8 inches with its 
center 4 inches above the plane of the base. Find the volume 
of the cap. Ans, 1152 cu. in. 

4. Find the volume of the torus formed by the revolution 
of the curve o^ + (y — 6)^ = a^, 6 >a about the ic-axis. 

Ans, 2'7rVb. 
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6. Find the volume of the circular spindle formed by the 
revolution about the a>-axis of the part of the curve a? +{y — hy 

= «''*<«• Aas. 2,r^i^'v^^'-a'6cos-»|1. 

6. Find the volume of as much of the solid generated by 

■17 

the revolution of the curve y^a sin~^ - about the aj-axis as is 

a 

contained between the origin and the plane perpendicular to 
the a;-axis through the point whose abscissa is a. 

Ans. !^[,r2-8J. 

7. A steel band is placed on a cylindrical boiler. A cross 

section of the band is a semi-ellipse whose semi-axes are 3 and 
3 

— — inches respectively, the greater being parallel to the axis of 
V6 
the boiler. The diameter of the boiler is 48 inches. Find the 

volume of the band. An8, 67r[l + OVGtt] cu. in. 

• 8. Find the ratio between the volume of the spindle formed 
by the revolution of a parabola about an ordinate and the 
volume of the circumscribing cylinder. Aiis, 8 : 15. 

9. Find the volume of the solid formed by the revolution 

of one arch of the curve y = 2 sin — about the oj-axis. 

Arts. 207rl 

10. A bead is of the form of a sphere through which a 
round hole has been bored, the axis of the hole coinciding with 
a diameter of the sphere. If the diameter of the hole is two 
thirds of the radius of the sphere, compare the volume bored 
out with the volume of the sphere. Ans, 27 — 16 V2 : 27. 



CHAPTER XXV 
SU00ES8IYE INTEGBATION 

207. In finding the integral of a function of two or more 
independent variables, we hold all the variables constant 
except the one with respect to which we are performing the 
integration, and treat the function as if it were a function of 
one variable alone. 

For example, in finding I ^x^y^dx^ we hold y constant, and 
treat xhf as if it were a /unction of x alone. 



Thus, Cx'fdx^ 



_«y 



+ c. 



This is done only when the variables are independent. 
We saw in finding the lengths of arcs of curves, in the case 
of two variables when one was dependent, that we had to 
express one in terms of the other, or both in terms of a third 
variable before the integration could be performed. 

208. Let f{x, y) be a function of two independent variables. 
Definitions. | /(«, y)dxy or j f(x, y)dy, or j f{x, y)dz where 

z is any third variable, is called a single integral of /(a;, y). 

An integral of any single integral of /(a;, y), with respect to 
any variable, is called a double integral of /(a?, y). 



T\m^,f[ff{x,y)dx 



dy is a double integral of /(«, y). 



An integral of any double integral of f{x, y), with respect 
to any variable, is called a triple integral of /(«, y), 
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EXERCISES 

1. If /(«) of Art. 200 is negative for all values of x between 
a and b, show that the area of the surface defined in that 
article is 

-2,r| yxll + l^]cb:. 



■X'V-^" 



2. If a? of Art. 201 is negative for all values of y between 
c and dy show that the area of the surface defined in that 
article is 



-^'XW^^ 



202. As illustrations of the application of the above prin- 
ciples to problems in areas of surfaces, consider the following 
examples : 

Example 1. Find the area of as much of the surface gen- 
erated by the revolution about the aj-axis of the catenary 

y = ^f ga^g"5j as is contained between planes perpendicular 

to the o^axis through the points whose abscissas are and a 
respectively. 

The required area of the surface 





Fig. 79. 






Example 2. Find the area of as much of the surface gen- 
erated by the revolution about the y-axis of the catenary 

y = ^fe* + e"jasis contained between planes perpendicular 

to the y-axis through the points whose abscissas are and a 
respectively. 
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The required area of the surface 






: XT \axe'* — a^e" — axe 



= 27ra2 



by integration by parts, 




EXERCISES 



1. Find the area of as much of the surface generated by 
the revolution about the a?-axis of the parabola 2^ = 4 aa; as is 
contained between the origin and the plane a? = a. 

Ans, |(V8-l)7ral 

2. * Find the area of the surface of the torus formed by the 
revolution of the curve a* + (y — 6)* = a^, 6>a, about the 
aj-axis. Ans, ^i-n^ab, 

3. Find the area of the smaller surface formed by the revo- 
lution of the curve ar* + (y — 6)^ = a^, 6 < a, about the aj-axis. 



Ans. Aiira 



I Va^ ~ 6^ - & sin-^ • 



4. Find the area of the surface generated by the revolution 
of the four cusped hypocycloid «» + y* = cfi about the aj-axis. 

Ans, ^iro?. 

5. The axis of a parabolic reflector is 20 inches long and 
the focus is 4^ inches from the vertex. Find the area of the 
surface of the reflector. Ans, 686 tt sq. in. 

6. Find the area of the surface generated by the revolution 
of one arch of the cycloid a; = a(d — sin ^, y = a(l — cos 6) 
about the a>-axis. Ans. ^^ ircf. 
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203. If the areas of the cross sections of a solid made by a 
set of parallel planes, drawn in any convenient manner, can be 
expressed in terms of the distances of these planes from a 
fixed point, the volume of the solid can readily be determined. 
The following example will illustrate the method. 

Example. Find the volume of the right circular cone of 
height h and radius of base a. 

C 
Bk-t 




Fig. 81. 



Take the vertex of the cone as the origin, and the axis of 
the cone as the a?-axis (see Fig. 81). Let B denote the point 
at which the a?-axis cuts the base of the cone. Divide OB into 
n equal parts. Call each part Aa;. Denote the successive 
points of division of OB by A^, A^, As, •-. Through each 
of these points pass a plane perpendicular to the avaxis. Let 
the planes through A^ and A^+i intersect OC in Bj^ and -B^+i 
respectively. On the circles of intersection of the planes 
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through Ajt and Ai,^i with the cone construct right cylinders 
of height Aa;. 

Denote the abscissas of Ai, A^y -^g, ••• by a^i, x^ «8> ••• respect- 
ively. Denote the radii of the circles of intersection of the 
planes through A^ and ^^+1 with the cone by y* and y*+i 
respectively. 

From similar triangles, 



OA^\A^Bt,\\ OBiBC. 


,\ Xkiy^iihia. 


- »•=?■ 


_a(x, + ^) 


^'^' h 



Similarly, 

Let «!, 02, «3, •••, «»> denote the elements of volume into 
which the cone is divided by the planes through A^ A^, As, 
• ••, perpendicular to the avaxis. 

The volumes of the right circular cylinders, the radii of 

whose bases are y* and ^^^.i, are ^^J^* Aa? and ^ > '"'[ — ^ Aa? 
respectively. 

Divide by ^!^Aa!. 



As Ax = 0, or when n = oo, limit 



fe+Ml = l 



ic*' 



]■ 



limit 
n=Qo 






= 1. 
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Therefore, by the theorem of Art. 186, a^+i may be replaced 

by ^^^^ — - in any problem involving the limit of the sum of 

the infinitesimals a. 
Now the volume of the cone 

= [ai + a2-f«8H httn] 

= „^^[«i + a2 + as+--f^«} (1) 

Let Ut+i take in succession the values oci, o^, Og, •••, a^, and 
Xt the values 0, o^, a^ •••> ^«-i- Substitute in (1). 
Therefore the volume of the cone 

_ limit y iraV . 



-Aa; 

x=0 



a^cfe 



204. Of the solids, the areas of cross sections of which made 
by a set of parallel planes can be expressed in terms of the 
distances of these planes from a fixed point, an important 
class is those formed by revolving a plane curve about a 
straight line in its plane. 

Let y=f(x) be an equation in which f(x) is single valued 
and continuous for all values of x between and including two 
values a and b. To find the volume of as much of the solid 
generated by revolving the curve y =f(x) about the aj-axis as 
is contained between planes perpendicular to the avaxis through 
the points whose abscissas are a and h respectively. 

Suppose that the curve is as in Fig. 82. 

Let OA and OB represent the abscissas a and b respectively. 
Divide AB into n equal parts. Call each part Aaj. Denote 
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the successive points of division of AB by Ai, A^ A^, •••, -4„_i. 
At each of these points draw the ordinate to the curve. Draw 
^k^k+i and ^k+i^i parallel to the aj-axis. 




Denote the abscissas of A^ Az, A^, •••, -4^-1, by a^ a^ ajg •••, x^-i 
respectively. 

Let «!, oj, Og, •••, ««, denote the elements of volume into which 
the given solid is divided by the planes generated by the 
revolution about the aj-axis of the ordinates from A, A^y A^, 
Agf •••, -4«_i, B. 

Divide by irj/(a;4)}2Aaj. 



.-.K 



r|/(a:,)i«Ax< \f(x,)l' 



As Aa? = 0, or when n = oo, limit fl/^i^l- | = 1. 
. Umit r Uk+i l^i 

Therefore, by the theorem of Art. 186, a^+i may be replaced 
by 7r{/(a;i)}^Aa; in any problem involving the limit of the sum 
of the infinitesimals a. 

Now the required volume = [«! + Oj + Og + ••• + an] 
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Let a^+i take in succession the values cti, a^, Osy '•*9 ct^y SLud 
Xt the values a, Xi, x^x^ •••, x^_i. Substitute in (1). 
Therefore the required volume 

zssa 

^ir£\f(x)\Hx,oj: 

^rri fdx, 

205. In the equation y=zf(x) of the preceding article, if a? is 
a single-valued function of y, the volume of as much of the 
solid generated by the revolution of the curve y =f(x) about 
the y-axis, as is contained between planes perpendicular to 
the y-axis through the points on the curve whose ordinates 
are c and d respectively can readily be found to be 



IT I a?dy. 



206. Example 1. Find the vohime of the solid generated 

by the revolution about the aj-axis of as much of the parabola 

y^ = 2 mx as is contained between the origin and the plane 

perpendicular to the avaxis through the point whose abscissa 

is 2 m. 

The required volume 




__ limit '^ 
n=oo ^ 

= 2 7rm I 



2'jr7nxdx 



'2m 

xdx 



Fia. 83. =4 nm\ 
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Example 2. Find the volume of the solid generated by the 
revolution about the y-axis of as much of the parabola y^=2mx 
as is contained between the origin and the plane perpendicular 
to the y-axis through the point whose abscissa is 2 m. 

The required volume 

4mVo 

Fig. 84. 
EXERCISES 

1. A tree is 24 inches in diameter. A notch is cut to the 
center of the tree, one face being horizontal and the other 
inclined 45° to the horizontal. Find the amount of wood cut 
out. Ans, I cu. ft. 

2. A variable equilateral triangle moves with its plane 

perpendicular to the aj-axis and the ends of its base on the parts 

of the curves 2/^ = 16aaj and y^ = ^ax respectively above the 

oj-axis. Find the volume generated by the triangle as it moves 

from the origin to the points whose abscissa is a. -v/3 « 

Ans, — — - ^ • 

2 

3. The cap of a banister post is a solid, any cross section 
of which is a square. A vertical plane through the diagonal 
of the base contains one diagonal of any such square, and the 
ends of this diagonal lie on a circle of radius 8 inches with its 
center 4 inches above the plane of the base. Find the volume 
of the cap. Ans. 1152 cu. in. 

4. Find the volume of the torus formed by the revolution 
of the curve a^ -f (y — 6)^ = a^, & >a about the aj-axis. 

Ans. 27rV6. 
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6. Find the volume of the circular spindle formed by the 
revolution about the a^axis of the part of the curve a^-i-(y — by 

' Ans, 2 ir — ^— -y/ar — Ir-- arh co8~* - • 

L 3 aj 

6. Find the volume of as much of the solid generated by 

the revolution of the curve v = a sin~^ - about the avaxis as is 

^ a 

contained between the origin and the plane perpendicular to 
the o^axis through the point whose abscissa is a. 

Ans. !^'[^-8]. 

7. A steel band is placed on a cylindrical boiler. A cross 

section of the band is a semi-ellipse whose semi-axes are 3 and 

3 

— — inches respectively, the greater being parallel to the axis of 

the boiler. The diameter of the boiler is 48 inches. Find the 
volume of the band. Ans. 6 tt [1 + 6 V6 «■] cu. in. 

• 8. Find the ratio between the volume of the spindle formed 
by the revolution of a parabola about an ordinate and the 
volume of the circumscribing cylinder. Ans. 8 : 15. 

9. Find the volume of the solid formed by the revolution 

of one arch of the curve y = 2 sin — about the avaxis. 

Ans. 20 TT^. 

10. A bead is of the form of a sphere through which a 
round hole has been bored, the axis of the hole coinciding with 
a diameter of the sphere. If the diameter of the hole is two 
thirds of the radius of the sphere, compare the volume bored 
out with the volume of the sphere. Ans. 27 — 16 V2 : 27. 
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8U00ES8IVE nTTEGRATIOU 

207. In finding the integral of a function of two or more 
independent variables, we hold all the variables constant 
except the one with respect to which we are performing the 
integration, and treat the function as if it were a function of 
one variable alone. 

For example, in finding I m^y^dx^ we hold y constant, and 
treat o^^ as if it were a function of x alone. 



Thus, Cx'fdxz^^ + i 



This is done only when the variables are independent. 
We saw in finding the lengths of arcs of curves, in the case 
of two variables when one was dependent, that we had to 
express one in terms of the other, or both in terms of a third 
variable before the integration could be performed. 

208. Let /(a?, y) be a function of two independent variables. 

Definitions, j /(», y)dx, or j f(x, y)dy, or | /(«, y)dz where 

z is any third variable, is called a single integral of /(a?, y). 

An integral of any single integral of fix, y), with respect to 
any variable, is called a doable integral of /(», y). 

Thus, I \ I fix, y)dx d^^ is a double integral of /(», y). 

An integral of any double integral of /(a;, y), with respect 
to any variable, is called a triple integral of /(a;, y), 
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Thus, I I I (/(^> y)dx[rfy da; is a triple integral of 

These definitions are given for definiteness for a function of 
two independent variables. They would be similar, however, 
for a function of one variable or of any number of independent 
variables. 

The process of taking integrals in succession of any g^ven 
function is called successive integration. 

209. The order in which the integration is to be performed 
may be indicated by brackets as in the preceding illustrations, 
or by any other convenient notation. We shall employ the 
notation most commonly adopted in text-books, which is to 
write the integral without brackets, and arrange the differen- 
tials so that their order, reading /rom right to lefty will indicate 
the order in which the integration is to be performed. 

Thus, I I I { I dz\dy \dx will be written \ \ i dxdydz. 



EXERCISES 

Show that : 

3. 1 1 rB,\nededr = \a\ 
{x-\-y)dydx=^\a\ 

5. JJJj£\x + y)dxdydz==ji^((f-b'). 

/^a /•2* /»» 

6. I I I (x + y-^z)dxdydz = 3ah. 



CHAPTER XXVI 

PLAHE AREAS BY DOUBLE INTEGRATION 

RECTANGULAR COORDINATES 

210. Let y=f(x) be an equation in which f(x) is single 
valued and continuous for all values of x between and includ- 
ing two values a and b. To find by double integration the 
area inclosed by the curve y =f(x), the aj-axis, and the ordinates 
corresponding to the abscissas a and b respectively. 




Fig. 85. 



Suppose that f(x) is positive for all values of x between a 
and b. Under this supposition, the curve y =f(x) may be as 
in Fig. 85. 

Let OA and OB represent the abscissas a and b respectively. 
Divide AB into n equal parts. Call each part Aic. At Aj, and 
-4ft+i, two consecutive points of division, erect ordinates to meet 
the curve in B^, and B^^i respectively. Divide -4*5* into m 
equal parts. Call each part Ay. From each of the points of 
division of A^^, draw a line parallel to the avaxis to meet 
Ajc+iBi^i, 
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EXERCISES 

1. lff(x) of Art. 200 is negative for all values of x between 
a and b, show that the area of the surface defined in that 
article is 



—rw^Hs^ 



2. If X of Art. 201 is negative for all values of y between 
c and d, show that the area of the surface defined in that 

202. As illustrations of the application of the above prin- 
ciples to problems in areas of surfaces, consider the following 
examples : 

Example 1. Find the area of as much of the surface gen- 
erated by the revolution about the aj-axis of the catenary 

y = ^[ e^-j_g"« j as is contained between planes perpendicular 

to the ovaxis through the points whose abscissas are and a 
respectively. 

The required area of the surface 





FiQ. 79. 






Example 2. Find the area of as much of the surface gen- 
erated by the revolution about the y-axis of the catenary 

y = ^fe«4-e "j as is contained between planes perpendicular 

to the 2/-axis through the points whose abscissas are and a 
respectively. 



AREAS OF SURFACES OF REVOLUTION 
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The required area of the surface 




X * » a 

= Tr\_ax€'* — a^e** — axe " — a^e *]*? 
by integration by parts, 

= 2.a>(l-i). 

EXERCISES 

1. Find the area of as much of the surface generated by 
the revolution about the aj-axis of the parabola y* = 4 oa; as is 
contained between the origin and the plane x = a. 

Ans. |(V8-l)7ral 

2. ' Find the area of the surface of the torus formed by the 
revolution of the' curve as* + (y — &)* = a*, &>a, about the 
avaxis. Ans. A-n^ah. 

3. Find the area of the smaller surface formed by the revo- 
lution of the curve a^ + (y — 6)* = a^, 6 < a, about the a>axis. 



Ans. 4:ira 



r , Va^-^n 

Va2 - &2 __ 2^ sin-i-^^-^^ • 



4. Find the area of the surface generated by the revolution 
of the four cusped hypocycloid a?* -f i^J = a' about the aj-axis. 

Ans. ^wa^. 

5. The axis of a parabolic reflector is 20 inches long and 
the focus is 4^ inches from the vertex. Find the area of the 
surface of the reflector. Ans. 686 tt sq. in. 

6. Find the area of the surface generated by the revolution 
of one arch of the cycloid aj = a(d — sind), y = a(l — cosO) 
about the a?-axis. Ans. ^ waK 



CHAPTER XXIV 
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203. If the areas of the cross sections of a solid made by a 
set of parallel planes, drawn in any convenient manner, can be 
expressed in terms of the distances of these planes from a 
fixed point, the volume of the solid can readily be determined. 
The following example will illustrate the method. 

Example. Find the volume of the right circular cone of 
height h and radius of base a. 

C 




Fia. 81. 



Take the vertex of the cone as the origin, and the axis of 
the cone as the »-axis (see Fig. 81). Let B denote the point 
at which the aj-axis cuts the base of the cone. Divide OB into 
n equal parts. Call each part Aic. Denote the successive 
points of division of OB by A^, A^y A^, •••. Through each 
of these points pass a plane perpendicular to the a?-axis. Let 
the planes through Af, and Aj^^i intersect OC in B^ and ^^^.i 
respectively. On the circles of intersection of the planes 
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through Af, and -^^^.i with the cone construct right cylinders 
of height Aic. 

Denote the abscissas of Ai, A2, ^3, ••• by Xi, ajj, «8, ••• respect- 
ively. Denote the radii of the circles of intersection of the 
planes through A^ and A^+i with the cone by y* and y^+i 
respectively. 

From similar triangles, 



OA^ : A,Bk : : 


OB .BO. 


.-. x^iy^:: 


h:a. 




• 


a(a 
?/. . 1 — — ^- 


'» + Ax) 


ifit+i 


h 



Similarly, 

Let «!, Og, Os, •••, a„, denote the elements of volume into 
which the cone is divided by the planes through Ai, A^ A^ 
• ••, perpendicular to the avaxis. 

The volumes of the right circular cylinders, the radii of 

whose bases axe y^ and y^^^, are ^^ Aa? and ^^'(^^ + ^^)' Aa? 
respectively. 

Divide by ^^Aa;. 

h? 
As Aa! = 0, or wheiin = oo, limit \^*'^^) Lsl, 



limit 
n=oo 



«*+! 



h" 



= 1. 
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Therefore, by the theorem of Art. 186, a;.+i may be replaced 

by ^^^^ ^ in any problem involving the limit of the sum of 

the infinitesimals a. 
Now the volume of the cone 

= [«i-fa2-f«3+ — +««] 

= ;l^lJ[«l + «2 + «8+-+^n} (1) 

Let Uit+i take in succession the values ai, o^, Oj, •••, a„, and 
Xj^ the values 0, a^, Xi, •••, a;«_i. Substitute in (1). 
Therefore the volume of the cone 

^ limit yjra^^ 

204. Of the solids, the areas of cross sections of which made 
by a set of parallel planes can be expressed in terms of the 
distances of these planes from a fixed point, an important 
class is those formed by revolving a plane curve about a 
straight line in its plane. 

Let y=f(x) be an equation in which f(x) is single valued 
and continuous for all values of x between and including two 
values a and b. To find the volume of as much of the solid 
generated by revolving the curve y =f(x) about the aj-axis as 
is contained between planes perpendicular to the aj-axis through 
the points whose abscissas are a and h respectively. 

Suppose that the curve is as in Fig. 82. 

Let OA and OB represent the abscissas a and b respectively. 
AB into n equal parts. Call each part Ax, Denote 
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the successive points of division of AB by Ai, A^ -^3, •••, -4„_i. 
At each of these points draw the ordinate to the curve. Draw 
-SikCi^i and B^iD„ parallel to the aj-axis. 




Denote the abscissas of Ai, A2, -4^, •••, A^-u by a^ aj^ a^s •••> ^n-i 
respectively. 

Let «!, Oj, ag, •••, «„, denote the elements of volume into which 
the given solid is divided by the planes generated by the 
revolution about the aj-axis of the ordinates from A, Ai, A^ 
Asf •••, -4,j_i, B. 

.'. IT {/(a?*) PAa; < a*^.i <ir\f(x^ + Aa?) pAa?. 

Divide by ir|/(a:*)}2Aaj. 

a*+i 



1< 






As Aaj = 0, or when n = 00, limit f t7".,fl ^ = 1. 
. limit r %+i "I __. 1 

Therefore, by the theorem of Art. 186, a^+i may be replaced 
by v]f(xi,)\^^x in any problem involving the limit of the sum 
of the infinitesimals a. 

Now the required volume = [oi + 02 + «8 + '•• + «n] 
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Let Ui-^i take in succession the values a^ Os, os, '**, ct^y and 
aj^ the values a, Xi, x^ x^, •", ajn-i- Substitute in (1). 
Therefore the required volume 

--^£\f(x)Vdx,OT 

= irj y^dx. 

205. In the equation y =y(aj) of the preceding article, if a: is 
a single-valued function of y, the volume of as much of the 
solid generated by the revolution of the curve y=f(x) about 
the y-axis, as is contained between planes perpendicular to 
the y-axis through the points on the curve whose ordinates 
are c and d respectively can readily be found to be 



JT I a?dy. 



206. Example 1. Find the vohime of the solid generated 

by the revolution about the aj-axis of as much of the parabola 

y^ = 2mx as is contained between the origin and the plane 

perpendicular to the aj-axis through the point whose abscissa 

is 2 m. 

The required volume 

r=2m 

2 7rmxdx 




__ limit '^ 



2m 

dx 



/•2m 

= 27rm I X 
Fia. 83. =4 7rm\ 
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Example 2. Find the volume of the solid generated by the 
revolution about the y-axis of as much of the parabola y^=2mx 
as is contained between the origin and the plane perpendicular 
to the y-axis through the point whose abscissa is 2 m. 

The required volume 







EXERCISES 

1. A tree is 24 inches in diameter. A notch is cut to the 
center of the tree, one face being horizontal and the other 
inclined 45° to the horizontal. Find the amount of wood cut 
out. An$, I cu. ft. 

2. A variable equilateral triangle moves with its plane 

perpendicular to the a-axis and the ends of its base on the parts 

of the curves y^ = 16ax and ^ = 4aa: respectively above the 

a-axis. Find the volume generated by the triangle as it moves 

from the origin to the points whose abscissa is a. . -v/S 3 

Arts. "17- ^* 

3. The cap of a banister post is a solid, any cross section 
of which is a square. A vertical plane through the diagonal 
of the base contains one diagonal of any such square, and the 
ends of this diagonal lie on a circle of radius 8 inches with its 
center 4 inches above the plane of the base. Find the volume 
of the cap. Am, 1152 cu. in. 

4. Find the volume of the torus formed by the revolution 
of the curve 7? + (y — hy = a^jh>a about the ic-axis. 

Ans, 2Tt^d?h, 
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5. Find the volume of the circular spindle formed by the 
revolution about the ic-axis of the part of the curve aj* +(y — 6)' 

' Ans, 2 IT — ■- -y/ar — 6* — arb cos^ - • 

L 3 aj 

6. Find the volume of as much of the solid generated by 

•27 

the revolution of the curve y = a sin"^ - about the ic-axis as is 

a 

contained between the origin and the plane perpendicular to 
the aj-axis through the point whose abscissa is a. 

Ans. ^[,r*-8]. 

7. A steel band is placed on a cylindrical boiler. A cross 

section of the band is a semi-ellipse whose semi-axes are 3 and 
3 
— — inches respectively, the greater being parallel to the axis of 

the boiler. The diameter of the boiler is 48 inches. Find the 
volume of the band. Ans. 6 tt [1 -f- 6 V6 tt] cu. in. 

8. Find the ratio between the volume of the spindle formed 
by the revolution of a parabola about an ordinate and the 
volume of the circumscribing cylinder. Ans. 8 : 15. 

9. Find the volume of the solid formed by the revolution 

of one arch of the curve y = 2 sin — about the a>-axis. 

Ans. 20 TT*. 

10. A bead is of the form of a sphere through which a 
round hole has been bored, the axis of the hole coinciding with 
a diameter of the sphere. If the diameter of the hole is two 
thirds of the radius of the sphere, compare the volume bored 
out with the volume of the sphere. Ans. 27 — 16 V2 : 27. 



CHAPTER XXV 

SUOOESSIVE INTEGEATION 

207. In finding the integral of a function of two or more 
independent variables, we hold all the variables constant 
except the one with respect to which we are performing the 
integration, and treat the function as if it were a function of 
one variable alone. 

For example, in finding I o^i^dx^ we hold y constant, and 
treat o^]^ as if it were a /unction of x alone. 



Thus, Cx'y'd^^ 



_^ 



+ c. 



This is done only when the variables are independent. 
We saw in finding the lengths of arcs of curves, in the case 
of two variables when one was dependent, that we had to 
express one in terms of the other, or both in terms of a third 
variable before the integration could be performed. 

208. Let f(x, y) be a function of two independent variables. 
Definitions. I /(a;, y)dXf or I f(x, y)dyf or i /(a?, y)dz where 

z is any third variable, is called a single integral of f(x, y). 

An integral of any single integral of /(aj, y), with respect to 
any variable, is called a doable integral of f(x, y). 

Thus, I \ I /(«, y)dx dy is a double integral of /(«, y). 

An integral of any double integral of /(a?, y), with respect 
to any variable, is called a triple integral of f(x, y), 
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EXERCISES 

1. If /(a) of Art. 200 is negative for all values of x between 
a and b, show that the area of the surface defined in that 
article is 



-^'XW'-dj- 



2. If a of Art. 201 is negative for all values of y between 
c and df show that the area of the surface defined in that 
article is 



-^-rw^- 



202. As illustrations of the application of the above prin- 
ciples to problems in areas of surfaces, consider the following 
examples : 

Example 1. Find the area of as much of the surface gen- 
erated by the revolution about the a-axis of the catenary 

y = ^(^^Q~a\ as is contained between planes perpendicular 

to the aj-axis through the points whose abscissas are and a 
respectively. 





The required area of the surface 



'' 4 



FiQ. 79. 

Example 2. Eind the area of as much of the surface gen- 
erated by the revolution about the y-axis of the catenary 

y = -f e«-f-e~«J as is contained between planes perpendicular 

to the y-axis through the points whose abscissas are and a 
-respectively. 
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The required area of the surface 




XX X 9 

by integration by parts, 
EXERCISES 



1. Find the area of as much of the surface generated by 
the revolution about the oj-axis of the parabola y* = 4 oa? as is 
contained between the origin and the plane x = a, 

Ans. |(V8-l)7ral 

2. * Find the area of the surface of the torus formed by the 
revolution of the' curve ic* + (y — 6)* = a^, b>a, about the 
aj-axis. Ans, 47r^a6. 

3. Find the area of the smaller surface formed by the revo- 
lution of the curve aj^ -f (y — 6)^ = a^, 6 < a, about the aj-axis. 



Ans, 4:Tra 



r ,-, - . Wa'-bn 

Va^ - 62 - 5 sin-^ • 



4. Find the area of the surface generated by the revolution 
of the four cusped hypocycloid x^ + y^ = a* about the aj-axis. 

Ans. ^^ira^. 

5. The axis of a parabolic reflector is 20 inches long and 
the focus is 4^ inches from the vertex. Find the area of the 
surface of the reflector. Ans, 686 tt sq. in. 

6. Find the area of the surface generated by the revolution 
of one arch of the cycloid a? = a(fl — sin fl), y = a(l — cos 0) 
about the a^-axis. Ans. ^- ira\ 
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203. If the areas of the cross sections of a solid made by a 
set of parallel planes, drawn in any convenient manner, can be 
expressed in terms of the distances of these planes from a 
fixed point, the volume of the solid can readily be determined. 
The following example will illustrate the method. 

Example. Find the volume of the right circular cone of 
height h and radius of base a. 

C 




Fig. 81. 



Take the vertex of the cone as the origin, and the axis of 
the cone as the aj-axis (see Fig. 81). Let B denote the point 
at which the aj-axis cuts the base of the cone. Divide OB into 
n equal parts. Call each part Aa?. Denote the successive 
points of division of OB by Ai, A^ As, •••. Through each 
of these points pass a plane perpendicular to the a>-axis. Let 
the planes through A^ and Aj^+i intersect OC in 5* and B^+i 
respectively. On the circles of intersection of the planes 
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through Ai, and A^+i with the cone construct right cylinders 
of height Ao?. 

Denote the abscissas of Ai, A^y -^g, ••• by a?i, x^ a?3, ••• respect- 
ively. Denote the radii of the circles of intersection of the 
planes through A^ and ^^+1 with the cone by y* and y*+i 
respectively. 

From similar triangles, 

OAj, : A^B^ ::0B: BG. 

axy 

Similarly, y.,. = «fe^. 

Let «!, 02, «3, •••, «„, denote the elements of volume into 
which the cone is divided by the planes through Ai^ A^, A3, 
• ••, perpendicular to the a>-axis. 

The volumes of the right circular cylinders, the radii of 

whose bases are y„ and y^+i, are ^ * Ax and ^ > '^'J — ^ Ax 
respectively. 

Divide by 5^ Asc. 



VC^X^^X Xt' 



As Aa; = 0, or when w = oo, limit 



[^^]- 



limit 
n=co 



«*+i 






= 1. 
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Therefore, by the theorem of Art. 186, a^+i may be replaced 

by — -| — in any problem involving the limit of the sum of 

the infinitesimals a. 
Now the volume of the cone 

= [«! + Oa + as H h ««] 

= ^^ [«i + «. + «a+ ... +i^„]. (1) 

Let a^+i take in succession the values ai, Og, a^, •••, a„, and 
Xt the values 0, qdi, x^ •••, a^-i. Substitute in (1). 
Therefore the volume of the cone 

_ limit VTraV. 
"" n=Go ^^ hi ""^ 






a^dx 

204. Of the solids, the areas of cross sections of which made 
by a set of parallel planes can be expressed in terms of the 
distances of these planes from a fixed point, an important 
class is those formed by revolving a plane curve about a 
straight line in its plane. 

Let y =f{x) be an equation in which f{x) is single valued 
and continuous for all values of x between and including two 
values a and h. To find the volume of as much of the solid 
generated by revolving the curve y =f(x) about the a-axis as 
is contained between planes perpendicular to the oj-axis through 
the points whose abscissas are a and b respectively. 

Suppose that the curve is as in Fig. 82. 

Let OA and OB represent the abscissas a and b respectively, 
"nto n equal parts. Call each part Ax. Denote 
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the successive points of division of AB by Ajj A2, A^, •••, ^_i. 
At each of these points draw the ordinate to the curve. Draw 
^kOk+i and B^+iDj, parallel to the ic-axis. 




Denote the abscissas of A^ A^ -^g, •••, -4^-1, by Oi aj2 aJs •••, a?„_i 
respectively. 

Let «!, 02, as, •••,«„, denote the elements of volume into which 
the given solid is divided by the planes generated by the 
revolution about the a-axis of the ordinates from A^ A^ A^ 
Aof •••; uln_i, -B. 

.-. 7r}/(a;») pAa: < «*+i < w\f(xj, + Aa;) j^Aa?. 

Divide by 7r}/(at)pAaj. 

«*+i 



•.1< 



.[/(^+_A^* 



As Aa? = 0, or when n = 00, limit ^ ( *7".>a ^ = 1. 
. limit r Uk+i "I ^ ^ 

Therefore, by the theorem of Art. 186, a|.+i may be replaced 
by 7r\f(Xf,)]^^x in any problem involving the limit of the sum 
of the infinitesimals a. 

Now the required volume = [wi + Og 4- Oa + ••• + «n] 
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Let ttjt+i take in succession the values (ti, (hi ^H^ *'*i «»* ^^^ 
x^ the values a, Xi, x^ x^ •••, a„_i. Substitute in (1). 
Therefore the required volume 

= ;'^!^[ir({/(a)j'+{/(aH){' 

+ IX*«)l'+- + }/('>'.-.)r)Ax] 

^irC \f(x)\^dx, or 

205. In the equation y=f(x) of the preceding article, if x is 
a single-valued function of y, the volume of as much of the 
solid generated by the revolution of the curve y =f{x) about 
the y-axis, as is contained between planes perpendicular to 
the y-axis through the points on the curve whose ordinates 
are c and d respectively can readily be found to be 



w I a?dy. 



206. Example 1. Find the vohune of the solid generated 

by the revolution about the ic-axis of as much of the parabola 

y* = 2maj as is contained between the origin and the plane 

perpendicular to the ic-axis through the point whose abscissa 

is 2 m. 

The required volume 

r=2m 

^TTTnxdx 




___ limit V^ 
n=Go ^ 

x=0 

/•I 

= 2 7rm I 



2m 

xdx 



Fia. 83. =4 Trm\ 
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Example 2. Find the volume of the solid generated by the 
revolution about the y-axis of as much of the parabola y^=2mx 
as is contained between the origin and the plane perpendicular 
to the y-axis through the point whose abscissa is 2 m. 

The required volume 



4mVo 




EXERCISES 

1. A tree is 24 inches in diameter. A notch is cut to the 
center of the tree, one face being horizontal and the other 
inclined 45° to the horizontal. Find the amount of wood cut 
out. Ans, I cu. ft. 

2. A variable equilateral triangle moves with its plane 

perpendicular to the a-axis and the ends of its base on the parts 

of the curves y* = 16aa; and y* = 4aa respectively above the 

aj-axis. Find the volume generated by the triangle as it moves 

from the origin to the points whose abscissa is a. -v/g 3 

An8, —- ^ • 

3. The cap of a banister post is a solid, any cross section 
of which is a square. A vertical plane through the diagonal 
of the base contains one diagonal of any such square, and the 
ends of this diagonal lie on a circle of radius 8 inches with its 
center 4 inches above the plane of the base. Find the volume 
of the cap. Ans, 1152 cu. in. 

4. Find the volume of the torus formed by the revolution 
of the curve a?^ + (y — 6)^ = a^, 5 >a about the aj-axis. 

Ans, 27rV5. 
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5. Find the volume of the circular spindle formed bj the 
revolution about the ataxia of the part of the curve a^ +(y — by 

' Arts, 2 TT — ^— -var — 6* — a^b cos^ - • 

L 3 aj 

6. Find the volume of as much of the solid generated by 

•27 

the revolution of the curve y = a sin~* - about the ovaxis as is 

a 

contained between the origin and the plane perpendicular to 
the o^axis through the point whose abscissa is a. 

Ans. ^[^-8]. 

7. A steel band is placed on a cylindrical boiler. A cross 

section of the band is a semi-ellipse whose semi-axes are 3 and 
3 

— — inches respectively, the greater being parallel to the axis of 
Vo 
the boiler. The diameter of the boiler is 48 inches. Find the 

volume of the band. Ans, 6 7r[l -f 6V6ir'] cu. in. 

8. Find the ratio between the volume of the spindle formed 
by the revolution of a parabola about an ordinate and the 
volume of the circumscribing cylinder. Ans. 8 : 15. 

9. Find the volume of the solid formed by the revolution 

of one arch of the curve y = 2 sin — about the aj-axis. 

Ans. 20 TT^ 

10. A bead is of the form of a sphere through which a 
round hole has been bored, the axis of the hole coinciding with 
a diameter of the sphere. If the diameter of the hole is two 
thirds of the radius of the sphere, compare the volume bored 
out with the volume of the sphere. Ans. 27 — 16 V2 : 27. 



CHAPTER XXV 
SUOOESSIYE INTEGEATION 

207. In finding the integral of a function of two or more 
independent variables, we hold all the variables constant 
except the one with respect to which we are performing the 
integration, and treat the function as if it were a function of 
one variable alone. 

For example, in finding | o^y^dXy we hold y constant, and 
treat o^]^ as if it were a /unction of x alone. 



Thus, I Q?y^dx^ 



_^f 



+ c. 



This is done only when the variables are independent. 
We saw in finding the lengths of arcs of curves, in the case 
of two variables when one was dependent, that we had to 
express one in terms of the other, or both in terms of a third 
variable before the integration could be performed. 

208. Let f{xy y) be a function of two independent variables. 

Definitions. | /(a?, y)dx, or j /(a?, y)dyy or I /(a?, y)dz where 

z is any third variable, is called a single integral of /(a?, y). 

An integral of any single integral of /(a;, y), with respect to 
any variable, is called a doable integral of /(a?, y). 

Thus, I \ I f{Xy y)dx dy is a double integral of /(aj, y). 

An integral of any double integral of f(x, y), with respect 
to any variable, is called a triple integral of /(a?, y). 

237 
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'in^hwrnL^ 



■■-frXyFWW)\ 



dy Aaj 



=l(.rv^^®^*)- 



It can be shown by an investigation which would be beyond 
the scope of this book that the limit which this sum approaches 
as n increases without limit is the area of the given surface. 
Assuming that this limit is the area of the given surface^ we 
have that the area of the given surface 



limit 

n=ao 



l(rv^-(ij-(gW]- 



•XTV^HiJKS*'^*- 



223. Example. Find the area of the surface of the sphere 

aj» + 2^ + 2« = al 

Consider the part of the 
sphere in the first octant. 

Make the same construction 
as in the general case. 




Since z = Va^ — «* — y*, 

dz —x 

dx Va* — a?* — y* 

dz^ — y 

dy Va^-aJ*-y* 
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- V'-(S)'HI)'=V'-,.3fcp-„-r3fc 



f 



Va^-a!«-y" 



The area of as much of the curved surface formed by a 
tangent line to the given surface which moves with its point 
of contact on the curve LKB^ as is contained between the 
planes whose equations are x = x^ and x = x^i 

. r limit '"'S ^ aAy "l^ 



i*""" § ^d'^/^i 



<s 






Therefore the required area 

^gf limit y (< f Vg-^ ady _> ^^^"] 

= 47ra^ 

EXERCISES 

1. Find the volume inclosed by the ajy-plane, the plane 
2; = maj, and the cylinder 7?-\-if^a^. Ana, ^aJ^m. 

2. Find the volume common to the two cylinders a^ + y^ = a^ 
anda^ + 22 = al Arts. ^a^. 

3. Find the volume common to the paraboloid of revolution 
y^ + z^ = 4:ax and the cylinder oc^ -\- y- = 2 aoi. 

Arts. r2ir-fy1a8. 
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4. Find the volume inclosed by the surface (— ) +(r\ 

+( - ) =1 and the positive sides of the three coSrdinate planes. 

V<=>' . dbc 

Ans.—. 

5. Find the area of the surface cut off from the sphere 
«* H-y* 4- 25* = a' by the cylinder «* 4- y* = aa?. Ans, 2[ir — 2Ja". 

6. Find the area of the surface cut off from the cylinder 
a^4-y*=aa by the sphere a5*4-y*4-z* = al Ans. 4:a\ 

7. Find the area of the surface inclosed by the two cylinders 
a5*4-y* = a*and a5*H-z*=a*. Ans. 16 a*. 

8. Find the area of the convex surface described in Ex- 
ercise 1. Ana. 4 ahn. 

9. The equation of the base of a cylinder is y* + 2^ = a^ 
and its axis is parallel to the avaxis. Find the area of the por- 
tion of the surface bounded by a curve whose projection on the 
icy-plane is a;* -h y* = a*. Ans. ^ a*. 

10. A square hole is cut from a sphere, the axis of the hole 
coinciding with a diameter of the sphere. The radius of the 
sphere is a and a diagonal of the hole is 2 V2 6. Find the area 
of the surface cut from the sphere by the hole. 



Ans, 8 a [2 6 sin-* ^ - a sin"* J^ \ 



CHAPTER XXIX 

SOME METHODS OP APPEOXIMATE INTEGEATIOir 

224. In the problems thus far considered, involving the 
definite integral of an expression, the definite integral could 
always be expressed as the difference between two values of an 
indefinite integral. In many important cases, however, the 
definite integral cannot be so expressed. When such a case 
arises, we are usually content with an approximate value of the 
definite integral, found by developing the integrand into a 
power series by Taylor's Theorem or one of its special cases, 
Maclauren's or the Binomial Theorem, and integrating the first 
few terms of the series between the given limits. Two cases 
where approximate values can be found in this manner will now 
be investigated. From their importance they are given special 
names, — the Elliptic Integrals of the First and Second Classes 
respectively. 

Case I. It will be shown later that in a pendulum of length 
a, if the bob starts from the lowest point of its path with the 
velocity which it would acquire if it fell freely in a vacuum 
through a distance ^, the time it takes to reach a point whose 
ordinate is y is 

where the equation of the path is cc^ + 2/^ — 2 a^^ = 0. 
If ^ < 2 a, let «* = ^, and (1) becomes 



; = _«_ r ^y - , (1) 

-v/2^«/» ■\/(h—ii\(2av—ii^ 



-Vfr 



dx 



V(--)(-f/) 
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where the integral is of the form 



r — 

Jo vrrr 



V(l-a^)(l-A:*x«)' 

A:* being positive and less than 1. 

If ^ > 2 a, let »■ = -^ , and (1) becomes 
2a 






where the integral is of the form 

dx 






A:* being positive and less than 1. 

Case II. It can be readily shown by the methods of 
Chapter XXII, that the length of the arc of the ellipse 

-- + ?i = 1 contained between the point (o, b) and the point 
(x, y) on the curve is 



'=£yl^'^ <i) 



where e is the eccentricity of the ellipse. 

Eeplace - by x, and (1) becomes 
a 



-rv^-. 



where the integral is of the form 



rv^*^ 



Ic^ being positive and less than 1, 
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dx 



225. Definitions. The expression | — -== 



IS 



V(l-a?*)(l-A;V) 
called an Elliptic Integral of the First Class. It is denoted by 
F(A;, x), 

C* /l ^aj2 

The expression I -^^j ;^^^ ^^ called an Elliptic Integral 

of the Second Class. It is denoted by EQc^ x). 
The expressions 



F(h,l)^ C ^^ ,andMA:,l)= CJlf^dx 

are called the Complete Elliptic Integrals of the First and 
Second Classes respectively. They are usually denoted by 
K and E respectively. 

226. The substitution of a? = sin <^ in the Elliptic Integrals 
reduces them to the forms 

FQc, <^)= r*_— ^^==,andJS7(A;,<^)= f* vT^^Fsm^ cZ<^ 

respectively. 

227. An approximate value of FQc, <f>). 

Develop (1 — A:^ sin^ ^)"^ into an infinite series by the 
Binomial Theorem.' 

Since k is less than 1, Zc^ sin^ <^ is less than 1 for all values 
of <^. 

.-. (l-A:2sin2<^)-i = l + i^sin2<^ + |^A:*sinV + ... (1) 
for all values of <^. (See Art. 95.) '- 

If the right-hand member of (1) be integrated term by term 
with respect to <^ between the limits and <^, the resulting 
series is 

<^ + — (^ — sin <^ cos <^) — ^2^ A:* sin^ <^ cos <^ 



+ -h ^(<A - sin <^ cos <^) .... (2) 
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Series (2) gives an approximate value of F(Jc^ <f>) for g^ven 
values of k and <^, the degree of accuracy depending on the 
number of terms computed in the series. 

228. Example. Find an approximate value of -^( -^j x )• 

•\/9 

For A;=~^, <^=^, series (2) becomes 



; 8V6 4/ 32*4'8' 2 "^64*4^6 4/ 



= 0.52359 ... 4- 0.01132 0.00253 ... 4- 0.00318 -. 

= 0.53556.... 
An approximate value of fI^^, ^ ) ^^ therefore 0.53556. 

Note. The approximate values of this chapter are not approximate in 
the sense that they are correct to the number of decimal places given. 
They are merely results found in the attempt to get the actual values of 
the integrals. 

229. An approximate value of E(k, <^). 
Develop (1— A:*sin* <l>y into an infinite series by th« Binomial 
Theorem. 

.-. (l-Ar^sin»^)* = l-iA:*sin'<^-i-^A?*sin^<^-f — (1) 

for all values of <^. 

Integrate each term of the right-hand member of (1) with 
respect to <^ between the limits and ^. The resulting 
series is 

<^ — — (<^ — sin <^ cos <A) 4- ^ sin^ <^ cos <^ 

- A^(<^ - sin <^ cos <^) + .... (2) 

Series (2) gives an approximate value of E(k, <f>) for given 
values of k and <^, the degree of accuracy depending, as in the 
case of F{ky ^), on the number of terms computed in the series. 
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230. Example. Find an approximate value of e(^^, ^ )• 

For k = ^-j—, <l>=^f series (2) becomes 
2 6 

6 8^6 4; "^32 '4*8* 2 64*4^6 4/" 

= 0.52359 0.01132 ... + 0.00084 0.00106 ... 

= 0.51205.... 
An approximate value of M-^} I) ^® therefore 0.51205. 

231. Find the length of the arc of the lemniscate r*= a* cos 2 ^ 
contained between the point (a, 0), and the point (r, $) on the 
curve. 



Since ^-^ = a' cos 2$, .-. r = ± a Vcos 2 $. Take the + sign 
forr. • ^r_asin2$ 



^0 Vcos 2 e 
Al ^\,ddy \ ^ cos2tf V^5^ 

Vcos 2^ 




Vl-2sin2tf 



This is not an Elliptic Integral, since A:*, or 2, is not less than 

1. It can, however, be put in such a form by means of the 

transformation 2 sin^ $ = sin^ <^. 

-\/2 
Let 2 sin* = sin* <^. .•. sin $ = -~- sin ^. 
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For given values of <^, s can be found approximately in terms 
of a by the method of Art. 227. 

232. Find the length of the arc of the hyperbola ^ — 2?! = i 

a* Ir 

contained between the point (a, 0), and the point (a?, y) on the 
curve. 

Since ?^-^ = l, .-. a; = ±?VyM=^. Take the + sign for 



X. 



a' b^ ' b 

dx__a y 
dy^b VyM^ 






1 I (a'-hb^y^ - 



1 + 



■=r 



1+ 



6» 



b^ 



dy, 



where c is the eccentricity of the hyperbola. 
In(l), let^ = tan<^. 

. 8 = ^ r*_sec^^_d^^ 

«^»^° /^ 1 . o 
^l-ism^<^ 

Since sec' <^ = 1 4- tan* <^, 



aeJo 



d<l> 



W f* tanV< 



•y/l--sin»<^ 



deJo 






-8in'<^ 



(1) 



(2) 
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How ^ f* tanVd.^ 



^l-lsiii»<^ 



Jl-lsin'.^ 



+ oe I ^ , ^ ^— 



=-..(i,.)^.j:^ 



f 1 - ^ sin^ <^ 4- ^^^ tan^ <^ V<^ 






= — aeE\-i <A j 4- ae tan <^a/i — ^ sin^ <^, 

since the last integral becomes C^du on the substitution of 

/ 1 "^^ 

u = tan ^-^1 — — sin^<^. 



,\8=^ — f(-, <^ - ac^ f i, i^^ + a€ tan <^\/l - -, sin* <^. 
ae \e J \^ J ^ 

233. Tables giving the values of the Elliptic Integrals of the 
First and Second Classes to ten places of decimals are given 
in Legendre's Ti^aM des Fonctions EUiptiques, In the next 
article is given a small three-place table compiled from these 
which may be used in solving the following exercises. 
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EXERCISES 

1. Compare the results found for J^(^, t) an<i ^("2 ' sJ 
in Arts. 228 and 230 with those found by using the tables. 

2. Find the lengths of the arcs of the ellipses 7^ 4-^ = 1 

^ ,j ^^ ^^ 

and ^ 4- IQ = 1. ^n«. 28.32 ; 31.68. 

36 16 ' 

3. Find the length of the arc of the lemniscate given in 
Art. 231. Ans. 5,243 a. 

4. Find the length of the arc of the hyperbola t^ — ^ = ^ 
contained between the points (4, 0) and (8, 3V3). 

Ans. 6.725. 



Art. 234. 



F{k, <^) 



jfc=0. *=0.1 * = 0.2 * = 0.8 
sin 00 Bineo sin 12° sinlS^' 



sin 24° sinSO^ sin 81° 



4 = 0.7 *=0.8 * = 0.9 *=! 
sin45<> sin58o vinMP bIh^QP 



0° 
6* 

10* 

15° 
20° 
26^ 

30^ 
35^ 
40^ 

46* 
60° 
66° 

60' 
66° 
70° 

76° 
80° 
85° 

90° 



0.000 0.000 0.000 0.000 
0.087 0.087 0.087 0.087 
0.175 0.175 0.175 0.17510. 



0.000 0.000 0.000 

0.087 0.087 0.087 

175 0.175 0.176 



0.262 0.262 0.262 0.262 

0.349 0.349 0.349 0.350 

0.436 0.436 0.437 0.438 

0.524 0.624 0.525 0.526 

0.611 0.611 0.612 0.614 

0.698 0.699 0.700 0.703 

0.785 0.786 0.789 0.792 

0.873 0.874 0.877 0.882 

0.960 0.961 0.965 0.972 



0.262 0.263 0.263 

0.350 0.351 0.352 

0.439 0.440 0.441 

0.527 0.529 0.532 

0.617 0.622 0.624 

0.707 0.712 0.718 

0.798 0.804 0.814 

0.889 0.898 0.911 

0.981 0.993 1.010 



0.000 0.000 O.QOO 0.000 

0.087 0.087 0.087 0.087 

0.175 0.175 0.176 0.176 

0.2^8 0.264 0.264 0.265 

0.353 0.364 0.355 0.366 

0.443 0.445 0.448 0.461 

0.536 0.539 0.544 0.549 

0.630 0.636 0.644 0.653 

0.727 0.736 0.748 0.763 

0.826 0.839 0.858 0.881 

0.928 0.947 0.974 1.011 

1.034 1.060 1.099 1.164 



1.047 
1.134 
1.222 

1.809 
1.396 
1.484 

1.671 



1.049 
1.137 
1.224 

1.312 
1.400 
1.487 
1.576 



1.054 1.062 

1.143 1.153 

1.232 1.244 

1.321 1.336 

1.410 1.427 

1.499 1.619 

1.688 1.610 



1.074 1.090 

1.168 1.187 

1.262 1.286 

1.367 1.386 

1.462 1.485 

1.647 1.586 

1.643 1.686 



1.112 
1.215 
1.320 

1.426 
1.634 
1.643 

1.752 



1.142 
1.264 
1.370 

1.488 
1.608 
1.731 

1.854 



1.178 1.233 1.317 

1.302 1.377 1.606 

1.431 1.634 1.736 

1.566 1.703 2.028 

1.706 1.885 2.436 

1.848 2.077 3.131 

1.993 2.275 oo 
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k = Q 
sinQo 



k^O.l *=0.2 *=0.8 
8in6o 8inl2<> sinlSo 



k = OA *-0.6 *=0.6 
sin 24° BinSOO sin 87° 



sin 45° sin58o sin 64° sin 90° 



0° 0.000 0.000 0.000 0.000 

5° 0.087 0.087 0.087 0.087 

10° 0.176 0.175 0.174 0.174 

16° 0.262 0.262 0.262 0.262 

20°0.S49 0.349 0.349 0.348 

26° 0.436 0.436 0.436 0.436 

30° 0.624 0.623 0.623 0.621 

36° 0.611 0.610 0.609 0.607 

40° 0.698 0.698 0.696 0.693 

46° 0.786 0.785 0.782 0.779 

60° 0.873 0.872 0.869 0.864 

66° 0.960 0.959 0.965 0.948 

60° 1.047 1.046 1.041 1.032 

65° 1.134 1.132 1.126 1.116 

70° 1.222 1.219 1.212 1.200 

76° 1.309 1.306 1.297 1.283 

80° 1.396 1.393 1.383 1.367 

86° 1.484 1.480 1.468 1.460 

90° 1.671 1.666 1.654 1. 



0.000 0.000 0.000 

0.087 0.087 0.087 

0.174 0.174 0.174 

0.261 0.261 0.261 

0.348 0.347 0.347 

0.434 0.433 0.431 

0.520 0.518 0.515 

0.605 0.602 0.598 

0.690 0.685 0.679 

0.773 0.767 0.759 

0.867 0.848 0.837 

0.939 0.928 0.914 

1.021 1.008 0.989 

1.103 1.086 1.063 

1.184 1.163 1.135 

1.264 1.240 1.207 

1.344 1.316 1.277 

1.424 1.392 1.347 

1.604 1.467 1.417 



0.000 0.000 0.000 0.000 

0.087 0.087 0.087 0.087 

0.174 0.174 0.174 0.174 

0.260 0.260 0.259 0.259 

0.346 0.345 0.343 0.342 

0.430 0.428 0.425 0.423 

0.612 0.509 0.606 0.500 

0.593 0.588 0.681 0.574 

0.672 0.664 0.654 0.643 

0.748 0.737 0.723 0.707 

0.823 0.808 0.789 0.766 

0.895 0.875 0.850 0.819 

0.965 0.940 0.907 0.866 

1.033 1.001 0.960 0.906 

1.099 1.060 1.008 0.940 

1.163 1.117 1.053 0.966 

1.227 1.172 1.095 0.985 

1.289 1.225 1.136 0.996 

1.361 1.278 1.173 1.000 



From Art. 190 we see that a definite integral, j F(x)dx, 
can be interpreted as the area inclosed by the curve y = F(x), 
the avaxis, and the ordinates corresponding to the abscissas a 

and b respectively. The value of a definite integral, j F(x) da?, 
can therefore be found approximately by either one of the 
following trapezoidal methods, or by Simpson's Rule. 



TRAPEZOIDAL METHODS 

235. Plot the curve y = F(x), Suppose that it is as in 
Fig. 98. Let OA and OB represent the abscissas a and b 
respectively. Divide AB into 2 n equal parts. Call each part 
A-T. At A, B, and Ai, A2, A^ •••, A^^-i^ the points of division 
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of AB, erect ordinates to meet the curve in C, D, and Bj^ B^, 
Bs, •••, ^in-i respectively. Join CB^, B1B2, B^B^ •••, B^n-iD, 
Denote the ordinates of the points C, B^ B^, B^ '-•, D by t/i, yj, 

y8,--,2^ftH-i respectively. 




By geometry, the area of a trapezoid is the product of one 
half the sum of the bases by the height. Therefore the sum 
of the areas of the trapezoids ACBiA^ A^B^B^A^ A^^^A^, 

= ^[(2^1 + 2/2) + (2^2 + 2^3) + (2/3 + 2^4) 4- - + (2^ib.4-2^*H-i)]^^ 
= Aa;[^ 2/1 + 2/2 + 2^3 + 2^4+ — + 2^2„ + i2^2n+i]. 
Therefore an approximate value of j F(x) dx is 
^a:[^yi + 3/2 + 2/8 + 2^4+--+2^2» + ^2^2«+i]. 

In the above, the number of equal divisions of AB was taken 
even. It could however as well be taken odd. 

In Fig. 98, the curve was assumed to be concave downwards. 
In such a case the approximation is obviously less than the 
value of the integral. If the curve is concave upwards, the 
approximation is greater than the value of the integral. 

Obviously, the greater the number of parts into which AB is 
divided the closer will be the approximation. 
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A second trapezoidal formula may be derived as follows : 

At Biy Bq, •••, JBa,_i (Fig. 98), draw tangents to the curve to 
meet the ordinates produced. 

The sum of the areas of the trapezoids formed by the ordi- 
nates or ordinates produced, the avaxis, and the tangent lines 

thus drawn = 2 Aa;[2^2 + 2^4 + ye H h y2«]- 

Therefore an approximate value of j F(x) dx 

= 2 Aaj[ya 4- 2^4 + 3^6 4- — + 2^2»]. 

In this case it is necessary that the number of divisions be 
even. 

In this case, if the curve is concave downwards, the approxi- 
mation is greater than the integral, and if concave upwards. 



As before, the greater the number of parts into which AB is 
divided the closer will be the approximation. 

Usually the mean of (1) and (2) will give a result closer 
than either. 

236. In illustration of the above methods, consider the fol- 
lowing example. 

— if 2 n = 12. 

Here A-^-3^=|; y. = \=U .,=4=|; .3=4=|; 

Vi 2' '^^ 2\ 7 ' ^^ 2| 8 ' ^^ 3 *' ^^ 3^ 10 ' ^® ^ 
3 __1 _1_3 _1_3 _1 

J^^dx 
— , 
1 X 

by the first method, =^[^ + | + | + ^ + ^ + | + | + ^ + ^ 
= 1.6182, 
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and by the second method, 

= 1.5929. 
The mean of these values = 1.6065. 



By integration, I — = log, 5 = 1. 



6094. 



The error by the first method is therefore less than 0.009, 
by the second method, than 0.007, and by the taking the mean 
of the two results, than 0.004. 

SIMPSON'S METHOD OR RULS 
237. This method is based on the following theorem : 

If three points P, Q, and R on the parabola whose equation 
is in the form y = aa? + 6aj 4- c be such that the ordinates of P 
and R are equidistant from Q, then the area inclosed by this 
parabola, the ic-axis, and the ordinates of P and R is 

|[y' + 4y" + y"'], (1) 

where y\ y^\ y"* are the ordinates of P, Q, and R respectively. 

Proof. Denote the abscissas of P, Q, and -B by a;' — h, x' 

and x' + h respectively. 

I (ax^-['bx + c)dx. 

x'—h 

= ^r^(6a;'*4-2^^4-26a:' + 2c"|. (2) 

Since P, Q, and R lie on the parabola, 

y = a(a;' -/i)2 + 6(a;'- ^) 4-c, 

y" = ax'^ -I- bx' + c, 

y''' = a(x'-\-hy-^b{x^ + h)-\-c. 
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Solve these equations for a, b, and c. 

.••«=^,(y'-2y'+y"'), 
'' = ^" ~ ^^"' ~ ^'^ + ^^^' ~ ^ y" + ^"'>' 

Substitute these values for a, 6, and c in (2) and reduce. 
Therefore the required area = - [y' + 4 y" + y'"J, which is the 
value given in (1). The theorem is therefore proved. 

238. Simpson's Rule can now be established as follows : 

Pass a parabola through the points (7, JBi, and B^ (Fig. 99), 
with its transverse axis parallel to the j^-axis. The equation 




will be in the form y==aa^ + hx + c, where a, 6, and c have 
certain numerical values, a^O, Therefore, by the above theo- 
rem, the area inclosed by this parabola, the a^axis, and the 
ordinates AC and A2B2 is 



Y[yi+^y*+y^- 



In like manner, by passing parabolas through B^B^B^, B^B^B^, 
and so on up till we reach -B2n-2B2»-iA we get the set of areas 
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^[^8 + 4^4 + 2^5!, 

y r.V2«-i + 4y2„4-y2n+i • 

Therefore, by addition, the sum of the areas of the parabolas 

= y ["2/1 + 2(2^84-2/5 + ^7 + •••4-y2»-i) 

+ 4(^2 + 2/4 + 2/6+— ya»)+2/«n+i- 

Therefore an approximate value of iF{x)dx 

Aa; r 
= -3-2^1 + 2(2/3 + 2/5 + 2/7 + -+2/2-1) 

+ 4 (2/2 + 2/4 + 2/6 + — + 2/2n) + 2/2n+l 1- 

Simpson's Rule is slightly more difficult of application than 
either of the trapezoidal rules, but gives a closer result than 
either. It will usually give a closer result than that found by 
taking the mean of the results found by the trapezoidal rules. 

When Simpson's Rule is applied, the number of divisions of 
the line AB must be even. 



PLANIMETERS 

239. A planimeter is a mechanical contrivance whereby a 
plane area is measured by passing a tracer around the bound- 
ing curves. One in most common use is Amsler's Polar Pla- 
nimeter, a description of which is given in Carr's Synopsis of 
Pare Mathematics, There is also a discussion on planimeters 
in Carpenter's Textbook of Experimental Engineering, 
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EXERCISES 

— , 2n = 12, by 
oiinpsons J:tuie. ^ ^^s. 1.6098. 

For each of the following integrals, for the value of 2 ?i set 
opposite the integral, calculate approximate values by all rules, 
and compare results with the exact values of the integrals. 

J 10 
logioxdxy 2n = 10. 

Ans. First Trap. Eule, 6M56', Second Trap. Eule, 6.1374; 
Mean, 6.1015; Simpson's Eule, 6.0896. 



3. f_^,2n = 6. 

Jo 1 + a^' 



*2 

Am. First Trap. Eule, 1.0885; Second Trap. Eule, 1.0946; 
Mean, 1.0915 ; Simpson's Eule, 1.0906. 



4. C a?dx,2n = 12. 

Ans. First Trap. Eule, 320.89; Second Trap. Eule, 318.22; 
Mean, 319.56; Simpson's Eule, 320. 



CHAPTER XXX 

ELEHEFTS OF XnTEHATIOS 

For the purpose of completeness, those definitions and fun- 
damental principles of kinematics needed in the subsequent 
chapters are here briefly treated. 

240. Definition. The change of position of a particle from a 
point Pi to a point Pj is called the displacement of the particle 
from Pj to P^ 

241. A displacement from a point Pi to a point Pj is known 
when, and only when, the magnitude and direction of the 
straight line joining Pi and Pa can be determined completely. 
A displacement has therefore both length and direction. 

The direction on the line in which displacement takes pla-ce 
is indicated by an arrowhead. 

242. Let A and B indicate two displacements of a particle, 
and let Pi be the initial position of the particle. Draw P^F^ 

equal to A and in the same direction 

^ with it. From P^ draw PjPg equal to 

B and in the same direction with it. 

The two displacements PiPg and 
P%Pz are equivalent to the single dis- 
placement PiPg. 
Complete the parallelogram P1P2P3P4. 

^ ^^ Since P^P^^ P^P^, and P^Ps^P^P^ 

Fig. 100. 

the two displacements P1P4 and P4P3, 

or B and A, are equivalent to the single displacement P1P3. 

In the case of two displacements, therefore, the order in which 

3 displacements are made is immaterial. 

278 
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To find the single displacement which is equivalent to two 
given displacements, we lay off the two given displacements 
as two sides of a triangle with the arrowheads the same way 
round. The remaining side of the triangle with the arrow- 
head reversed is the single displacement equivalent to the 
two given displacements. 

243. Let Af B, and C be three displacements, and Pi the 
initial position of the particle. From Pi draw P1P2 equal to A 
and in the same direction with it. From P^ draw PjA equal 
to B and in the same direction with it. From P3 draw P8P4 
equal to C and in the same direction with it. 

The displacements P1P2 and P2P3 are equivalent to the dis- 
placement PiPs, and the displacements PiPs and P^Pj to the dis- 
placement P1P4. Then the displacements PiPj, P2P8, and P8P4, 
or A, Bj and C, are equivalent to the single displacement P1P4. 

Also, as in two displacements, it can be readily shown that 
the order in which the displacements are made is immaterial. 

To find the single displacement which is equivalent to the 
three given displacements, we lay off the three given displace- 
ments as the sides of a quadrilateral with the arrowheads the 
same way round. The remaining side of the quadrilateral with 
the arrowhead reversed is the single displacement equivalent 
to the three given displacements. 

244. A displacement can be resolved into any number of 
component displacements parallel to given lines. 

Let P1P2 be a given displacement. Let us, for definiteness, 
resolve it into two displacements paral- 
lel to the lines A and JB. 

From Pi draw a line parallel to Ay 
and from Pg draw a line parallel to B. 
Let Pg be the point of intersection of 
these lines. 

Then PiPj is resolved into two dis- 
placements parallel to A and B. 
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246. Definitioii. The mean velocity of a moving particle 
during a given time is a quantity which has for direction the 
^p direction of the displacement of the particle 
in that time, and for magnitude the magni- 
tude of the displacement divided by the 
time. 
Thus, if a particle move on any path 
Fio. 102. iTom Pi to P, in a given time t, its mean 

velocity has the direction of the straight line I\I% and the 
magnitude the length of the line divided by t. 

Mean velocity must be distinguished from mean speed. 
The mean speed of the particle in the above illustration is 

arc P^Pj 
t 
The mean velocity of a particle in general varies with the 
time. If it does not, both the direction of the particle and the 
quotient of the magnitude of its displacement by the time 
must be constant. In such a case the particle moves in a 
straight line and with uniform speed. 

246. Definitions. A particle which moves in a straight line 
with uniform speed is said to have uniform velocity. 

The velocity of a particle at a given instant is the limit 
which the mean velocity of the particle for a period of time 
immediately succeeding the instant in question approaches as 
the period of time is allowed to decrease without limit. 

247. Suppose that a particle moving on a known path passes 
over a distance s in a time t To find the magnitude and direc- 
tion of the particle at any given instant. ^^^''« 

Let Pi be the position of the particle at 
the instant in question, and Pa its position 
at the end of a time t» 

Denote the chord P1P2 by Ac, and the Pf ^^^' ^^' 
arc PiPs by As. Since 8 increases as t increases, both Ac and 
As are positive. 
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By definition, — = average velocity of the particle for a 
time A^ immediately succeeding the instant in question, and 
A J'i^O ~ r^ velocity, v, of the particle at the instant in question. 

_ limit rAs"! limit rAc"| 

S[t}.»o.S[i]-i. 



. limit r^ 



ds 
dt 

Therefore the velocity, v, of the particle at any given instant 

ds 

= — , where t has the value corresponding to the instant in 
dt 

question. 

As A^ = 0, the chord P1P2 approaches as its limit the tangent 
line to the curve at P^, Therefore the direction of the velocity 
at a given instant is that of the tangent line to the curve at the 
point which the particle occupies at that instant. 

248. In Chapter III, and the preceding article, we have sup- 
posed that 8 is the distance passed over by a particle in a time t. 
We shall find it convenient, however, to take a sometimes not as 
the distance passed over by the particle in a given time but as 
a constant, minus this distance. , ^ 

Thus, if the particle moves in a ^ ^ 
time t from a point ^ to a point P 

under a force directed towards a fixed point and varying 
as some power of the distance of the particle from 0, it will 
be convenient, as we shall see later, to take OP^ not APy equal 
to s. Then AP= OA - s. 
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When the distance passed over by a particle in a given time 

ds 
is taken as a constant, minus s, then v = — - • In this case s 

cU 
decreases as t increases. 

249. The magnitude of a velocity is the magnitude of the 
displacement during the unit of time, or the magnitude of the 
displacement if the particle moved with uniform velocity during 
the unit of time. The direction of a velocity is the direction 
of the displacement in the unit of time, or the limit which this 
displacement for a period of time approaches as the period of 
time is allowed to decrease without limit. Then, since velocity 
has a definite magnitude and a definite direction, it follows 
that velocities may be compounded or resolved into component 
velocities in the same manner as displacements. 

250. When the velocities of a particle at two points are 
known, the change in velocity can be found as follows : 



B 





Let Vi represent in magnitude and direction the velocity at Pj, 
and V2 the velocity at P^ (Fig. 105). At any point A (Fig. 106), 
draw AB and AC equal and parallel to Vi and Vg respectively, 
with the arrowheads towards B and C. 

The sum of Vi and BC is Vg. Therefore BC represents in 
magnitude and direction the change in velocity of the particle 
between P^ and P^. 

Change in velocity must be distinguished from change in 
speed. 

Thus, the change in speed in the above illustration is the 
length of 1^2, minus the length of Vj. 
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251. Definitions. The mean acceleration of a moving particle 
in a given time is a quantity which has for direction the direc- 
tion of the change in velocity during that time, and for magni- 
tude the magnitude of the change in velocity divided by the 
time. 

Thus, in the illustration of Art. 250, if t is the given time, 

— is the mean acceleration. 
t 

The acceleration of a particle at a given instant is the limit 
which the mean acceleration of the particle for a period of 
time immediately succeeding the instant in question approaches 
as the period of time is allowed to decrease without limit 

If a particle moves in such a manner that the acceleration 
at every instant is the same in magnitude and direction, it is 
said to move with uniform acceleration. 

252. The magnitude of an acceleration is the magnitude of 
the change in velocity during the unit of time, or the magni- 
tude of the change in velocity if the particle moved with 
uniform acceleration during the time. The direction of an 
acceleration is the direction of the change in velocity during 
the unit of time, or the limit which the change in velocity 
approaches as the period of time decreases without limit. 
Then, since acceleration has a definite magnitude and a defi- 
nite direction, it follows that accelerations may be compounded 
or resolved into component accelerations in the same manner 
as velocities or displacements. 

253. To find the magnitude and direction of an acceleration 
at any instant in terms of the magnitude and direction of the 
velocity at that instant : 

Let Pj be the position of the particle at the instant in ques- 
tion (see Fig. 107). Let Pg be the position of the particle 
after a time A^. Let a^ be the acceleration along the normal 
line and Uj. the acceleration along the tangent line, at F^ 
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Let Piii^i and P^Ri represent in magnitude and direction the 
velocities v and i? -h Av at Pi and P^ respectively. At -Pi draw 

Pi-S equal and parallel to PiR^. 
Join BiS. From S drop per- 
pendiculars on the normal and 
tangent lines at Pi to meet these 
lines in Q and T respectively. 

The line EiS represents in 
magnitude and direction the 
change in velocity, Av, during 
the time A^. 
Denote the arc PiP^ by As. 
At first suppose that s in- 
creases as t increases, so that 
A8 is x)Ositive. 

The projection PiQ of RiS on the normal line is the change 
in velocity along the normal line during the time At. Then 

aJI^o I""^^ I ^® *^® acceleration along the normal line at Pi, or aj^ 
Denote the angle between Pii?i and P2R2 by A^. 
Then a - Hmit f^i^l- limit fM^iEMl 




Fio. 107. 



= limit r(^+ At.)5i^^ . ^ . 4f 1 
A«=oL^ ^ ^ A<^ As At J 



= v • 1 • — • v 
P 

9 

P 



where p is the radius of curvature of the curve at P^ 

The projection E^T of RiS on the tangent line is the change 
in velocity along the tangent line during the time Ai. Then 
A«™^or^^l ^^ *^® acceleration along the tangent line at Pj, 
or Ur- 
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Then 

_ limit [BiTl^ limit [ P^S cos £i4> - PiE{ ] 

__ limit r (^ + ^^) COS A^ — v ~\ 

_ limit [ v (cos A<^ — 1) + At; cos A<^" | 
"^^=0[ A« J 

^limitpt^sinHA^ Aj;^^3 -| 

^ limit p_iniM.^siniA^.^ + ^cosA<^] 
A^=0[_ ^A<^ ^ ^ A« A« ^J 



The resultant acceleration is therefore 



— '^f^N+CtT 



=a|^' 



and has the direction tf = tan"*— rr-, where is the angle be- 

tween the tangent to the curve at the point P^ and the direction 

of the resultant acceleration. 

If 8 decreases as t increases, au is as before, while «»= -• 

^ ^^ 

If motion is along a straight line, — , or a^^, is zero. Then 

P 
in motion along a straight line, the magnitude of the accelera- 

tion a is —^ or -, the + or — sign being taken according 

as 8 increases or decreases as t increases, and the direction of 
the acceleration is in the direction of the motion. 
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EXERCISES 

1. Show that the resultant PiP, of any number of compo- 
nent displacements PiPj, PjPa) •••> Pn-i^n is the diagonal of a 
rectangle P^AP^B in which P^A and PJH are the sums of the 
displacements resolved along the lines PiA and -Pi^ respec- 
tively, which are perpendicular to each other. 

2. A body undergoes three component displacements, 30 
feet N., 60^ E. ; 40 feet S. ; 50 feet W., 30° N. Find the result 
ant displacement. Ans, 10 V3 ft. W. 

3. A wheel 4 feet in diameter rolls along a horizontal road, 
turning through an angle of 30°. Find the displacement of the 
point of the wheel initially in contact with the road relative to 
the point on the road with which it was in contact. 

Arts, 0.272 ft., inclined 80° (approx.) to the horizontal 

4. A ship is carried by her screw 12 miles N., by the wind 
4 miles E., 15° N., and by the current 2 miles S., 15° E. Find 
the component in a northeasterly direction of the resultant 
displacement. Ans, 10.95 mi. 

6. A ship is influenced by her screw, the wind, and a cur- 
rent. Her screw carries her 12 miles N., the wind carries her 
3 miles S., 15° E., and it is observed that her total displace- 
ment is 15 miles in a northeasterly direction. Find her dis- 
placement due to the current and the direction of the current. 

Ans. 9.94mi. E., 8°42']Sr. 

6. A particle moves 100 feet W., 30° N. in 30 seconds, and 
thence 50 feet S., 60° W. in 20 seconds. Find (a) the mean 
speed ; (6) the mean velocity of the particle during its time 
of motion. 

Ans, (a) 3 ft. per sec; (b) 2.645 ft. per sec. W., 10° 53.6' N". 

7. An automobile is running north at the rate of 16 miles per 
hour. A carriage going at the rate of 8 miles per hour appears 
to a person in the automobile to be going at the rate of 20 miles 
per hour. Find the direction of the carriage. 

Ans. 71° 47.4' W. or E. of S. 
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8. A train is running at the rate of 50 miles per hour in a 
shower of rairi. If the (Jrops fall vertically with a speed of 
200 feet per second, in what direction will they seem to a man 
on the train to fall ? 

Ana. At an angle of 20° 8'.2 with the vertical. 

9. A river has a current which runs at the rate of a miles 

per hour. A steamer whose speed is b miles per hour in still 

water is to be run straight across. Find the direction in which 

she must be steered. Ana. At cos"^- with the river bank. 

b 

10. A train running at the rate of 50 miles per hour is hit 
by a stone moving horizontally and at right angles to the track, 
at the rate of 30 feet per second. Find the magnitude of the 
velocity with which the stone hits the train, and the angle 
which it makes with the direction of motion of the train. 

Ans, 79.2 ft. per sec. ; tan"^ ^. 

11. The initial and final velocities of a body which moves 
for 3 hours is 10 miles per hour E., 30** N., and 5 miles per hour 
N. respectively. Find the mean acceleration of the body. 

Ans. f V3 mi.-per-hr. per hr. W. 

12. A particle moves with uniform speed along the circum- 
ference of a circle of radius 6 feet from one end of a diameter 
to the other in 10 seconds. Find (a) the mean speed, 
(b) the mean velocity, of the particle for the time of motion. 

Arts. 1.88 ft. per sec. ; (6) 1.2 ft. per sec. in the direction 
of the diameter. 

13. In Exercise 12, show that the acceleration is directed 
towards the center of the circle and is 0.592 ft.-per-sec. per sec. 

14. A horse travels with uniform speed on an elliptical race 
track, semi-axes 800 and 400 feet respectively, from one end of 
the major axis to the other in 1 minute 25 seconds. Find (a) 
the mean speed ; (b) the mean velocity of the horse during the 
time of motion. Ans. 15.52 mi. per hr. ; 12.83 mi. per hr. in 

the direction of the major axis. 



CHAPTER XXXI 
FOBOE. MASS. EQUATIOH OF MOTIOff OF A FABTIOLE 

254. Our idea of force is ultimate, like that of color, taste, 
and smell, and like them cannot be described. We all have 
the idea of force, however. When one speaks of exerting force 
we know exactly what he means. 

255. Let us first choose as the unit of force that force exerted 
by a given spring when stretched by a given amount. Suppose 
that we have several exactly similar springs. Then if they 
are stretched by the same amount, they exert the same forces. 
Now suppose that we attach one of these springs to a body 
lying on a smooth table, and keeping it always stretched by 
the given amount and in such a position that the force exerted 
by it acts in a horizontal straight line, allow it to act on the 
body during known periods of time. By noting the distances 
through which the body moves, we are able to determine the 
magnitude and direction of the acceleration produced. The 
same determinations may be made with two or more springs. 
These experiments, although of necessity rough, will never- 
theless be sufficient to suggest the following fundamental 
principles of motion : — 

(1) In all cases the acceleration is uniform. 

(2) In all cases the direction of the acceleration is that of 
the force. 

(3) The acceleration produced by the force is proportional 
to the force, double the force producing double the acceleration, 
three times the force three times the acceleration, and so on. 

(4) The accelerations do not depend on the lengths of time 
during which the forces act. 

288 
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256. The first of the results of the preceding article shows 
that the acceleration is the same whether the body starts from 
rest or with an initial velocity. The third shows that if the 
force is zero, the acceleration is zero, and that therefore the 
body, if initially at rest, remains at rest, and if initially in 
motion, remains in motion with a velocity equal to the initial 
velocity. 

257. If we indicate the magnitudes of the force and accel- 
eration by F and a respectively, the third of the results of 
Art. 255 gives Fcx:a. 

If Foca, — is constant. 
a 

258. Definition. We shall define the mass of the body by 

F 

saying that it is a number proportional- to the constant ratio — 

Thus, if m denotes the mass of a body, moo — 

F F " 

If — ocm, — = km, where A; is a constant depending on the 

units chosen for F, m, and a. 

259. So far we have supposed that the forces remain con- 
stant both in magnitude and direction during the whole time 
of the motion. Let us now suppose that they vary in magni- 
tude or direction, or in both magnitude and direction. Sup- 
pose that at a particular time t the force acting is F, and the 
acceleration produced by the force is a. If F remained con- 
stant in magnitude and direction for a period of time Ai 
immediately succeeding toy the equation F=^Tcma would hold 
true for that time. Then, since the equation is independent 
of the time of motion, it would hold true if Ai be taken as 
small as we please. From this we conclude that the limit, 
as A^ approaches zero, of F=:kma is F=kma, That is, the 
variable force F at any time to is such that F= Jcma, where a 
is the acceleration of the particle at the time t^, and has the 
direction of the force at that time. 
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Definition. The equation Fz=zkma is called the equation of 
motion of a particle. 

260. Let F and 2?" be two forces which, acting on a body of 
mass m, produce accelerations of a and a' respectively. 

Then F =kmij 

and F* = kma\ 

.'. F:F'::a:a\ 

Then to compare two forces we may allow them to act on 
the same body and compare the two accelerations. 

Let ^ be a force which, acting on two bodies of masses m 
and m', produces the accelerations a and a' respectively. 

Then F= kmoy 

and F==km^a!. 



Then to compare the masses of two bodies we may allow the 
same force to act on the bodies and compare the accelerations. 

261. Definition. The force which the earth exerts on a body 
in the neighborhood of the earth is called the weight of the 
body. 

262. We saw in Art. 260 how force and mass can be 
measured. It remains to choose units for them. 

It is desirable to choose units for them so that k will have 
the value 1. We shall, therefore, assign a unit arbitrarily to 
either the force or mass, and define theother unit so that unit 
of force, acting on unit of mass, produces unit of acceleration. 

263. There are two systems of units in common use: the 
Gravitational System and the Absolute System. 

In the Gravitational System, the unit of force is chosen arbi- 
trarily and the unit of mass is defined to be that mass which 
acted upon by unit of force produces unit of acceleration. 
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In the Absolute System, the unit of mass is chosen arbitrarily, 
and the unit of force is defined to be that force which acting 
on unit mass produces unit of acceleration. 

264. In the Gravitational Systein of units, we may use the 
foot-pound-second* (F.P.S.) System, or the centimeter-gram- 
second (C.G.S.) System. 

In the F.P.S. Gravitational System, the unit of force is 
defined to be the weight of a certain piece of platinum, called 
the pound, stored in the Standards Office in London. The 
unit of acceleration is 1 foot-per-second per second. To de- 
termine the unit of mass : The weight of the pound produces 
in its mass an acceleration of g feet-per-second per second. 
Then, since the masses are inversely proportional to the accel- 
erations (see Art. 260), the unit of mass must be g times the 
mass of the pound. 

In this system of units, therefore, 

where F indicates the force expressed in pounds weight, m 
the mass expressed in terms of a unit which is g times the 
mass of the pound, and a the acceleration in feet-per-second 
per second. 

In the C.G.S. Gravitational System, the unit of force is the 
weight of the one-thousandth part of a piece of platinum called 
the kilogram stored in the Palais des Archives in Paris. The 
unit of acceleration is the centiraeter-per-second per second. 
To determine the unit of mass: The weight of the gram 
produces in a gram mass an acceleration of g^ centimeters- 
per-second per second, where g' =^g times the length of the foot 
in centimeters. Then the unit of mass must be g' times the 
mass of the gram. 

In this system of units, therefore, 

where F indicates the force expressed in grams weight, m 
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the mass expressed in terms of a unit which is g* times the 
mass of the gram^ and a the acceleration in centimeters-per- 
second per second. 

265. In the F.P.S. Absolute System, the unit of mass is 
defined to be the mass of the pound. The unit of force will 
therefore be that force which acting on the unit of mass pro- 
duces an acceleration of 1 foot-per-second per second. The 
weight of the pound produces in the imit of mass an accelera- 
tion of g feet-per-second per second. Then, since forces are 
proportional to the accelerations, the force that produces the 
acceleration of 1 foot-per-second per second in the mass of the 

pound is — 
9 

Definition. The force that produces in the mass of the 

pound an acceleration of 1 foot-per-second per second is called 

the poundaL 

The poundal is - times the weight of the pound^ or the weight 
9 
of about half an ounce. 

In this system of units, therefore, 

where F indicates the force in poundals, m the mass in pounds, 
and a the acceleration in feet-per-second per second. 

In the C.6.S. Absolute System, the unit of mass is the mass 
of the one-thousandth part of the kilogram. The unit of 
force is the force which produces in the unit of mass an accel- 
eration of 1 centimeter-per-second per second. This force is 

-- times the weight of the gram. 
9 

Definition. The force which produces in the mass of the 
gram an acceleration of 1 centimeter-per-second per second 
is called the dyne. 

The dyne is — times the weight of the gram, or the weight 
9 
of -^\j of a gram (nearly) 
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In this system of units, therefore, 

F=zma, 

where F indicates the force in dynes, m the mass in grams, 
and a the acceleration in centimeters-per-second per second. 

266. The numerical relation between the Gravitational and 
the Absolute systems of units are : 

The weight of 1 gram = g' dynes. 

The weight of 1 pound = g poundals. 

267. Definition. The product of the mass of a body and its 
velocity in any given direction is called the momentum of the 
body in that direction. It is also sometimes called the quantity 
of motion of the body, or merely, the motion of the body. 

Since the momentum is mv, the rate of change of momentum 
is ma, 

268. The results of a physical experiment are at best more 
or less inaccurate, and consequently a law derived from experi- 
ments should be subjected to all possible tests before being 
accepted as true. The experiments mentioned in Art. 255 as 
leading to the law of motion F=ma are so extremely rough 
as to be of no value in the determination of this law. They 
merely serve to suggest that such a law may be possible. 
Then, before this law is accepted as the principle governing 
motion, it should be subjected to further tests. Such tests 
have been made in a number of ways, and in all cases the law 
has been found satisfactory. One of the most convincing tests 
is that made continually by astronomers, when, by assuming 
this law, they find, by direct observation and mathematical 
reasoning, the exact positions which heavenly bodies will 
occupy at certain times. 

269. Without entering further into the discussion, we shall 
assume the truth of the law that J?'= ?na and shall also assume 
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as true the law first enunciated by Galileo, and therefore bear- 
ing his name, which is expressed by Thompson and Tait in the 
following words : ^ 

" When any forces whatever act on a body, then, whether 
the body be originally at rest or moving with any velocity in 
any direction, each force produces in the body the exact change 
of motion which it would have produced if it had acted singly 
on the body originally at rest." 

270. Since, by Galileo's law, each of several forces acting on 
a body produces the same momentum and therefore the same 
rate of change of momentum as if it acted singly on the body, 
it follows that forces may be compounded or resolved into 
components in the same manner as accelerations and therefore 
as velocities or displacements. 

EXERCISES 

In the exercises of this chapter and the following chapters, 
assume that 

1 pound avoirdupois = 453.59 grams. 
1 meter =3.281 feet. 

^ = 32. 

1. Two forces produce in two masses, accelerations of 20 and 
25 units respectively. Find (a) the ratio of the forces if the 
masses are equal ; (b) the ratio of the masses if the forces are 
equal. Ans. (a) 4:5; (6) 5 : 4. 

2. Compare the values for the mass of a body expressed in 
the ft.-pound-sec. and the yd.-ton-min. gravitational systems. 

Ans, 24 X W : 1. 

3. Compare the values for the mass of a body expressed in 
the cm.-gr.-sec. and the meter-kilograra-min. systems. 

Ans. 36 X 10» : 1. 

1 See MacGregor, Kinematics and Dynamics, p. 204. 
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4. Convert 1 poundal to absolute units in the yd.-ton-min. 
system. Ans. |. 

5. Convert 1 poundal to dynes. Ans, 13,824.7. 

6. Convert 1 pound to dynes. Ans. 442,392. 

7. Find the acceleration produced in a mass of 10 pounds by 
a force of 20 dynes. 

Ans. 0.000145 ft.-per-seo. per sec. (approx.). 

8. Find the force expressed in pounds which produces in a 
mass of 20 pounds an acceleration of 12 yd.-per-min. per second. 

Ans, — . 
9 

9. Find the mass on which a force of 12 pounds produces an 
acceleration of 20 ft.-per-sec. per sec. ^ S£ j, 

6 

10. Find the resultant of two forces of 3 and 5 pounds respec- 
tively, acting on a particle at an angle of 60°. 

Ans. The resultant is a force of 7 lb. acting at an angle of 
about 21° 47' with the force of 5 lb. 

11. Forces of 2, 3, and 5 pounds respectively acting on a par- 
ticle and in one plane make angles of 120° with one another. 
Find the resultant of the forces. 

Ans. The resultant is a force of V7 lb. acting at an angle of 
about 19° 6' with the force of 5 lb. and about 40° 54' 
with the negative direction of the force of 2 lb. 

12. Three equal forces, P, acting on a particle and in one 
plane make angles of 120° with one another. Find the result- 
ant of the forces. Ans. The resultant is zero. 

13. A man weighs 160 pounds. Find his apparent weight 
when in an elevator which descends with an acceleration of 
2 ft.-per-sec. per sec. Ans. 150 lb. 

14. A man who weighs 160 pounds notices that in an elevator 
his apparent weight is 180 pounds. Show that the elevator 
has an upward acceleration of 4 ft.-per-sec. per sec. 



CHAPTER XXXII 

BEOTILDTEAB MOTIOH 

In this chapter, we shall consider the force or forces acting 
on the particle to be such that motion takes place in a straight 
line. 

MOTION UNDER A CONSTANT FORCS 

271. The simplest case of motion is that of a particle mov- 
ing under a constant force. 

Suppose that a particle of mass m is acted upon by a constant 
force/ in the direction of its motion. To determine the motion 
of the particle. 

Take (Fig. 108), the initial position of the particle, as the 
origin, and the direction of motion as the positive direction of 

the axis. 

t 

Let 8 be the abscissa of the par- 
Fia. 108. ...... 

tide at any time t 

We shall suppose that m, /, and a are expressed in terms of 

the unit of mass, force, and acceleration respectively, in some 

chosen system of units. 

Then ma = /. 

. cPs 

Since s increases as t increases, a = — -. 

dt 



(T 



8 
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To express v and s in terms of t, we may proceed as follows : 
Since 



d^_f 



ds f 
.\— = ^t + c,hj integration. 
dt m 

ds 
To determine c : When ^ = 0, — = the initial velocity. 

Call it Vq, 

,\ Vq = + c. .*. c = Vq. 

ds f . , 
dt m 

.-. v^'^t + v^ (2) 

m 

By a second integration, we get 

8 = iL^ + Vot-i'Ci. (3) 

m 

To determine Cj : When ^ = 0, s = the space passed over before 
we begin to count time. In this case, therefore, « = when 

e = o. 

m 

To determine v in terms of s, we may express t in terms of v 
from (2), substitute the result in (3), and solve the resulting 
equation for v. It is more convenient, however, to proceed as 
follows : 

Multiply (1) by 2 g. 

dt\dfj m dt 

Now 2^r^"V-r-Y- 

^t{dty dt\dt) 



dt 
d 



dtj mdt 
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Integrate. .-. f^] =2^s-|-c. 



\dtj m 



m 
To determine c : when s = 0, v = Vq. .'. c = Vq. 

m 



272. As an illustration of motion under a constant force, 
consider the following example : 

A particle of mass m, initially at rest, slides down a smooth 

inclined plane of length a, which makes an angle <^ with the 

horizontal. To determine the velocity of the particle at the 

Q foot of the plane, and the time which 

the particle takes to reach the foot of 

the plane. 

Take (Fig. 109), the initial position 
of the particle, as the origin, and the 
direction of motion as the direction of 
the axis. 

The only force tending to produce 
motion is the component weight of the 
pai'ticle acting along the plane. This force is mg sin <f>, where 
g depends on the unit system chosen. 
The equation of motion is therefore 

m--=mgsin4>, 




irmg 
Fig. 109. 



or 



— - = q sin d>. 



(1) 



To determine the velocity at the foot of the plane, multiply 

ds 
(1) by 2 — , integrate, and determine the constant of integration. 



7^=2gs sin <^. 



(2) 
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ThjBrefore, at the foot of the plane, 

i? = 2ga sin <^, or v = V2 ga sin <^. 

To determine the time which the particle takes to reach the 
foot of the plane, we may proceed as in the last article, or we 
may integrate (2) directly. Choosing the latter way, we have 

;^ = V2gfssin<^, 
at 

= ■\/2 gr sin <^ • Vfi. 
Separate the variables. 

... -^ = V2^sin<^(Z^. 

Vs 

Integrate, and determine the constant of integration. 
.*. 2 V« = V2 gr sin <^ ^ 
,«. s=^gf sin<^fl 

ATTRACTIVE FORCE VARYING DIRECTLY AS THE DISTANCE 

273. Suppose that a particle of mass m, initially at rest, is 
attracted towards a fixed point with a force varying directly as 
the distance. To determine the motion of the particle. 

Let (Fig. 110), the position of the fixed point, be the 
origin, and A, distant a from 0, the initial position of the par- 
ticle. Let the opposite direction to the motion at the start 
be the positive direction of the axis. ,.^^.^^^^__«__. 
Let s be the abscissa of the particle ° O * P ^ 

at any time t. ^°- ""• 

We shall suppose as before that m, force, and a are expressed 
in terms of the units of mass, force, and acceleration respec- 
tively, in some chosen system of units. 

The equation of motion of the particle between A and is 

ma = ks, (1) 

where A; is a constant at present undetermined. 
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To determine k, we must know the magnitude of the attrac- 
tive force or acceleration at some point of the path. Suppose 
for definiteness that the magnitude of the acceleration at unit 
distance from is known. Suppose that it is /i. Then 
m/i = & • 1. .*. A; = m/x. Equation (1) is therefore 

ma = miABy 

or a = /i5. (2) 

Since s decreases as t increases, a = -• 

Equation (2) is therefore —^ = ~-fjLS. (3) 

civ 

Equation (3) is the equation of motion of the particle from 
^to 0. 

Multiply (3) by 2 — , integrate, and determine the constant 
of integration. 



(|)'=.(.--A 



•■• |=-v5;v<.'-»', (4) 

ds 
the minus sign being taken because — is negative, since 8 de- 

dt 
creases as t increases. 

Separate the variables in (4). 



ds 



-_=:^Vu,dt. 



Integrate, and determine the constant of integration. 

J = a sin ( — V/I* + ^)• 
.•. 5 = a cos Vfi*. (5) 
Differentiate (6) with respect to t 

' ^^ = -aVii.8mVjxt. (6) 



.-. sin-^i = -V;i« + ^. 
a 



dt 
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Equations (4), (5), and (6) give the relations between each 

pair of the variables v, s, and t. 

From equation (4) we see that when s = 0, -^ = — aVu. 

at 

Since the particle has therefore a velocity at and there is no 
force acting on it there, it will move past 0. At any distance 
8 to the left of there is a force the same in magnitude but 
opposite in direction acting on it as acted at the distance 8 to 
the right. We see therefore that the motion will be checked 
as rapidly as it was increased, and that the particle will move 
to a point By such that OB = — a, in the same time as it took to 
reach from A, At B the same force is acting on the particle 
as acted before at A. The particle will therefore return to -4, 
moving exactly as it did before, and continue oscillating be- 
tween A and B in equal times. 

From equation (5), we see that when s = 0, ^ = — —• The 

time taken for the particle to return to A is therefore f = — -=• 

Vft 
This result is remarkable inasmuch as it is independent of the 
initial distance of the particle from 0, and depends only on 
the intensity of the attraction at 0. 

274. Definition. When a body oscillates between two points, 

the time of a complete oscillation is called the periodic time 

of the body. 

In the above example the periodic time is r= — p- 

Vft 

275. On BA of Fig. 110 as diam- 
eter describe a circle (see Fig. 111). 
From P, the position of the parti- 
cle at a time t, draw a perpendic- 
ular PM to meet the circle in M. 
Denote the angle POM by $. 

Therefore s = a cos 0, 

Also s = a cos V/i t 

.'. e = VJxt, (1) Fig. 111. 
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Equation (1) shows that if a particle is acted upon by an 
attractive force varying directly as the distance from a fixed 
point, its position P at any time t is the projection on the line 
BA of the point M, which moves with the uniform angular 
velocity V/x on the circumference of the circle AMB. 

276. Definition. If a body moves in a straight line in such 

cPs 
a way that its equation of motion is — - = — us, where u is a 

ar 

positive constant, or can be reduced to this form, it is said to 
have simple harmonic motion. 

277. It has been determined that the tension in a stretched 
elastic string varies directly as the extension of the string 
beyond its natural length. This principle is known as Hooke's 
Law. 

From Hooke's Law it follows that, if a particle moves under 
the force exerted on it by a stretched elastic string, the motion 
is simple harmonic motion. 

ATTRACTIVE FORCE VARYING INVERSELY AS THE SQUARE 
OF THE DISTANCE 

278. Suppose that a particle of mass m, initially at rest, is 
attracted towards a fixed point with a force varying inversely 
as the square of the distance. To determine the motion of 
the particle. 

Let (Fig. 112), the position of the fixed point, be the 
origin, and A distant a from 0, the initial position of the par- 
ticle. Let the opposite direction to the motion at the start be 
the positive direction of the axis. 

° « A Xjet s be the abscissa of the particle 

Fig. 112. . .- , 

at any time t 

With properly chosen units for mass, force, and acceleration, 

the equation of motion of the particle between A and is 

ma = ^. (1) 
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To determine k: Suppose that the magnitude of the accelera- 
tion at unit distance from is /x. 

Equation (1) is therefore ma = -^, 
or « = §. (2) 

Since a decreases as t increases, a = — t^ • 

cUr 

Equation (2) is therefore ^ = - ^. (3) 

Equation (3) is the equation of motion of the particle 

between A and 0. 

ds 
Multiply (3) by 2—, integrate, and determine the constant 

of integration. 



- (§)•= ^e-i) 



l-vvVg^. (4) 



ds 
the minus sign being taken because — is negative, since a de- 
creases as t increases. 

Separate the variables in (4), integrate, and determine the 
constant of integration. 



t->^^^-'4i+^/^^'\ 



As the particle approaches the force acting on it increases 
without limit. Also, as seen from (4), the velocity of the par- 
ticle increases without limit. If we assume that when the 
particle is at the force acting on it is zero, the particle will 
move past 0. At any distance s to the left of there is a 
force the same in magnitude but opposite in direction acting 
on it as acted at the distance s to the right. We can there- 
fore, on this assumption, conclude, as in Art. 273, that the par- 
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tide will move to a point J5, such that OB = — a, in the same 
time as it took .to reach from A, and that it will oscillate 
between B and A in equal times. n^— 
In such a case the periodic time is T=z ira^ 

CASE OF MOTION IN A RESISTING MEDIUM 

279. Suppose that a particle of mass m, initially at rest, 
moves under a constant force, /, in the direction of its motion, 
and in a resisting medium in which the resistance varies as 
the square of the velocity. To determine the motion of the 
particle. 

Take (Fig. 113), the initial position of the particle, as the 
origin, and the direction of the motion as the positive direction 

^ ■ of the axis. Let s be the abscissa of 

* ^ the particle at any time t. 

Since s increases as t increases, a = -4« 

If the units of mass, force, and acceleration are properly 
chosen, 

To determine k, suppose that the velocity which the particle 
would need to have in order that the resistance might be equal 

f 
to / is fjL. Then, /= V- •*• ^ = -2 • 

Equation (1) is therefore 



df 



■ip-d)'} <^) 



It is immediately noticeable that equation (2) cannot be 

ds 
integrated by multiplication by 2—. We can integrate, how- 
ever, as follows: 
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ds 
Let V = —.and substitute in (2). 

dt ^ ^ 



dv __ f r 2_ 2"] 



(3) 



Separate the variables in (3), integrate, and determine the 
constant of integration. 

Zjx "^/jL — v rrifi^ 

where Z = — • 

From equation (4), s can be determined immediately in 
ds 
dt 



ds 
terms of t by substituting — for v, and integrating 



EXERCISES 

Assume the resistance of the air zero unless otherwise 
specified. 

1. A body is projected vertically downwards from the top 
of a tower 200 feet high with a velocity of 10 feet per second. 
Find the time which it takes to reach the ground and its 
velocity as it reaches the ground. 

Ans, 3.24 sees. ; 113.7 ft. per sec. 

2. The same as exercise 1, excepting that the body is pro- 
jected vertically upwards instead of vertically downwards. 

Ans, 3.86 sees.; 113.7 ft. per sec. 

3. A balloon is ascending with a velocity of 20 miles per 
hour. A man in the balloon drops a stone which reaches the 
ground in 6 seconds. Find the height of the balloon when 
the stone is dropped. Ans, 400 ft. 
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4. A particle of mass m is projected up a smooth plane in- 
clined at an angle <^ with the horizontal, with a velocity of Vq 
feet per second. Find how high it will ascend the plane and 
the time it takes to return to its initial position. 

Ans. ^ ^^' ft.; -^^ sees. 
2 ^ sm ^ g sin ^ 

6. Show that the times of descent of a body down all 
chords drawn from the highest point of a vertical circle are 
equal and the same as the time of falling down the vertical 
diameter. 

6. A train, running at 15 miles per hour with steam shut 
oflp, strikes an up grade of 1 in 300. The resistance due to the 
air and friction is 8 pounds per ton. Find how far the train 
will run up the grade before coming to rest. Ans. 1031.25 ft 

7. In the preceding exercise, if the grade were a down 
grade, how far would the train run before coming to rest ? 

Ans. 11343.8 ft. 

8. On the moon a pound weighs 2f ounces. On the earth 
a man can jump 5 feet high. How high could he jump on the 
moon ? Ans. 30 ft. 

9. A cable-car weighs 12 tons. Find the tension (assum- 
ing it uniform) in the cable if the car attains a velocity from 
rest of 12 feet per second in 40 seconds. 

Ans. A force of 225 lb. 

10. A train rounds a curve in the form of an arc of a circle 
of 500 feet radius at the rate of 30 miles per hour. Find the 
angle which the thread of a plummet suspended from the roof 
of the car makes with the vertical. Ans. 6° 54'. 

11. A car starts from rest with an acceleration of 4 ft.-per- 
sec. per sec. At what angle must a man brace himself to keep 
^-^ equilibrium ? Ans. V 8' (nearly). 



If to; 
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12. A spiral spring of natural length 12 inches is stood on 
one end. A weight of 15 pounds placed on top of it will just 
hold it compressed to 9 inches. If the weight be placed on top 
of it when in its natural length and then released, determine the 
motion. 

Suggestion. The spring is deformed in accordance with Hookers Law. 

Ana. The weight descends until the spring is compressed to 

6 inches, ascends till the spring is of natural length, 

and keeps this motion up indefinitely. 

o 
r(complete oscillation) = — =^ = .66 sec. 

V128 

13. A rubber string of natural length 2 feet is suspended by 
one end. A weight of ^ pound attached to the other end will 
just hold the string stretched to 2^ feet. If after the weight 
is attached the string be stretched to 3 feet and then released, 
determine the motion. 

Ans. The weight ascends till the string is of natural length, 
descends till the string is stretched to 3 ft., and 
keeps this motion up indefinitely. 

r=?^ = .78sec. 
8 

14. A round spar of indefinite length, radius of cross section 
a, and mass M floats upright in water. After it comes to rest 
it is pushed down a distance of h feet and then released. 
Determine the motion. 

Ans. It rises h ft. out of the water beyond mark when at 
rest, descends h ft. below mark when at rest, and 
keeps this motion up indefinitely. 

Vk 16iJf 

16. A chain 64 feet long is hung over a smooth drum, one 
end being 2 feet lower than the other. Determine the velocity 
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of the chain when one end is 12 feet lower than the other, and 
the time taken to reach this velocity. 

Ans, 6.92 ft. per second ; 2.48 sees. 

16. A spring which offers a resistance of 20 pounds per inch 
of compression stands upright on a fixed plane. A weight of 
10 pounds falls 6 feet and strikes the spring. How far will 
the weight descend ? A.ns. 6J ft. 

17. A ship, whose mass is 1000 tons, moves from rest under 
a constant force of 10 tons and is resisted by the water with a 
force proportional to the velocity and equal to 2000 poundals 
when the velocity is 1 foot per second. Find the acceleration, 
and the distance passed over, when the velocity is 10 miles per 
hour. 

Ans, Accel. = 0.305 ft.-per-sec. per sec. ; /S'=343 ft. (approx.). 

18. A weight of 160 pounds is placed on a plane inclined 
20° to the horizontal. The resistance due to friction is 5.72 
pounds. The resistance due to the wind varies as the square 
of the velocity, and is 2 pounds per square foot of surface when 
the velocity is 30 feet per second. Given that the area exposed 
to the wind is 4^ square feet, find the velocity when the -weight 
has descended 400 feet. Find the limiting value of the veloc- 
ity on a hill of indefinite length. Ans. 62.54 ft. ; 70 ft. 
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MOTIOH nr A FLAKE OUEVE 



280. The simplest case of motion in a plane curve is that of 
a particle which has an initial velocity and is acted upon by a 
force, constant in magnitude, and in direction constant and 
oblique to that of the initial velocity. Such a case is that of a 
projectile, if the resistance of the air be neglected, because for 
distances through which a projectile carries, the force of gravity 
may be considered as constant both in magnitude and direction. 

281. Suppose that a particle of mass m has an initial velocity 
Vq which makes an angle a with the horizontal, and is acted 
upon by gravity alone. To deter- 
mine the motion of the particle. 

Take the initial position of the 
particle as the origin of coordinates. 
Take the axes vertical and hori- 
zontal. (Fig. 114.) 

Since there are no forces acting on 
the particle in the direction of the 
avaxis, ^^ 




Fia. 114. 



dt^ 



= 0. 



(1) 



Since the force of gravity acts 


in the 


negative 


direction of the 


y-axis. 




-g- 




(2) 


Integrate equation (1). 


' dt 


c. 







809 
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To determine c : At the component of the velocity along 
the avaxis is VqCos a. 



,\ c = VoCosa. 
dx 



dt 



= VoCosa, 



(3) 



Integrate equation (3), and determine the constant of inte 
gration. 



.'. x = Vo cos a t 



(4) 



Similarly, from equation (2), y = — | gr^* -|- v© sin a t. (o) 

Substitute the value of t from (4) in (5). 



.-. y = 



= SL 



2 Vq cos* a 



—- Qi?-{-x tan a. 



(6) 



Equation (6) is the equation of the curve which the particle 
describes when moving under the above supposition. It is the 

equation of a parabola with its vertex at ( - 

and focus at {Vlmll, _ vjc^l^. 



( vq sin 2 a t;o^sin'a\ 



MOTION OF A PARTICLS ON A SMOOTH VERTICAL CURVE 

282. Let y =f(x) be the equation of the curve on which the 
particle moves. Let s be the length of the arc between some 

fixed point A on the curve and 
the position P of the particle at 
the time t Let <^ be the angle 
which the tangent line to the 
curve at P makes with the a?-axis. 
The forces acting on the par- 
ticle are the force of gravity 
mgy acting vertically downwards, 
and the resistance R of the curve 
acting normal to the curve. 
Since the resistance acts normal to the curve, it does not 
influence motion along the curve. The only force that contrib- 




FiG. 116. 
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utes to motion along the curve is therefore the component of 
the force of gravity along the curve. The equation of motion 
is therefore 

or _ = -grsin<^. (1) 

Now, sin 6= -^9 since tan <^ = -^. 
ds dx 



de" ^ ds' 



Multiply by 2 -• 



dt \dtj ^ dt 

Integrate. .-. ^^Y= -2gy + c. 



To determine c : Suppose that the body is at rest at a point 
A, and that the ordinate of A is h. Then c = 2gh. 

... (f) =2,(A-,). (2) 

To integrate further we must know y in terms of s, and 
therefore in terms of x. That is, we must know the equation 
of the curve. , 

283. Suppose that the curve of the preceding article is the 
inverted cycloid whose equations are : 

a? = a (tf -f- sin tf), y = a(l — cos 6), 
Then da; = a (1 -f- cos 0) dO, and dy = a sin dO. 

/, d5 = Va* (1-f- cos tf)* + a* sin* dd^= 2a cos i^dfl. 
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Therefore, if s is measured from the origin, 

9^2 a I cos I fl d^ = 4 a sin 1^ ft 
Since a (1 — cos ^) = 2 a sin* ^ fl, .-. y = 2 a sin* ^ 0. 

" 8a 

Substitute this value for y in equation (2) of the preceding 
article. .^., , ^. 



... ^ = _V2^JaIZ. 
dt ^^ 8a 

Separate the variables, and integrate. 

... 8in-i— g— = -J^ t + c. 
V8aA ^4 a 

To determine c: "When t = 0, y = h, and .-. «=V8aA. 

2 ... sin-i__i_='_ JX«. 
V8^t 2 >/4a 

.-. , = vbising-^<). 

= V8a/icos\/-2-<. 
^4a 

It can readily be shown that the particle will rise to a 
point ^ at a height h on the other side of the lowest point 
of the arch and oscillate between A and B in equal times, the 
periodic time being ^ 

Since T does not involve h, it is independent of the position 
of A. Hence the periodic time is the same for all arcs of the 
cloid. For this reason the curve is called the tautochrone. 
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THE CYCLOIDAL PENDULXTM 

284. As seen in Art. 117, the evolute of a cycloid is an equal 
cycloid having its vertices at the cusps of the given cycloid. 
Hence if a heavy particle be sus- 
pended from a point (Fig. 116) 
by a string of length half the length 
of an arc of this cycloid, and the 
string in its oscillations be made 
to wrap itself on a solid piece in 
the shape of the evolute of the Fia. 116. 
cycloid, the particle will describe the given cycloid. 

An arrangement of this soi*t is called the cycloidal pendulum. 

If s and ^ be measured as in Art. 282, the equation of 
motion for the cycloidal pendulum will be the same as in the 
case of a particle sliding down a smooth curve under the action 
of gravity. All the results of Art. 283 will therefore hold in 
the case of the cycloidal pendulum. We can thus conclude 
that the periodic time of a cycloidal pendulum for any length 

of arc through which the particle swings is T=4:Tr'^— 

It is the property that the periodic time is independent of 
the length of the arc through which the particle swings that 
makes the cycloidal pendulum interesting. 

THE SIMPLE PENDULUM 

285. Suppose that a particle of mass m, suspended from a 
point by a string of length a, starts from the lowest point of 
its path with the velocity which it would acquire if it fell 
freely from rest in a vacuum through a distance h. To deter- 
mine the motion of the particle. 

Let C be the point from which the particle is suspended 
(Fig. 117). Let 0, the lowest point of the arc of the circle 
through which the particle swings, be the origin of coordinatp*^ 
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Let 8 be the distance from the origin to tlie position , 

the particle at the tin 
^ Let the coordinates o 

^ (^> y)' J^t <t> be 
angle which the tang 
line to the curve at 
makes with the a^axis. 
The force acting on t 
particle at a time t 
mg sin ^. Xlierefore, sim 
it acts opposite to tb 
motion, 

ma = — wi^ sin <^, 

a = — grsin<^. 

^. . . (P8 

Since 8 mcreases as t increases, a = 3^' 

or 




Fio. 117. 



or 



Since 



dy . ^__o^. 



sin<^ = 5^, .-. ^ = — g 



ds' 



df 



d8 



(1) 



Then, as in Art. 282, 



(!)■-.» 



+ c. 



To determine c: The velocity which the particle would 
acquire in falling freely from rest in a vacuum through a 
distance h is ■yj2gh, . c = 2gh. 



.■.(§J=2gik-y). 



(2) 



The equation of the circle is a?'\-i^^2ay = 0, 



,: d8 = -dy, 

fds^^^a'fdtfV^ a" fdyV 
" \dt) a^\dt) 2ay-f\dt)' 



(?) 



mt-xa^sar 
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'*^ ^"^-"«^: Substitute the result of (3) in (2). 

^^>r; ... « = -^^ f ^y - (4) 

;::. r. .; V2^^' V(/i - y)C^ ay - /) 

'.jAftc ir^^. is the time the particle takes to reach a point whose ordi- 
Tlefei. nate is y. 
^t;r/f If The expressipn for t in (4) is transformed into one or other 
$:U :, of the forms /- ^, ^^ 



or 






by the transformations given in Art. 224. 

As stated in Art. 225, either of these integrals is an Elliptic 
Integral of the First Class. 

If A < 2 a, the particle comes to rest when y = h, (See equa- 
tion (2).) Denote this point on the circle by A, Denote the 
angle OCA by a. 

Then h = a(l — cos a) = 2 a sin^^^ a. 

Then, when h<2ay -^ = sin*|^a. Therefore in this case 
Z (x, 

the value Jc in the elliptic integral is the sine of the half of the 
half angle of the whole swing of the particle. 

EXERCISES 
1. Show that the parabola of equation (6), Art. 281, has its 
^^'^'^^^^* /Vsin2« vlm^\ 



and its focus at (l^l^llj^, -Voys2a^ 



2g 2g 

a' cos 
29 
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2. Find the horizontal range, and the time of flight for this 
range, of the projectile discussed in Art. 281. 

Ans. Range ^Vlm^. Time of flight = ?J^l^^. 
9 9 

3. Show that, for a maximum horizontal range, tlie initial 
direction of the path of projection must be 45°. Determine 
the position of the focus for this range. 

Ans. The focus bisects the line that represents the hori- 
zontal range. 

4. Find the range and time of flight of a projectile for a 
plane inclined p to the horizontal. 

Ans, Range = — '^ — [sin (2 a — fl) — sin B\. 
^rcos^^L J 

Time of flight = ^ ^^ sin (a — B\ 

6. For given values of v^ and )3, find the value of a which 
makes the range of Exercise 4 a maximum. 

Ans, a = i(90°4-yff). 

6. In the cycloidal pendulum, find when the vertical velocity 
is greatest. 

Am. When one-half the vertical distance has been traversed. 

7. What must be the length of the string in the cycloidal 
pendulum in order that it may beat seconds ? Ans. 38.91 in. 

8. What must be the length of the string in the simple 
pendulum in order that it may beat seconds ? ^ 

Ans. 38.91 in. for small oscillations. 

9. A simple pendulum swings through an angle of 180°. 

Find the time of oscillation. , ^ „^^ /a 

Ans. 3.708\/-- 
^9 



CHAPTER XXXIV 
¥OEK AND EmSEGY 



286. Work. Work is said to be done on a body by a force 
when the point of application of the force has a component 
displacement in the direction of the force. Work is said to be 
done by a body against a force when the point of application 
of the force has a component displacement in a direction op- 
posite to that of the force. In the latter case work may be 
said to be done on the body by the force if distinction be made 
between positive and negative work. 

287. Measurement of the work done on a particle in a given dis- 
placement when the force is constant in magnitude and direction, 
and motion is in a straight line. If the force is constant in 
magnitude and direction, and motion takes place in a straight 
line, the work done by the force in a given displacement of 
the particle is measured by the product of the force and the 
component of the displacement along the line of force, the 
work being taken positive if the component of the displace- 
ment is in the direction of the force, and negative if it is in 
the direction opposite to that of the force. 





6 

Fig. 118. 



8 

Fig. 119. 



Thus, if w, F, Sy and a (Figs. 118 and 119) represent the 
work done, the force, the displacement, and the angle betweer 

317 
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of the chain when one end is 12 feet lower than the other, and 
the time taken to reach this velocity. 

Arts. 5.92 ft. per second ; 2.48 sees. 

16. A spring which offers a resistance of 20 pounds per inch 
of compression stands upright on a fixed plane. A weight of 
10 pounds falls 6 feet and strikes the spring. How far will 
the weight descend ? Arts. 6J ft. 

17. A ship, whose mass is 1000 tons, moves from rest under 
a constant force of 10 tons and is resisted by the water with a 
force proportional to the velocity and equal to 2000 poundals 
when the velocity is 1 foot per second. Find the acceleration, 
and the distance passed over, when the velocity is 10 miles per 
hour. 

Ans. Accel. = 0.305 ft.-per-sec. per sec. j /S'=343 ft. (approx.). 

18. A weight of 160 pounds is placed on a plane inclined 
20° to the horizontal. The resistance due to friction is 5.72 
pounds. The resistance due to the wind varies as the square 
of the velocity, and is 2 pounds per square foot of surface when 
the velocity is 30 feet per second. Given that the area exposed 
to the wind is 4^ square feet, find the velocity when the weight 
has descended 400 feet. Find the limiting value of the veloc- 
ity on a hill of indefinite length. Ans. 62.54 ft. ; 70 ft. 



CHAPTER XXXIII 

MOTIOH nr A PLANE OUEVE 

280. The simplest case of motion in a plane curve is that of 
a particle which has an initial velocity and is acted upon by a 
force, constant in magnitude, and in direction constant and 
oblique to that of the initial velocity. Such a case is that of a 
projectile, if the resistance of the air be neglected, because for 
distances through which a projectile carries, the force of gravity 
may be considered as constant both in magnitude and direction. 



281. Suppose that a particle of mass m has an initial velocity 
Vq which makes an angle a with the horizontal, and is acted 
upon by gravity alone. To deter- 
mine the motion of the particle. 

Take the initial position of the 
particle as the origin of coordinates. 
Take the axes vertical and hori- 
zontal. (Fig. 114.) 

Since there are no forces acting on 
the particle in the direction of the 
aj^xis, ^^ 




Fia. 114. 



dt^ 



= 0. 



(1) 



Since the force of gravity acts in the negative direction of the 

w-axis, 

(2) 



^ = -0. 



Integrate equation (1). 



dx 
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To determine c : At the component of the velocity along 
the avaxis is VqCOs a. 



dx 



dt 



= Vq cos a. 



(3) 



Integrate equation (3), and determine the constant of inte- 
gration. 



x = Vo cos a t 



(4) 



Similarly, from equation (2), y ^ — ^gt^-^-Vo sin a L (5) 

Substitute the value of t from (4) in (5). 



•*• y = - o 2^ 2 a?^ + a;tan«. 
2 V cos* a 



(6) 



Equation (6) is the equation of the curve which the particle 
describes when moving under the above supposition. It is the 
equation of a parabola with its vertex at /^ ^o'sin2« Vo^sin^a \ 

andfocusatK^^^^^-^o^r'^Y 



MOTION OF A PARTICLS ON A SMOOTH VERTICAL CURVE 

282. Let y =f(x) be the equation of the curve on which the 
particle moves. Let s be the length of the arc between some 

fixed point A on the curve and 
the position P of the particle at 
the time t Let <^ be the angle 
which the tangent line to the 
curve at P makes with the aj-axis. 
The forces acting on the par- 
ticle are the force of gravity 
mg, acting vertically downwards, 
and the resistance R of the curve 
acting normal to the curve. 
Since the resistance acts normal to the curve, it does not 
influence motion along the curve. The only force that contrib- 




Fio. 116. 
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utes to motion along the curve is therefore the component of 
the force of gravity along the curve. The equation of motion 
is therefore 

m—5 = — mgr sin<^, 

or — = --5fsin<^. (1) 

Now, sin A= — , since tan d>=z-^, 
ds dx 



Multiply by 2 ^. 
at 



d^__ dy 
**' (Zi^"" ^ ds' 



dt \dtj ^ dt 



Integrate. .-. ^^Y= -2gy + c. 



To determine c ; Suppose that the body is at rest at a point 
A, and that the ordinate of A is h. Then c = 2gh. 

... (fJ=2,(A-.). (2) 

To integrate further we must know y in terms of s, and 
therefore in terms of x. That is, we must know the equation 
of the curve. , 



283. Suppose that the curve of the preceding article is the 
inverted cycloid whose equations are : 

x = a(6-\'Sinff), y^ail — cos 6). 
Then da? = a (1 -f- cos B) dO, and dy = a sin dO. 



/, d5 = Va^Cl + cos tf)* + a' sin* ^d^= 2a cos iOdO. 
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Therefore, if s is measured from the origin, 

« = 2 a I cos I ^ dd = 4 a sin ^ ft 
Since a (1 — cos d) = 2 a sin* ^6, .\ y = 2a sin* i 0, 

"^ 8a* 
Substitute this value for y in equation (2) of the preceding 



ds 
dt 



Separate the variables, and integrate. 

V8a/i ^4 a 

To determine c: When t = 0, y = h, and .-. s=V8aA. 

2 ., sin-^_?_ = ^_ JXt. 
V8^ 2 >/4a 

.•. s = V8aAsin 



(i-^S')• 

= V8a^cos\/-2-«. 
^4a 



It can readily be shown that the particle will rise to a 
point 5 at a height h on the other side of the lowest point 
of the arch and oscillate between A and B in equal times, the 
periodic time being 

Since T does not involve h, it is independent of the position 
of A, Hence the periodic time is the same for all arcs of the 
^loid. For this reason the curve is called the tautochrone. 
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THE CYCLOIDAL PENDULUM 

284. As seen in Art. 117, the evolute of a cycloid is an equal 
cycloid having its vertices at the cusps of the given cycloid. 
Hence if a heavy particle be sus- 
pended from a point (Fig. 116) 
by a string of length half the length 
of an arc of this cycloid, and the 
string in its oscillations be made 
to wrap itself on a solid piece in 
the shape of the evolute of the ^®- ^^^• 
cycloid, the particle will describe the given cycloid. 

An arrangement of this sort is called the cycloidal pendulum. 

If 8 and <^ be measured as in Art. 282, the equation of 
motion for the cycloidal pendulum will be the same as in the 
case of a particle sliding down a smooth curve under the action 
of gravity. All the results of Art. 283 will therefore hold in 
the case of the cycloidal pendulum. We can thus conclude 
that the periodic time of a cycloidal pendulum for any length 

of arc through which the particle swings is T=4:Tr'^-' 

It is the property that the periodic time is independent of 
the length of the arc through which the particle swings that 
makes the cycloidal pendulum interesting. 

THE SIMPLE PENDULUM 

285. Suppose that a particle of mass m, suspended from a 
point by a string of length a, starts from the lowest point of 
its path with the velocity which it would acquire if it fell 
freely from rest in a vacuum through a distance h. To deter- 
mine the motion of the particle. 

Let C be the point from which the particle is suspended 
(Fig. 117). Let Of the lowest point of the arc of the circle 
through which the particle swings, be the origin of coordinates. 
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Let 8 be the distance from the origin to the position P of 

the particle at the time t. 
Let the coordinates of P 
be (x, y). Let ^ be the 
angle which the tangent 
line to the curve at P 
makes with the a?-axis. 

The force acting on the 
particle at a time t is 
mg sin ^. Therefore^ since 
it acts opposite to the 
motion, 

ma = — mg sin <^, 

a = — gf sin <^. 

Cp8 

Since s increases as t increases, a = — r- 

ar 

cPs . . 

.■.- = -9Bm<f.. 




Fig. 117. 



or 



sm 



Since 

Then, as in Art. 282, 



^ ds' d1? ^ ds 



(1) 



(!)■=-» 



+ c. 



To determine c: The velocity which the particle would 
acquire in falling freely from rest in a vacuum through a 
distance h is y/2gh, . (j_2{//^. 

.•.(|)=2,(;i-3,). (2) 

The equation of the circle is aj^ + 2/* — 2 a^ = 0, 



.-. d8 = -dy. 
X ^ 



*** [dtj x'KdtJ 2 tt.v - f \dtj ' 



(3) 
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Substitute the result of (3) in (2). 

.-•% = ^^(h-y)C2ay-f). 

is the time the particle takes to reach a point whose ordi- 
nate is y. 

The ezpressipn for t in (4) is transformed into one or other 
Of the forms ^^ ^- , ^^ 



or 






dx 



by the transformations given in Art. 224. 

As stated in Art. 225, either of these integrals is an Elliptic 
Integral of the First Class. 

If ^ < 2 a, the particle comes to rest when y=^h, (See equa- 
tion (2).) Denote this point on the circle by A, Denote the 
angle OCA by a. 

Then ^ = a(l — cos «) = 2 a sin^ ^ «. 

Then, when /i<2a, -— = sin*|^a. Therefore in this case 

the value k in the elliptic integral is the sine of the half of the 
half angle of the whole swing of the particle. 

EXERCISES 

1. Show that the parabola of equation (6), Art. 281, has its 

vertex at / 2 • o 2 • 2 \ 

/^ Vq^ sin 2 a ty sm^ a \ 

and its focus at /^Vsjill^, -Vcos2«Y 
\ 2g 2g J 
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2. Find the horizontal range, and the time of flight for this 
range, of the projectile discussed in Art. 281. 

Ans. Range ^ <^^^'^^ . Time of flight = ^V^lEf^. 

g 9 

3. Show that, for a maximum horizontal range, the initial 
direction of the path of projection must be 45°. Determine 
the position of the focus for this range. 

Ans, The focus bisects the line that represents the hori- 
zontal range. 

4. Find the range and time of flight of a projectile for a 
plane inclined fi to the horizontal. 

Ans. Range = — "^^ — fsin (2 a— B) — sin S\. 

Time of flight = ^^» sin (a — 8). 
gcos fi ^ 

5. For given values of Vq and fi, find the value of a which 
makes the range of Exercise 4 a maximum. 

Ans. a = i(90°4-)S). 

6. In the cycloidal pendulum, find when the vertical velocity 
is greatest. 

Ans. When one-half the vertical distance has been traversed. 

7. What must be the length of the string in the cycloidal 
pendulum in order that it may beat seconds ? Ans. 38.91 in. 

8. What must be the length of the string in the simple 
pendulum in order that it may beat seconds ? ' 

Ans. 38.91 in. for small oscillations. 

9. A simple pendulum swings through an angle of 180°. 

Find the time of oscillation. , ^ ^^^ /a 

Ans. 3.708\/-. 
^9 



CHAPTER XXXIV 
WOEE AND ENEBGY 



286. Work. Work is said to be done on a body by a force 
when the point of application of the force has a component 
displacement in the direction of the force. Work is said to be 
done by a body against a force when the point of application 
of the force has a component displacement in a direction op- 
posite to that of the force. In the latter case work may be 
said to be done on the body by the force if distinction be made 
between positive and negative work. 

287. Measurement of the work done on a particle in a given dis- 
placement when the force is constant in magnitude and direction, 
and motion is in a straight line. If the force is constant in 
magnitude and direction, and motion takes place in a straight 
line, the work done by the foi-ce in a given displacement of 
the particle is measured by the product of the force and the 
component of the displacement along the line of force, the 
work being taken positive if the component of the displace- 
ment is in the direction of the force, and negative if it is in 
the direction opposite to that of the force. 





Fio. 119. 



Thus, if w, Ff 8y and a (Figs. 118 and 119) represent the 
work done, the force, the displacement, and the angle between 

817 
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of the chain when one end is 12 feet lower than the other, and 
the time taken to reach this velocity. 

Ans, 6.92 ft. per second ; 2.48 sees. 

16. A spring which offers a resistance of 20 pounds per inch 
of compression stands upright on a fixed plane. A iveight of 
10 pounds falls 6 feet and strikes the spring. How far will 
the weight descend ? A^ns. 6| ft 

17. A ship, whose mass is 1000 tons, moves from rest under 
a constant force of 10 tons and is resisted by the water with a 
force proportional to the velocity and equal to 2000 poundals 
when the velocity is 1 foot per second. Find the acceleration, 
and the distance passed over, when the velocity is 10 miles per 
hour. 

Ana. Accel. = 0.305 ft.-per-sec. per sec. ; S=3^3 ft. (approx.). 

18. A weight of 160 pounds is placed on a plane inclined 
20° to the horizontal. The resistance due to friction is 5.72 
pounds. The resistance due to the wind varies as the square 
of the velocity, and is 2 pounds per square foot of surface when 
the velocity is 30 feet per second. Given that the area exposed 
to the wind is 4^ square feet, find the velocity when the weight 
has descended 400 feet. Find the limiting value of the veloc- 
ity on a hill of indefinite length. Ans. 62.54 ft. ; 70 ft 



CHAPTER XXXIII 



MOTIOir IN A PLANE OUEVE 



280. The simplest case of motion in a plane curve is that of 
a particle which has an initial velocity and is acted upon by a 
force, constant in magnitude, and in direction constant and 
oblique to that of the initial velocity. Such a case is that of a 
projectile, if the resistance of the air be neglected, because for 
distances through which a projectile carries, the force of gravity 
may be considered as constant both in magnitude and direction. 

281. Suppose that a particle of mass m has an initial velocity 
Vo which makes an angle a with the horizontal, and is acted 
upon by gravity alone. To deter- 
mine the motion of the particle. 

Take the initial position of the 
particle as the origin of coordinates. 
Take the axes vertical and hori- 
zontal. (Fig. 114.) 

Since there are no forces acting on 
the particle in the direction of the 




Fia. 114. 



ovaxis, 



^ = 0. 



(1) 



Since the force of gravity acts in the negative direction of the 
y-axis, ^^_ 



d^ 



■9- 



(2) 



Integrate equation (1). 



dx 
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To determine c : At the component of the velocity along 
the iP-axis is VqCos a. 



dx 



dt 



= Vq cos a. 



(3) 



Integrate equation (3), and determine the constant of inte- 
gration. 



x = Vo cos a t 



(4) 



Similarly, from equation (2), y = — ^gt^ + Vo sin a L (5) 

Substitute the value of t from (4) in (5). 



y = ~ o 2^ 2 a^ + gtan«. 
2i;o cos^a 



(6) 



Equation (6) is the equation of the curve which the particle 
describes when moving under the above supposition. It is the 
equation of a parabola with its vertex at /^ Vsm2« Vsin'« \ 

andfocusatK^^^^^-^o^r'^Y 



MOTION OF A PARTICLE ON A SMOOTH VERTICAL CURVE 

282. Let y =/(«) be the equation of the curve on which the 
particle moves. Let 8 be the length of the arc between some 

fixed point A on the curve and 
the position P of the particle at 
the time t Let <^ be the angle 
which the tangent line to the 
curve at P makes with the a?-axis. 
The forces acting on the par- 
ticle are the force of gravity 
mg, acting vertically downwards, 
and the resistance R of the curve 
acting normal to the curve. 
Since the resistance acts normal to the curve, it does not 
influence motion along the curve. The only force that contrib- 




Fig. 115. 
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utes to motion along the curve is therefore the component of 
the force of gravity along the curve. The equation of motion 
is therefore 

(P8 



or -j = -gfsin<^. (1) 









— mgsia4,, 






df 


— g sin ^. 


Now,sin<^= 


: -2, since 
as 


1 tan<^ = 


dx 






•• de~ 


^ ds 


Multiply by 


2^. 
dt 







dt \dt) ^ dt 

Integrate. .-. ^|^Y= -2gy + c. 

To determine c : Suppose that the body is at rest at a point 
Ay and that the ordinate of A is h. Then c^2gh. 

■'■ (I) =^^<*-^>- (2) 

To integrate further we must know y in terms of s, and 
therefore in terms of x. That is, we must know the equation 
of the curve. , 



283. Suppose that the curve of the preceding article is the 
inverted cycloid whose equations are : 

aj = a (^ 4- sin ^), y = a (1 — cos 0). 
Then daj = a (1 + cos 6) dO, and dy = a sin 6 dO. 



,% ds = Va^(l + QOn0y-ha^sm^ede=::2aGosiede, 
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Therefore, if s is measured from the origin, 

s = 2a I cos i dO = 4: a sin ^0. 
Since a (1 — cos ^) = 2 a sin* ^0, .\ y = 2a sin* i 0. 

oa 
Substitute this value for y in equation (2) of the preceding 






Separate the variables, and integrate. 

... sin-i— 4= = -\/-^^ + c. 
■VSah ^4 a 

To determine c: When « = 0, y==h, and /. «=V8aA. 



sm" 



; 2 A/4a 



/8a/i 
.-. « = V8aAsin 



(i-^£')• 

= V8 ah cos\/-^ *. 
^4a 



It can readily be shown that the particle will rise to a 
point ^ at a height h on the other side of the lowest point 
of the arch and oscillate between A and B in equal times, the 
periodic time being 

Since T does not involve h, it is independent of the position 
of A. Hence the periodic time is the same for all arcs of the 
cycloid. For this reason the curve is called the tautochrone. 
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THE CYCLOIDAL PENDULUM 

284. As seen in Art. 117, the evolute of a cycloid is an equal 
cycloid having its vertices at the cusps of the given cycloid. 
Hence if a heavy particle be sus- 
pended from a point (Fig. 116) 
by a string of length half the length 
of an arc of this cycloid, and the 
string in its oscillations be made 
to wrap itself on a solid piece in 
the shape of the evolute of the Fia. 116. 
cycloid, the particle will describe the given cycloid. 

An arrangement of this sort is called the cycloidal pendulum. 

If 8 and <^ be measured as in Art. 282, the equation of 
motion for the cycloidal pendulum will be the same as in the 
case of a particle sliding down a smooth curve under the action 
of gravity. All the results of Art. 283 will therefore hold in 
the case of the cycloidal pendulum. We can thus conclude 
that the periodic time of a cycloidal pendulum for any length 

of arc through which the particle swings is T=:4:Tr^— 

It is the property that the periodic time is independent of 
the length of the arc through which the particle swings that 
makes the cycloidal pendulum interesting. 

THE SIMPLE PENDULUM 

285. Suppose that a particle of mass m, suspended from a 
point by a string of length a, starts from the lowest point of 
its path with the velocity which it would acquire if it fell 
freely from rest in a vacuum through a distance h. To deter- 
mine the motion of the particle. 

Let C be the point from which the particle is suspended 
(Fig. 117). Let 0, the lowest point of the arc of the circle 
through which the particle swings, be the origin of coordinates. 
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Let 8 be the distance from the origin to the position P of 

the particle at the time t 
Let the coordinates of P 
be (», 2^). Let ^ be the 
angle which the tangent 
line to the curve at P 
makes with the a^axis. 

The force acting on the 
particle at a time t is 
mg sin <^. Therefore, since 
it acts opposite to the 
motion, 

ma = — mg sin ^, 
a = — gf sin <^. 
cp8 




Fig. 117. 



or 



Since s increases as t increases, a = 



de 



cPs 



= — gf sin^ 



Since 

Then, as in Art. 282, 



' , dy cPs dy 



(1) 



rdsv 



= -2gy + c. 



To determine c: The velocity which the particle would 
acquire ia falling freely from rest in a vacuum through a 
distance h is V2grA. . <. = 2oA. 



.•.(|)=2,(.-,). 



(2) 



The equation of the circle is a^ -f 2/* — 2 a^ = 0, 



ds = - dy. 



" [dtj ix?\dt) 2ay-f\dt)' 



(8) 
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Substitute the result of (3) in (2). 

...t — ±= r ^y - (4) 

is the time the particle takes to reach a point whose ordi- 
nate is y. 

The expressipn for t in (4) is transformed into one or other 
Of the forms ^^ ^- . ^^ 

^9 Jo 



or 






dx 



by the transformations given in Art. 224. 

As stated in Art. 225, either of these integrals is an Elliptic 
Integral of the First Class. 

If ^ < 2 a, the particle comes to rest when y=^h, (See equa- 
tion (2).) Denote this point on the circle by A. Denote the 
angle OCA by a. 

Then ^ = a (1 — cos «) = 2 a sin* i «. 

Then, when h<2a, -— = sin*ia. Therefore in this case 
2a 

the value k in the elliptic integral is the sine of the half of the 
half angle of the whole swing of the particle. 

EXERCISES 
1. Show that the parabola of equation (6), Art. 281, has its 
vertex at / Vsin2« rj^sin^N 

and its focus at (Vl^^l^, :^vlcos2_a\ 
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2. Find the horizontal range, and the time of flight for this 
range, of the projectile discussed in Art. 281. 

Ans. Range = Vlml±. Time of flight = 2Vsin«, 



,2, 

9 



3. Show that, for a maximum horizontal range, the initial 
direction of the path of projection must be 45°. Determine 
the position of the focus for this range. 

Ans, The focus bisects the line that represents the hori- 
zontal range. 

4. Find the range and time of flight of a projectile for a 
plane inclined p to the horizontal. 

Ans. Range = — '^ — fsin (2a— B) — sin b\ . 
(/cos^/3L J 

Time of flight = ^^" sin (a - S), 

5. For given values of v^ and p, find the value of « which 
makes the range of Exercise 4 a maximum. 

Ans, a = i(90° + )8). 

6. In the cycloidal pendulum, find when the vertical velocity 
is greatest. 

Ans, When one-half the vertical distance has been traversed. 

7. What must be the length of the string in the cycloidal 
pendulum in order that it may beat seconds ? Ans, 38.91 in. 

8. What must be the length of the string in the simple 
pendulum in order that it may beat seconds ? ' 

Ans, 38.91 in. for small oscillations. 

9. A simple pendulum swings through an angle of 180°. 

Find the time of oscillation. ^ la 

Ans, 3.708\/-. 
^9 
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286. Work. Work is said to be done on a body by a force 
when the point of application of the force has a component 
displacement in the direction of the force. Work is said to be 
done by a body against a force when the point of application 
of the force has a component displacement in a direction op- 
posite to that of the force. In the latter case work may be 
said to be done on the body by the force if distinction be made 
between positive and negative work. 

287. Measurement of the work done on a particle in a given dis- 
placement when the force is constant in magnitude and direction, 
and motion is in a straight line. If the force is constant in 
magnitude and direction, and motion takes place in a straight 
line, the work done by the force in a given displacement of 
the particle is measured by the product of the force and the 
component of the displacement along the line of force, the 
work being taken positive if the component of the displace- 
ment is in the direction of the force, and negative if it is in 
the direction opposite to that of the force. 





8 

Fig. 119. 



Thus, if w, F, Sy and a (Figs. 118 and 119) represent the 
work done, the force, the displacement, and the angle between 
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the displacement and the direction of the force respectively, 
*^®^ wc^Fs cos a. 

Since wccFs cos a, w = k Fs cos a, where A; is a constant de- 
pending on the units chosen for w, F, and s. As in Arts. 264 
and 265, we shall find it convenient to choose Jc equal to 1. 
The unit of work will therefore be that work done when the 
body acted upon by the unit of force has a displacement of 
one unit in the direction of the force. 

Since F-s cos a = 2^ cos a • s, the work done is also measured 
by the product of the component of the force in the direction 
of the displacement and the displacement. 

288. Units of Work. The systems of units of work in com- 
mon use are the F.P.S. and C.G.S. gravitational systems, and 
the F.P.S. and C.G.S. absolute systems. 

In the F.P.S. gravitational system, the unit of work is the 
work done when a force of one pound moves a body through 
a distance of one foot in its direction. This unit of work is 
called the foot-pound. 

In the C.G.S. gravitational system, the unit of work is the 
work done when a force of one gram moves a body through 
a distance of one centimeter in its direction. This unit of 
work is called the gram- centimeter. 

In the F.P.S. absolute system, the unit of work is the work 
done when a force of one poandal moves a body through a 
distance of one foot in its direction. This unit of work is 
called the foot-poundal. 

In the C.G.S. absolute system, the unit of work is the work 
done when a force of one dyne moves a body through a dis- 
tance of one centimeter in its direction. This unit of work 
is called the erg. 

289. Measurement of the work done on a particle in a given 
displacement when the force is variable in magnitude or direction 
or both. 
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First, when motion is in a straight line. 

Let AB (Fig. 120), where A and B have the abscissas a and 
b respectively, be the given displacement. 

Divide AB into n equal parts. Call each part As. 

Let -F'jfc and F'\ denote the least and greatest values respec- 
tively of the force that acts on the 
particle in an interval As of the dis- 
placement. Let <l>\ and c^"* denote , — p_, f— , ^ 

the greatest and least values respec- « .n^ ^ 

tively of the angle which the force 

makes with the displacement in this interval. Let w^ denote 
the work done by the force in the interval. 

Then F\ cos c^'^ As < m?» < F' \ cos <^' \ As. (1) 

Let Fj^ denote the force at the beginning of the interval As, 
and <^t the angle which the force makes with the displacement 
at this point. Divide (1) by F^ cos <^4 As. 

._ F\ cos <^^ ^ v^k ^ ^'\ cos ^'\ _ 
Fi, cos ^k F^ cos <^4 As F^ cos c^^. 

•vr^_, limit r F^cos<^V 1 _ limit V F'\ cos <^'^" l _ ^ 



limit 
Ad 



nit f ^t ' \^1 
=OLi^,cos<^,AsJ 



Therefore, by the theorem of Art. 186, w^ may be replaced by 
-Fi cos <^t As in any problem involving the limit of the ^um of 
the infinitesimals w^. 

.-. w=li«»it Vi^cos<^As 



= I 2^ COS ^ds. 



Second, when motion is along a curve. 

It can be shown by a method which does not differ in im- 
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portant details from that given above, but is more complicated 
that the work done in this case is 



r 



2^ cos <^ ds, 



where F is the force at any point of the curve, ^ the angle 
which the force makes with the tangent line to the curve at 
this point, and a and b the abscissas of the initial and final 
points respectively of the displacement. 

We shall assume the theorem without discussion. 

290. Work done by a resultant. If any number of forces act 
on a particle, the algebraic sum of the work done by the forces 
acting separately is the same as if the resultant of these forces 
alone acted on the particle. 

Let R be the resultant of n forces /i, /2,^, •••,^, which act 
on a particle. Since R is the closing line of the polygon formed 
by adding the forces geometrically, its projection on any line 
is the sum of the projections of the forces /i, /» /g, •••, fn- That 
is, if Ryfiyf2,fsy —yfn, Diakc auglcs of 0, di, 6^ $39 •••, On respec- 
tively with a line, 

R cos $ =/i cos Oi -I-/2 cos $2 -I-/3 COS ^3 H h/n cos $n' 

Let the line with which these forces make these angles be 
the tangent line to the path of displacement of the particle at 
any point. Therefore, by Art. 289, the work done by R between 
two points A and B on the path whose abscissas are a and b 
respectively is 

RcosOdSfOT I (/i cos di 4-/2 cos ^2 

+/8 cos ^3 4- • • • -h/» cos On) ds. 
But C'~^ (/i cos 01 4-/2 cos 02 4-/s cos ^3 + — +/» cos 6^) ds 

%/ x=a 

Xx=b /*x=b /*x=b 

/i COS ^1 ds 4- I /a cos $2ds-{- I fs cos 0^ c?s -f ... 
=a %/ x=a %/ x=a 



+ 



I f^cosOnds, 
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Therefore the algebraic sum of the work done by all the forces 
acting separately is the same as the work done if the resultant 
alone acted on the particle. 

291. Central Force. A force which is always directed towards 
a fixed point and varies as the distance of its point of applica- 
tion from the fixed point varies is called a central force. 

To prove that the work done by a central force is independ- 
ent of the path. 

Since a central force varies as the distance of its point of 
application from the fixed point varies, it is a function of its 
distance from the fixed point. Call it/(r). 

Take the fixed point as the pole and express the equation of 
the path in polar coordinates. 

Then 

tan df = r^. (See Art. 102.) 
dr 

Since 



COSj/r = 




sec./r Vl + tan^,^ 

.'. COSl/r 



Vc^r^-hr^dd^ 



.-. cos.^ = ^. (See Art. 199.) 
as 

.-. dr = cosil/ds. 
Therefore the work done 

= ij{r) cos (tt — j/r) ds = — jf(r) cos if/dsy 
= - fnr)dr, (1) 



the limits of integration in the last integral being the initial 
and final values of r. 

Since (1) is a function of the initial and final values of r only, 
the work done is independent of the path. 
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292. Work expressed in terms of the components of the forces 
in the directions of the axes. Suppose that any number of forces 
act on a particle. Let X, F, Z be the sum of the components 
of these forces in the directions of the axes. Let M be the 
resultant of the forces, and $ the angle which the tangent line 
to the path of displacement of the particle makes with B at 
any time. Let the direction cosines of the tangent line be 
cos a, cos p, cos y. Then the work done by the given forces 
during a given displacement is 

J R cos OdSy or | (Xcos a + Y cos )3 -h Zcos y)d8. 

Now cos ads = dx, cos pds = dy, cos yds = dz. 

.-. C{X cos a -h Fcos p + Zcosy)d8= C(Xdx -f- Tdy + Zdz), 

Therefore the work done by the forces during a given displace- 
ment of the particle is j (Xdx-{- Tdy -h Zdz) between proper 
limits. 

293. Rate of Work. The mean or average rate at which work 
is done by a body is the work done in a period of time divided 
by the time. 

The rate of work done by a body at any particular instant 
is the limit which the mean or average rate of work for a period 
of time immediately succeeding the instant in question ap- 
proaches as the period of time is allowed to become indefinitely 
decreased. 

294. Units of Rate of Work. The systems of units of rate of 
work derived from the units of work are the foot-pound per 
second, the centimeter-gram per second, the foot-poundal per 
second, and the erg per second. 

The unit used in practice by American engineers is the horse- 
power, which is 550 foot-pounds per second. The French use 
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the unit 75 kilograinmeters per second, equivalent to 542486 
foot-pounds per second, which they call the foixe de chevcU, 

A unit extensively used in electrical work is the watt, which 
is 10,000,000 ergs per second. 

295. Energy. As stated in Art. 286, a body is said to do 
work against a force when the point of application of the force 
has a component displacement in a direction opposite to that 
of the force. 

Definition. A body able to do work against a force is said 
to have work-power or energy. 

296. Units. Energy, being power of doing work, is measured 
in terms of the units of work. 

297. Kinetic Energy. If a body has a velocity, it is capable 
of doing work against a force that has a component opposite to 
the direction of the velocity. 

Definition. The work-power or energy of a body due to a 
velocity is called the kinetic energy of the body. 

298. Determination of the kinetic energy expended in a given 
displacement of a particle. Suppose that a particle of mass m 
has an initial velocity Vq, and is acted upon by a force F, which 
makes an angle 6 with the opposite direction of the line of 
motion of the particle. To determine the kinetic energy 
expended in a given displacement of the particle. 

Let the displacement of the parti- 
cle be from A to B, where A and B 
have the abscissas a and b respec- 
tively (see Fig. 122). 

The equation of motion of the par- 
ticle is ^ 

m§J = -i^cos^, 

dt^ V Fio. 122. 

or mv- = -Fcose, since ^ = v?- 



r 



J<»x=l 
x=a 
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Integrate. .-. 1^ = - CfcosOOs + c. 

To determine c: Suppose for a moment that 

Cf cos 6 da = <l>{x). 
When x=ia, v = Vq, and <^(a?) = <^(a). .-. c = ^^ -f- <^(a). 

When a? = 6, V = the velocity at -B, and <l>(x) = <^(6). Denote 
the velocity at B by Vj. 

ft 

i^COS^ffo. 

A??^'-???^'=rVcosd(fo. 

Now I FcQsBds is the work done by the particle against 

F in its motion from A to 5, and by definition this is the 
kinetic energy expended. 

Therefore the kinetic energy expended is ^?^ -- ^?^« 

When the particle comes to rest, ^6 = 0. Therefore the 
kinetic energy of a particle = ^ mv^, where v is the velocity 
of the particle. 

299. Potential Energy. A body acted upon by a force di- 
rected towards a center, and in a position from which it can 
move towards the center, can, by virtue of its position, do work 
against another force having a component in a direction oppo- 
site to that of the first force. Thus, a weight in a position 
from which it can fall towards the center of the earth can do 
work against a force restraining it. 
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Definition. The work-power which a body possesses, due to 
its position, is called the energy of position, or the potential 
energy of the body. 

300. A particle will possess potential energy in whatever 
position it may be placed in the field of force, but the nearer 
it comes to the center of force, the less potential energy it 
possesses. Suppose that a particle is acted upon by a force F, 
and is held from moving towards the center of force by a re- 
straining force which has a component equal to F and in the 
opposite direction to it. If the attractive force F be increased 
by ever so small an amount, the work done in moving the par- 
ticle from a point ^ to a point ^ at a distance s from A and 
in the line of force, differs by ever so small an amount from 

iFds, between proper limits. Then iFds, between proper 

limits, may be taken as the work done in moving the particle 
from A to B. Then the particle loses this amount of potential 
energy. 

Similarly, if motion is in the opposite direction to that of 
the attractive force, the particle gains in potential energy by 
the amount of work done. 

For example, it follows immediately from Art. 286 or 287 
that the amount of work done in raising a weight of mass m 
to a height h is mgh. Since this amount of work is mgh, the 
potential energy gained by the weight by being raised a height 
h is therefore mgh. Similarly, if the weight be lowered through 
a distance h, the potential energy lost is mgh, 

EXERCISES 

1. Convert 1 foot-pound to gram-centimeters. 

Ans, 1 foot-pound = 13,824.7 gram-centimeters. 

2. Convert 1 foot-poundal to ergs. 

Ans, 1 foot-poundal 421,358 ergs. 
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3. Convert 1 erg to gram-centimeters. 

Ans. 1 erg = 1019 X 1(H gram-centimeters. 

4. A train weighs 100 tons. The resistance due to the air 
and friction is 8 pounds per ton. Find the work done in moving 
the train one mile up a grade of 1 in 400. 

Ans. 6864000 foot-pounds. 

6. A cylindrical cistern 30 feet deep and 6 feet in diameter 
is full of water. Find the work done in emptying the cistern. 
(The weight of a cubic foot of water = 62| lb.) 

Ans. 795200 foot-pounds (approx.). 

6. Show that when a piston is driven by the pressure of an 
expanding fluid, the work done when the volume changes from 

Vq to Vi is I pdv, where p is the pressure per unit area on the 

piston. Interpret this work as the area inclosed by the curve 
p=f{v), the v-axis, and the ordinates corresponding to the 
abscissas Vq and Vi respectively. 

7. When the volume of steam in the cylinder of the steam 
engine is 1.2 cubic feet, and the pressure is 60 pounds per 
square inch on the piston, the steam is cut off. Find the work 
done when the volume has changed to 3.2 cubic feet ; given 
that the volume and pressure when the steam is cut off are con- 
nected by the equation pv^^ = a constant. 

Ans, 9854 foot-pounds. 

8. Steam is admitted into the cylinder of a steam engine under 
a constant pressure of 80 pounds per square inch. When the 
volume of steam in the cylinder increases from to 2 cubic 
feet, the steam is cut off. The steam in the cylinder then ex- 
pands under the law pv^^=2L constant until the volume is 6 
cubic feet. It is then expelled under a constant back pressure 
of 10 pounds per square inch. Find the work done by the 
steam on the piston. Ans. 38860 foot-pounds (approx.). 
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9. Find the work done by an expanding fluid which obeys 
the law pv^ = 11520 when v changes from 0.6 cubic foot to 2 
cubic feet, {p = number of pounds pressure per square foot ; 
V = number of cubic feet.) Arts. 16112 foot-pounds. 

10. Defining the average or mean value ofJXx) in the interval 
a to 6 to be the limit when n = oo of the average of n values of 
f(x) corresponding to equidistant values of x in the interval a 
to b, show that the mean value oi/(x) in the interval a to 6 is 



X 



b 
f(x)dx 



11. Find the mean pressure in Exercise 7. 

Arts. 34.2 lb. per square inch. 

12. Find the mean effective pressure of the steam in Exer- 
cise 8. Ans. 45 lb. per square inch. 

13. A variable force has acted through 2 feet. The value of 
the force taken at seven equidistant points including the first 
and last is, in pounds, 200, 176, 142, 108, 76, 54, 20. Find, by 
Simpson's Rule, an approximation to the work done. 

Ans, 223.1 foot-pounds. 

14. Investigate Exercise 12, Chapter XXXII, for the work 
done until the spring is compressed to 6 inches. 

Ans. 7^ foot-pounds. 

15. Investigate Exercise 13, Chapter XXXII, for the work 
done until the weight begins to descend. Ans. ^ foot-pound. 

16. Convert 1 horse-power to watts. 

Ans. 1 horse-power = 742 watts. 

17. Convert 1 force de cheval to ergs per second. 

Ans. 1 force de cheval = 7.36 x 10® ergs per sec. 

18. A mass of 20 pounds is being dragged along a horizontal 
plane, the rate of work done being -^ horse-power. Find its 
acceleration when its speed is 2 miles per hour. 

Ans. 30 ft.-per-sec. per sec. in the direction of its motion. 
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19. If the expansion in Exercise 9 above takes place in 0.1 
second what is the horse-power ? Ans. 292.9 horse-power. 

20. A cannon ball weighing 200 pounds is discharged with a 
velocity of 1200 feet per second. Find its kinetic energy. 

Ans, 46 X 10** foot-pounds. 

21. In Exercise 13, Chapter XXXII, find the kinetic energy 
expended while the string contracts from 3 to 2 feet. Ams. 0. 

22. A stone weighing 1 ton is lifted 30 feet. Find its in- 
crease in potential energy. Ana. 6 x 10* foot-pounds. 



CHAPTER XXXV 
ATTBAOTION 

301. Definitions. The mean or average density of a body is 
the mass of the body divided by the volume. 

The density of a body at a point is the limit which the mean 
or average density of an element of volume containing the 
point approaches as the element of volume is allowed to be- 
come indefinitely decreased. 

A body is said to be homogeneous when its density is the 
same at every point. 

A body not homogeneous is said to be heterogeneous. 

302. Units of density. The unit of density is unit mass 
divided by unit volume. 

In the F.P.S. system there is probably no familiar sub- 
stance whose density is the unit density. The mass of a cubic 
foot of water is approximately 62^ times that of the ideal sub- 
stance of unit density. Then in the F.P.S. system, the density 
of water is 62^ times the unit density in this system. 

The gram was chosen to be the mass of a cubic centimeter 
of distilled water at 4° C. Then in the C.G.S. system the 
unit of density is the density of distilled water at 4° C. 

303. Every body in the universe attracts every other body 
with a force which depends in magnitude and direction on the 
masses and relative positions of the bodies. 

In the case of two bodies considered as particles, the force 
of attraction varies directly as the product of the masses and 
inversely as the square of the distance between the particles. 
Thus, if F is the force of attraction between two particles of 

329 
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masses m and m' respectively, and r is the distance between 
the particles, lu^^^r 

r 

In the case of two continuous bodies, the force of attraction 
may be measured approximately by dividing the masses up 
into infinitesimal elements of mass, forming the expression 
—J- for each pair of the elements, and taking the sum of the 

results. The actual force of attraction between the tTvo bodies 
is the limit which this sum approaches as the number of ele- 
ments is allowed to increase without limit while each element 
decreases without limit. 

304. Newton's Law of Gravitation. The above law of gravi- 
tation, first enunciated by Newton in the case of particles, was 
derived by him from certain laws — called Kepler's laws — 
observed from the motions of planets, and may be accepted 
with as much confidence as was the fundamental law of 
motion, F=ma, 

305. Since Foc--^, F= ^ , where A; is a constant de- 
pending on the units chosen for F, m, m', and r. In any system 
of units, k is evidently the force with which two particles each 
of unit mass attract each other when at unit distance apart. 

Since F=k — 5- whatever be the masses of the attracting 
particles, the force of attraction between two particles, one of 
mass m, and the other of unit mass, is — g-* 

Definition. The force of attraction between two particles, 
one of mass m and the other of unit mass, is called the force of 
attraction of the particle of mass m at the point where the 
unit particle is situated. 

306. Determination of it: It will be shown later (see Art. 
311) that the attraction of a homogeneous sphere on an ex- 
ternal point is the same as if the mass of the sphere were con- 
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centrated at the center. Then, assuming this theorem, we 
have that, if m be the mass of the earth, assumed a homoge- 
neous sphere, and m' the mass of the particle, the equation 

F=k--j-' expresses the force of attraction between the earth 

and particle. Divide the equation by m'. .*. — ^ = -^. Now 

—j is the acceleration of the particle due to the attraction of 

^ km 07^ 

the earth. Call it a, as in Art. 43. -'- g^—r' .*./: = — . 

IT m 

The radius, r, and the density, /a, of the earth are known to be 
6.37 X 10® cm. and 5| respectively. In the C.G.S. absolute 
system of units, therefore, 

1. _ 5 ^^QQ -_ 645 y 1 0-10 

4 TT X 3.281 X 6| X 6.37 x 10« ^ . 

In this system of units, k is the force in dynes with which 
two particles each of mass one gram would attract each other 
when situated at a distance of one centimeter apart. 

307. Astronomical System of Units. When the units are so 
selected that A; = l, the unit of mass is that mass which pro- 
duces the unit of force in an equal mass when at unit distance 
from it. This system of units is called the astronomical sys- 
tem of units. 

ATTRACTION AT A POINT DUE TO A STSTSM OF PARTICLES 

308. Let m„ mj, mg, •••, m^ be a system of n particles. To 
find the attraction at a point due to these particles. 

Let the origin of coordinates 
be taken at 0. Let Oj, ^,, y< 
be the direction angles of the .^ 
particles of mass w<, i = l, 2, 
3, ..., w. Let X, F, Z be the 
components of the resultant 
R in the directions of the 
axes. y/ Fio. 123. 




•^1 
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mr,^ v wiicosai mgcosoj , wis cos Og , , wi^cosa, 

_ '^ m< cos Oj 
m, cos )8< 






micosyi mgcosya wigcosyg mnCOSy^ 
-^^^ — i:n r — -^ 1 —2 h ••• H —2 

n »^2 ^3 ^« 

''" m, cos y^ 






The resultant attraction is 12 = VX^ + F^ + Z^ and the 

direction cosines of its line of application are — , — , and — 
,. , M H Ji 

respectively. 



ATTRACTION AT A POINT DUE TO A STRAIGHT 
HOMOGSNEOUS WIRE 

309. Let be the given point, and AB the given wire. 
Choose the point as the origin of coordinates, and the per- 
pendicular from on AB as the 
direction of the avaxis. 

Let c denote the distance of 
from AB, and b the length of AB. 
Let X and T be the components of 
the attraction of AB in the direc- 
tions of the axes. Denote the 
density of the wire by p. 

We shall suppose here that the 
perpendicular from on AB meets 
AB in A. The cases where it does not are left as exercises 
to the student. 



Y 






B 






- 


Afc+i 








A* 




^- 


- 





A 

Fig. 124. 
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Divide AB into n equal parts. Call each part Ay. Let A^ 
and At+if with ordinates y^ and y^ + Ay respectively, be two 
successive points of division of AB, 

The resultant attraction at 0, due to the element Aj^A^+i, 

is evidently greater than o . / ^ . ^ vo and less than g^ « * 

The direction of the resultant attraction due to Aj^A^+i is 
along a line between OA^ and O^j+i. Let a denote the 
angle which it makes with OA. Then the component of the 
attraction at 0, due to the element A^A/^iy is greater than 

^y^/,, and less than ^-E^l^. 

Let <^4 denote the angle AOA,^. Divide the inequality by 

^J^. a > and pass to the limit. It is readily seen that 

the limit of each extreme is 1. Therefore each term in 

the component attraction of AB at may be replaced by 

kp^ycosibi kpc^y c 

o . — jT-, or — J- r, since cos <^* = , 

3j._ limit 'v V^y 



=cftpr 






si.a„„. r=t-|^ 



-"X; 



yiy 



(c' + f)^ 
= ^(l-eoaAOB). 



kp 



Therefore B = VX» + F' = -^ V2(l - cos AOB) 
= ^ Bin ^AOB, 
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and its line of action makes with OA an angle wliose tangent 

"^ F^ l-sinO^^ ^ l-cos^O^ ^^^^^^^ 

The resultant attraction of AB at therefore bisects the 
angle AOB. 



ATTRACTION OF A HOMOGENEOUS CIRCULAR DISC AT A 
POINT IN ITS AXIS 

310. Let be the point, and ABC the given circular disc. 
Choose the center of the disc as the pole, and a line PA in 
the disc as the initial line. 

Let c denote the distance of from the pole, and a the 
radius of the disc. Let X and Y denote the components of 

the attraction of the disc in the 
direction of the axis, and perpendic- 
ular to the axis respectively. liCt p 

)A c denote the density of the disc. 

O Divide the disc up into polar 
elements of area in the same manner 
as if an area were sought by double 
CV-/ ^' ' integration. Let (r„ 0^) be the coor- 

dinates of the comer D of the element indicated. (Fig. 125.) 
The resultant attraction at due to the element indicate(f is 
greater than kp(rArM + ^^r'^ff) 

c»+(n + Ar)« 

and less thaii ftpC^ArAg + |A>^Ag) 

c' + r.' 

Let the resultant attraction of this element make an angle a 
with PO. Then the component of the attraction of this ele- 
ment in the direction of the axis is greater than 

kpjrAri^O + ^Ar'Ag) cos « 
c>+(r, + Ar)» 
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and less than -^^ s-r— « — • I^et <t* denote tlie 

cr -h n 

angle DOP. Divide the inequality by ^ * , 2 — ^ ^^^ P^^^ 

to limits. The limit of each extreme, as Ar and A$ both 
approach zero, is 1. Therefore each term in the component 
attraction of the disc in the direction of the axis may be re- 
placed in the double limit by ^ * , 2 — > ^^ ^7 



, since cos ^^ = - 



rdrdO 



Therefore X = kpc f" C 

Jo Jo (c2 + 7-2)! 

= 27rA:pri =^=1. 

L Vc^ + r^J 

From the symmetry of the figure, or by direct calculation, it 
may be seen that T is zero. The resultant attraction of the 

disc at is therefore 2 wkd 1 ^ L and its line of action 

is along PO. L Vc^ + r^J 

ATTRACTION OF A HOMOGENEOUS SPHERICAL SHELL 

311. Let To be the inner and ri the outer radius of the shell. 
Let P be the center of the shell and 0, distant c from P, 
th« point of attraction. 
Through OP pass a 
plane OPK Divide the 
area of the circle formed 
by the intersection of 
the sphere and the plane 
up into infinitesimal 
elements in the same 
manner as if an area 
were sought by double 
integration. Let (r,, ^4) 
be the coordinates of a comer of the element of area indicated. 




Fia. 126. 
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If the element of area indicated be revolved about the line 
OPy the volume generated is such that the limit of its ratio to 
2 ttt,^ sin tfjArAtf as Ar and Atf both approach zero is 1. (See 
Art. 217.) Revolve the element of area through an angle A^. 
The volume generated is to 2 ttTi sin tfjAr Atf as A<^ is to 2 ir. 
The volume generated by revolving the area through an angle 
A<^ may then be taken in the limit, as Ar and Atf both approach 
zero, as r^ sin 0^^r^O^<l>, 

The attraction at of the mass whose volume is r,* sin tf^ArA^Af^ 
is, on the supposition that the whole mass is concentrated at Z>, 
kpr?smeAr^e^<l> ^^^^^ f = oB' = (^ + f^ ^ 2cr oos 6,. The 

component of this attraction in the direction of PO is therefore 
JcpVi^ sin ^^A7'A^A<^ cos OPD 

Icprf sin $i,(c — r, cos Oi)ArdL0A4> ,^v 

since cos OPD = ^.IZlL^^lh. 

y 

It is evident from symmetry that the component of this 
attraction in the directions PT and PZ, perpendicular to PO 
and each other, are zero. The resultant attraction at due to a 
mass whose volume is r^ sin Oi.ArA$A<l>y situated at D, is there- 
fore (1), and its line of action is along PO. 

It can be shown by an investigation, presenting no difficulty 
other than that of length, that the attraction at 0, due to the 
element of mass whose volume is indicated in the figure, lies 
between two extremes, one of which is (1), and that the limit 
of the ratio of either extreme to this attraction is 1. Assum- 
ing that this limit is 1, we have, from the theorem of Art. 186, 
that the attraction of the element of mass may be taken as (1) 
in the limit. 

The attraction at of the whole spherical shell is therefore 

k C"^ f C^ r^(c — r cos ff) sin dr dO dit> 
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Substitute for 9 its value in terms of y. Therefore the 






^ dr. 

»0 



To determine y© and ^i, we must distinguish between two 
cases. 

Case I. Where is a point inside the shell. 
Then y^^r — c, and 2/i = r-hc. 

Therefore the attraction = ^ C^Odr=:0. 

Case II. Where is a point outside the shell. 
Then y^ = c — r, and y^ = c + r. 

Therefore the attraction = i^ f' y^dr 



=!?('•>'-'••')• ^'^ 



If in (2) we make ro=0, we have the attraction of a solid 
sphere of radius Vi and density p at a point outside the sphere 
and distant c from the center to be 

4 irkpr^ 
3c« 

EXERCISES 

1. Show that the value of k in the F.P.S. absolute system 
equals 1033 x lO"". (See Art. 306.) 

2. Find the attraction due to a homogeneous straight wire 
of length 2 Z at a point in the line of the wire and distant c 

from one end. ^^^ ^kpl j^ ^^^ direction of the wire. 

c(c+2Z) 
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19. If the expansion in Exercise 9 above takes place in 0.1 
second what is the horse-power ? Ans. 292.9 horse-power. 

20. A cannon ball weighing 200 pounds is discharged with a 
velocity of 1200 feet per second. Find its kinetic energy. 

Ans, 46 X 10* foot-pounds. 

21. In Exercise 13, Chapter XXXII, find the kinetic energy 
expended while the string contracts from 3 to 2 feet. Ans. 0. 

22. A stone weighing 1 ton is lifted 30 feet. Find its in- 
crease in potential energy. Ans. 6 x 10* foot-pounds. 



CHAPTER XXXV 
ATTKAOTIOS 

301. Definitions. The mean or average density of a body is 
the mass of the body divided by the volume. 

The density of a body at a point is the limit which the mean 
or average density of an element of volume containing the 
point approaches as the element of volume is allowed to be- 
come indefinitely decreased. 

A body is said to be homogeneous when its density is the 
same at every point. 

A body not homogeneous is said to be heterogeneous. 

302. Units of density. The unit of density is unit mass 
divided by unit volume. 

In the F.P.S. system there is probably no familiar sub- 
stance whose density is the unit density. The mass of a cubic 
foot of water is approximately 62^ times that of the ideal sub- 
stance of unit density. Then in the F.P.S. system, the density 
of water is 62^ times the unit density in this system. 

The gram was chosen to be the mass of a cubic centimeter 
of distilled water at 4° C. Then in the C.G.S. system the 
unit of density is the density of distilled water at 4° C. 

303. Every body in the universe attracts every other body 
with a force which depends in magnitude and direction on the 
masses and relative positions of the bodies. 

In the case of two bodies considered as particles, the force 
of attraction varies directly as the product of the masses and 
inversely as the square of the distance between the particles. 
Thus, if F is the force of attraction between two particles of 

829 
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each other, the forces Pi and Pg are therefore equivalent to 
these forces. 

Produce CA and DB to meet in G. At G resolve the forces 
represented by AC and BD into forces equal and parallel to 
the original ones, F, Pi, and Pg- 

Since the forces FdX G neutralize each other, the resultant of 
the forces acting at A and B is equivalent to the force Pi + P^ 
acting at (?. 

To determine the point at which the line of action of the re- 
sultant force cuts the line AB : 

The triangles GMA and AHC are similar. 

. GM^AH^Pi 
"MA HO P* 

The triangles GMB and BKD are similar. 

. GM^BK^ Pg 
"MB KD -F' 

Therefore, by division, —— = — — ^« 

.'. -Pi'MA^P^'MB. 
.-. Pi'AM=P2'MB. 

The resultant of two like parallel forces Pi and Pg, acting at 

points A and 5 in a rigid body, is therefore a force Pi + Pg 

parallel to Pi and Pj, acting at a point M on the line joining 

A and B, such that 

Pi . AM= Pg . MB. 

Since Pi • AM= Pg • MB, whatever be the direction of the' 
forces Pi and Pg, it follows that the same point M would be 
found if Pi and Pg were revolved about their points of applica- 
^ . remaining parallel. 
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313. Given the coordinates of the points A and 5 at which 
the forces Pi and Pg ^ict, we can find the coordinates of the 
point M, through which their resultant acts, as follows : 

Let the coordinates of A, -B, and M be (a?i, ^i, z^y (x^ y^, z^, 
and («, y^ z) respectively. 



1 


^ 


iU^ 


B 






y--^ / 








V 


A. 






7 








^■v. 




/ 


/ 


' \ 






Fig. 128. 


/ 





Since Pi • AM^ P^ • MB, 

.-. Pi(«-iCi) = P2(aJ2-«). 

/. (Pi + P2)« = P,a:i + P:^2. 



Similarly, 



and 



P1 + P2 

y^ Avi + P2y2 

i'l + A ' 



314. Suppose that there are n like parallel forces, Pj, Pj, 
Ps, •••, P„, acting at points A^ Azy A^, •••, A respectively, in a 
rigid body. To determine the resultant of the forces. 

Suppose that the points of application of the forces are 
given by their coordinates. Let (ajj, y^, «,), (0^2, 2/2, ^2), («8, Vs, ^s), 
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'"> (^« ifm 2ii) ^ the coordinates of the points Ai, A3, A^ ••; 
A, respectively. 

2 
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Bj Art 313, the resultant of Pi and P, is a force Pi + P, 
acting at a point Mu coordinates (x', y', z'), such that 

Px(x'-xO = P,^x,-xf), 

Px{y'-yC) = Pfhf,-y'), 

Pl(z' - 2l) = -P«(«. - 2')- 

. 3.>_ -Pl'g|+-P?g2 y, _ AVl + PjVt .> _ PlZl + PjZt 

Pl+P, ' ^ p.+p, ' p,+p. 

Similarly, the resultant of Pi + Pj, acting at M^, and Pj at 
An is a force Pi + P2 + Pj, acting at a point M^ coordinates 
(«", y", z"), such that 

(Pi + A)(a!" -x') = P,(x, - X"), 

iPi + P*)(y"-y') = Ps(.ys-y"), 

(Pi + P,)(z"-z') = P,(z,-z"). 

. ^, ^ (Pi + Pi)'>' + P^ ^ J'.aH + P^+P^ 
Pi + P, + P, Pi + A + P, ' 

y„ ^ (Pi + Pi)y' + Psy, ^ PyVx + P^Vi + PaVt 

* Pj + Pj + P, p, + p,+p, ' 
-» ^ (-Pi + fi)^' + p^^ _ Pl^. + p^i + p^gj, 

Pi + Ps + Ps Pi + P, + P, 
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By continuing this process, we find finally that the resultant 
of the n like parallel forces is a force Pj -h A + A + ••• + -P*^ 
acting at a point -3f„«i, codrdinates (», y, «), such that 

^^ PHh 4- AV2-h PaV3+ '- +Pnyn 
^ ^ P^gl + P^g 4- P3g3 4- . . . + P,g, 

Pi + P. + Pa+'-H-A ' 

Since the expressions for «, y, and z are independent of the 
direction of the forces, it follows that the same point 3f«_i will 
be found if the forces be revolved about their points of applica- 
tion remaining parallel. Also, since a variation of the order in 
which the forces were combined would cause only a variation in 
the order of the terms in x, y, and 2, it follows that the same 
point Jf«.i will be determined if the forces be combined in any 
other order. 

Definition. The point 3f^_i, coordinates (x, y, 2), is called the 
center of the system of parallel forces. 

315. An important special case of like parallel forces acting 
at points in a rigid body is that of gravity acting on n particles 
rigidly connected. 

Let wij, mj, mg, •••, m^ be the masses of the particles. Then, 
by the preceding article, the coordinates of the center of the 
system of these parallel forces acting on these masses are 

^ ^ rrhgnh + f^^ + m^x^ -h '- + m^x^ 
mi + ma + WgH m^ 
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and its line of action makes with OA an angle whose tangent 
is 



Y 1- sin 05^ 1-008^05 



cos OB A 



AuAOB 



= t^xi\AOB. 



The resultant attraction of AB at therefore bisects the 
angle AOB. 



ATTRACTION OF A HOMOGENEOUS CIRCULAR DISC AT A 
POINT IN ITS AXIS 

310. Let be the point, and ABC the given circular disc. 
Choose the center of the disc as the pole, and a line PA in 
the disc as the initial line. 

Let c denote the distance of from the pole, and a the 
radius of the disc. Let X and T denote the components of 

the attraction of the disc in the 
direction of the axis, and perpendic- 
ular to the axis respectively. Let p 
denote the density of the disc. 
O Divide the disc up into polar 
elements of area in the same manner 
as if an area were sought by double 
integration. Let (r„ Oj) be the coor- 
dinates of the comer D of the element indicated. (Fig. 125.) 
The resultant attraction at due to the element indicated is 
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greater than 



and less than 



A;p(rtArAe + iAr^Ag) 
c«-h(n-hAr)2 



Let the resultant attraction of this element make an angle a 
with PO, Then the component of the attraction of this ele- 
ment in the direction of the axis is greater than 

kp{rAr^O + 1 Ar^A^) cos a 
c2-|-(r, + Ar/ 
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J 1 XT. kpOri^r^O -^ lAr^AO) COS a ^ . , . j. ^.v 
and less than -^-^^ o_r ^ — . Let ^^^ denote the 

Cr -f- Vi 

angle DOP, Divide the inequality by ^ ' , 2 — ^^^ P^^^ 

to limits. The limit of each extreme, as Ar and A0 both 
approach zero, is 1. Therefore each term in the component 
attraction of the disc in the direction of the axis may be re- 
placed in the double limit by ^ * ^ , 2 — f ^^ ^7 
" * -, since cos ^^ = ^ 

Therefore X^kpcCC '^'^\ 

Jo Jo /^^^^i 

=:2irJcp[l 4="l 

L Vc^ + r^J 

From the symmetry of the figure, or by direct calculation, it 
may be seen that T is zero. The resultant attraction of the 

disc at is therefore 2 wkd 1 ^ L and its line of action 

is along PO. L Vc^ + r^J 

ATTRACTION OF A HOMOGENSOUS SPHERICAL SHELL 

311. Let ro be the inner and Vi the outer radius of the shell. 
Let P be the center of the shell and 0, distant c from P, 
th« point of attraction. 
Through OP pass a 
plane OPS. Divide the 
area of the circle formed 
by the intersection of 
the sphere and the plane 
up into infinitesimal 
elements in the same 
manner as if an area 
were sought by double 
integration. Let (r„ ^4) 
be the coordinates of a comer of the element of area indicated. 
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346 DIFFERENTIAL AND INTEGRAL CALCULUS 



The above equations may be written 
X I dm = i X dm, 

y I dm = j y dm, 

z idm= iz dm. 



From these equations we see that the moment of the body 
considered as concentrated at C.G., about any one of the co- 
ordinate axes, is equal to the limit of the sum of the moments 
of the elements about that axis. 

321. Find the coordinates of the C.G. of a homogeneous 
plane area when the equation of the bounding curve is given 
in rectangular coordinates. 

Suppose that the bounding curve is as in Fig. 131. 

Divide the area up into rec- 
tangular elements of area Ax Ay 
in the same manner as if an 
area by double integration were 
sought. 

Let (a?, y) be the coordinates of 
_ the C.G. The mass of each ele- 
^ ment is p Ax Ay, Vhere p is the 
jmass per unit of area. Take an 
element ABCD. Suppose that the coordinates of A are (x^ y^). 
Then the coordinates of B are (xj, + Ax, y,). 

The moment of the element ABCD about the y-axis is evi- 
dently greater than if the whole mass were concentrated at 
A and less than if it were concentrated at B. 

. moment of ABCD 




Fig. 131. 



Xkp Ax Ay < 



< (a;^ + Ax)p Ax Ay. 



about the y-axis 

Divide the inequality by x^p Ax Ay and pass to the limit 
Since the limit of each extreme is 1, 

"moment of ABCD about the y-axis " 
Xi^p Ax Ay 



limit Fb 
n=co 



.]=: 



Similarly, 



CENTERS OF GRAVITY 847 

I Ipxdxdy 
JJpdxdy 

jfpy dx dy 



CCpdxdy 



In these integrals the limits are the same as if an area were 
sought. 

Since p is constant it may be removed from under the inte- 
gral signs and cancelled. 

Cjxdxdy Ciydxdy 

Therefore x=^^ ,andy=^^^^5^ 

i I dxdy I i dxdy 

Since I I dxdy denotes the area, we have 

I I xdxdy I I y dxdy 

x=^^ , andy='^^-^^^ 

area ' ^ area 

322. Find the coordinates of the C.G. of a homogeneous 
plane area when the equation of the bounding curve is given 
in polar coordinates. 

Suppose that the curve is 
as in Fig. 132. 

Divide the area up into 
polar elements of area 

rA^Ar + iAi^Afl 

in the same manner as if an 

area were sought. ^'®- ^^* 

Let the coordinates of the C.G. be (a, y), where x is the dis- 
tance of the point from a line OB perpendicular to the initial 
line OA, and y is the distance of the point from OA. 

The mass of each element is p(rAfl Ar + ^^ Ar* Afl). 




348 DIFFERENTIAL AND INTEGRAL CALCULUS 

Take an element CDEF, Suppose that the coordinates of 
C are (r„ B^, Then the coordinates of D are (r, + Ar, 6,) and 
the coordinates of F are (r„ B^ + A^). 

The moment of CDEF about 05 is evidently greater than 
if the whole mass were concentrated at F and less than if 
it were concentrated at D, 

.-. r, p cos {Ok -h A^) {vi dkO Ar + i Ar^ A^) < moment of CDEF 

about OB < (r, + Ar)p cos ^^(r, A^ Ar + ^ Ar^ A^). 

Divide the inequality by r^ p cos ^^(r^ A^ Ar) or r,*p cos ^x. ^^ ^^'j 
and pass to the limit. Since the limit of each extreme is 1, 

limit [" moment of (7/>EF about 05 1 ^ ^ 
•• H=cx)[ r,Vcos^;,A^Ar J 

rri*2p cos ^dfldr 

.-. x^*^-^, — 

I Trp (?fl dr 



Similarly, 



JJr-p si 



sin d dB dr 



CCrp dB dr 
Or, as in the preceding article, 

ffi^cosBdOdr CCr^sinBdBdr 

30="^^ , andy=^^^^ 

area "^ area 

323. By methods entirely similar to those of Arts. 321 and 
322, we can find that the coordinates of the C.G. : 

Of a homogeneous arc vhen the equation of the bounding 
curve is given in rectangular coordinates are : 
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Of a homogeneous arc when the equation of the bounding 
curve is given in polar coordinates are : 



- /■ 



rcosOds 



_ frsi 



sin 6 ds 



S' 



y = 



fas 



Of a homogeneous volume of revolution when the equation 
of the generating arc is given in rectangular coordinates are : 



Cjxydxdy 
jj ydxdy 
^ = 0. 



Of a homogeneous volume of revolution when the equation 
of the generating arc is given in polar coordinates are ; 



■..Um 



sinOcosOdOdr 



//■ 



r^sinOdOdr 



y=o. 

Of a homogeneous surface of revolution when the equation 
of the generating arc is given in rectangular coordinates are : 



j xyds 
jyds 



T 



y = 0. 

324. To find the coordinates of 
the C.G* of a given homogeneous 
phnt^ triangle, 
T ' ' trjiinglt^ and its coor- 

m ill Fig. 133. 

coordinates of 




Fi*.i. V^i 
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The equations of the lines OB and PB are 

y = ^ oj, and y = — ^— (a — x) respectively. 

area of A 3 

« -£-(«-x) 

_^y^dy+JJ^ ydxdy 



and 



area of A 



c 
'3 



It will be remembered from analytic geometry that 
( T" , I J are the coordinates of the point of intersection of 

the medians of the triangle. The C.G. of a plane triangle is 
therefore the point of intersection of the medians. 

325. If a given area is the sum or the difference of the areas 
of figures whose areas and centers of gravity are known, the 
C.G. of the given area can be found without resort to inte- 
gration. 

Example. The side OG of the homogeneous square OBDG 
(Fig. 134) is bisected in A, and the triangle OBA is turned 

about AB to the position OBC. ' To 
find the C.G. of the shaded area. 

Let the sides of the square be 2 a. 
Take the coordinate axes as indi- 
cated. 

The C.G. of the square is evidently 
at the point whose coordinates are 
(a, a). Let (a, y) be the coordinates 
of the C.G. of the shaded area. The 
area of the shaded figure = 4 a\ The areas of the triangles 

OBC and OBA are each = al The C.G. of OBA is f% ?j\ 

'isT-l ^\ (See Art. 324.) 



"t] 
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Fig. 134. 



and of OBC i 
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The moment of the shaded figure about the ^-axis = moment 
of square, minus moment of triangle OBAy mimbs moment of 
triangle OBC, each about the y-axis. 

Similarly, ^ = a, a result which would be expected from the 
symmetry of the figure. 

THEOREMS OF PAPPUS 

326. Theorem I. The area of the surface generated by the 
revolution of an arc of a plane curve about an axis in its plane 
and not crossing the arc is equal to the product of the length 
of the arc and the length of the path described by the C.G. of 
the arc. 

Proof. Let S denote the area of the surface, s the length 
of the arc, and y the distance of the C.G. of the arc from the 

Then 5 = 2 »■ J y ds, (See Art. 200.) Also, y =*^— — (See 
Art. 323.) ... 5 = s.2^. 

Theorem II. The volume generated by the revolution of a 
plane area about an axis in its plane and not crossing the area 
is equal to the product of the area and the length of the path 
described by the C.G. of the area. 

Proof. Let V denote the volume, A the area, and y the 
distance of the C.G. of the area from the line. , r „ , 

ThenF=^ I 2^^daj. (See Art. 204.) Also, y = -^^-2 (See 

Art. 323.) . ^^^.2^. 

We have thus far supposed the bodies considered to be 
homogeneous. When they are non-homogeneous, the formulas 
for C.G. differ from those given above only by the presence of 
a factor p in each integrand. 
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EXERCISES 

1. Express, by single integrals, the coordinates of the C.G. 
of a homogeneous plane area when the equation of the bound- 
ing curve is given in rectangular coordinates. 

2. Find the coordinates of the iO.G. of a segment of the 
parabola y* = 4 oo; cut off by the chord x = h. 

Ans, x = ^h, y = 0, 

3. Find the coordinates of the C.G. of the area of a semi- 
circle of radius a. ^^, ^ ^ 1?^ ^ = 0. 

Stt 

4. Find the coordinates of the C.G. of a semi-ellipse, semi- 
axes a and b, the bisecting line being the major axis. 

_ Ah 

Ans. » = — -, y = 0. 
oir 

5. Find the coordinates of the C.G. of the plane area 
bounded by the curve x^ + y^ = a*, which lies in the first quad- 
rant. . _ _ 256 a 

Ans. <» = y = ^^-- 

6. Find the coordinates of the C.G. of the cycloid 

X = a(0 — sin 0), y = a(l — cos 0), 

Ans, a = air, ^ = f a. 

7. Find the coordinates of the C.G. of one loop of the 

lemniscate r* = a* cos 2 ^. ^ _ ^V2 - ^ 

Ans, X = • a, y = 0. 

o . 

8. Find the coordinates of the C.G. of a circular sector of 
angle 2 ^. 

A71S, If the radius bisecting the sector is on the avaxis, 

- 2 a sin a - ^ 

x = - , y = 0. 

3 a 

9. Find the coordinates of, the C.G. of the cardioide 
r = a(l + cos $) on the right side of the line through the pole 

perpendicular to the initial line. 

. - 16 + 57r - 10 a 
lo + oir + IT 
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10. Find the coordinates of the C.G. of the arc of the curve 
xi -^yi = a» in the first quadrant. Ans. x = y = ^a. 

11. Find the coordinates of the C.G. of an arc of a semi- 
cycloid, the equations of the cycloid being x = a{0 — 8m$), 
y = a(l — cos^). Ans. «= (tt — J)a,^ = — |a. 

12. Find the coordinates of the C.G. of the solid formed by 
revolving the sector of a circle, angle 2 a, about one of its 
extreme radii. 

Ans. If an extreme radius is on the aj-axis, a = | a cos* a, y = 0. 

13. Find the coordinates of the C.G. of the segment of the 
paraboloid, formed by revolving the parabola 2/^=4 ax about the 
aj-axis, cut off by the plane x = h. Ans. i = | A, y = 0. 

14. Find the coordinates of the C.G. of the surface formed 
by revolving the cardioide r=a(l-fcos^) about the initial line. 

Ans. ic = fj a, y = 0. 

16. Find the coordinates of the C.G. of a hemispherical 

(!»■) 

16. Find the coordinates of the C.G. of a hemisphere whose 
density varies as the distance from the center of the sphere. 

Ans. (I a, 0.) 

17. Find the distance between the center and the C.G. of 
one half an anchor ring generated by a circle of radius a whose 
center describes a circle of radius h. j 4 &* + (^^ ^ 

' 2wb 

18. Find the coordinates of the C.G. of a volume when the 
equation of the bounding surface is given in rectangular 
coordinates. CfCxdxdydz fCCydxdydz 

vol. vol. 



«»rf^- Ans. 



_ I I izdxdydz 
vol. 



2a 
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19. A cone of height h is cut oat of a cylinder of the same 
base and height. Find the distance of the C.G. of the 
remainder from the vertex. Ans. f h. 



20. Find the coordinates of the C.G. of the surface of a 
solid of revolution when the equation of the bounding curve is 
given in polar coordinates. ^ (>cos^sinOd« _ 



/■ 



r sin ^ d^ 



21. Prove that the x of the C.G. of a set of n plane areas in 
the same plane is 

where i^ is the x of the C.G. of the area -F^. 

22. Find the coordinates of the C.G. of the area between a 
quadrant of a circle and the circumscribing square. 



Ans, x = y=z^ 



2a 



3(4-^) 
Find the position of the C.G. of each of the following areas: 



23. 



-x- 



24. 



1^ tL >j 



«|a 



— a • 



"T 
X 



l*C 



tr 



2(2a-e) 



24. Ans. a; =2.718". 
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25, 

T. ! 


■ 








i ' 








1/ 


'S 


ct> 


-x--^ 


■ 






Ir 



26. 



.24" 



.43" 



25. -4n5. a = 771 , . ^ > 



27. 



..24" 



HO^ 



26. Arts. 5 = 0.638". 







27. ^ns. a; =2.668". 



Find, by Pappus' Theorem : 

28. The surface and volume of a sphere. 

29. The surface and volume of the torus generated by the 
curve o^ + (y — 6)2 = a*, 6 > a. 

30. The surface and volume of the solid formed by revolving 
the cycloid about its base. 



CHAPTER XXXVII 
MOMENTS OF INEBTIA 

327. Definition. The moment of inertia of a particle with 
reference to a point, line, or plane is the product of the mass of 
the particle and the square of the distance of the particle from 
the point, line, or plane. 

Thus, if m be the mass of a particle and r the distance of 
the particle from a point, line, or plane, the moment of inertia 
of the particle with reference to the point, line, or plane is mr^. 

328. Suppose that there are n particles of masses mj, m^, m^, 
•••, m„ situated at points Ai, A^, A^ •••, -4» respectively. To 
determine the moment of inertia of the system with reference 
to the coordinate axes. 

Left the coordinates of Ai, A^ A^^ •••, ^ be (aji, 2/1, ^i), («2> V^y 
^2)9 (^f ysi ^s)) •••> (^n> ^nj ^n) respcctively. Let the moments 
of inertia of the system with reference to the ar, y, and z axes 
be denoted by /», 7^, I, respectively. 

Then 

356 
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329. The moment of inertia of a continuous body with 
reference to a point, line, or plane can be found approximately 
by dividing the body up into infinitesimal elements of mass. 
Am, forming the product of each element of mass and the 
square of the distance of some point in it from the given point, 
line, or plane, and taking the sum of the results. 

Definition. The limit which this sum approaches as Am ap- 
proaches zero is the moment of inertia of the body with refer- 
ence to the point, line, or plane. 

Thus, the moments of inertia of a continuous body with 
reference to the coordinate axes are, approximately: 

where x, y, and z are the distances of some point in the ele- 
ments of mass. Am, from the a?, y, and 2-axis respectively, and 
the summation includes all the elements of mass Am. The 
moments of inertia of the body with reference to the axes 
are: /• 

Iy=f(^ + z')dm, 

where the limits embrace the whole solid. 

330. As illustrations of the method of determining the mo- 
ment of inertia of a continuous body, consider the following 
examples : 

Example 1. Find the moment of inertia of a homogeneous 
rod of length I and density p with reference to an axis perpen- 
dicular to the rod through one end. 
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Let AB (Fig. 136) be the given rod, and A the end through 
J . I which the axis passes. 

A Ak^ku B Divide AB into n equal parts. 

^°- ^^- Call each pai-t Aa. 

Let A^At+i be a length Aa? where A^ is distant aj^ from A. 

*"' 
Therefore the required moment of inertia = ^^^ ^ o^pAa?. 

XsO 

P 

If Jf is the mass of the rod, the required moment of inertia 

-!'■■ 

Example 2. Find the moment of inertia of a homogeneous 
right circular cone of height h and 
radius of base a with reference to 
its axis. 

Divide the volume of the cone 
up into infinitesimal elements in 
the same manner as if a volume 
were sought by double integration. 
(See Art. 214.) 

The element of volume 




Fia. 196. 



= 2 IT [y. Ay Aa? + ^ A?/* Aa?]. 
Therefore the required moment of inertia 



• 2irpf r * fdxdy, 



: ^ a% = -— Ma\ where M is the mass of the cone. 
10 10 ' 
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331. Tbeorem. The moment of inertia of a body with refer- 
ence to any line is equal to the moment of inertia of the body 
with reference to a parallel line through the center of gravity, 
plus the product of the mass of the body and the square of the 
distance between the two lines. 

Proof. Draw a plane through the given line and the center 
of gravity of the body. Take the origin at the center of 
gravity, the a?-axis parallel to the given line, and the y-axis in 
the plane containing the a?-axis and the given line. 

Let Ji denote the moment of inertia of the body with refer- 
ence to the aj-axis, /, the moment of inertia of the body with 
reference to the given line, M the mass of the body, and a the 
distance between the given line and the o^axis. 

Then /.= fO/^ + z^cZm, and /,= ^\{a±yy'\-^\dm. 

.•. Ii — I^^a^ j dm±2a j ydm, 

= a^M ±2a i y dm. 

Now I y dm = 0, since the origin is at the center of gravity 

of the body. (See Art. 319.) 

.-. /,-/, = a«Jif. 

.-. I, = I, + a'M, 

which establishes the theorem. 

J r'dm 

332. A quantity Vq can always be found such that ro*= ^^—tTm — > 

where M is the mass of the body, and j r^dm the moment of 
inertia of the body with reference to some point, line, or 

Pl*^«- fr'dm 

Definition. This quantity Vq such that ro'= ^/- — is called 

the radius of gyration of the body with reference to the point, 
line, or plsme# 
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The radius of gyration determines a point distant from a 
point, line, or plane such that if the whole mass of the body be 
supposed concentrated at that point, the moment of inertia of 
the body would be unchanged. 

EXERCISES 

Find the moment of inertia : 

1. Of a parallelogram of base b and altitude h, with reference 

to the base; with reference to a line through the O.G. parallel 

to the base. . _ ft^s 5^8 

^n.. /, = -;/, = -. 

2. Of a triangle with reference to the base ; with reference 
to a line through the C.G. parallel to the base ; with reference 
to a line through the vertex parallel to the base. 

^n.. /, = -;/, = -;/. = -. 

3. (a) Of a square with reference to a diagonal. 

(b) Of a circle with reference to a coordinate axis; with 
reference to the origin. 

Ana. (a) J = g. (6) 7. = ^*; I,^^- 

4. Of the area in Exercise 23, Chapter XXXVI, with refer- 
ence to the base; with reference to a line through the C.G. 
parallel to the base. 

O 1^ ^ d — t 

5. Prove that the moment of inertia of a system of areas or 
solids with reference to any axis is equal to the sum of the 
moments of inertia of the separate areas or solids with reference 
to that axis. 

Find the moments of inertia with reference to the horizontal 
and vertical gravity axes of the areas described in ; 
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6. Exercise 24, Chapter XXXVI. 

Ans. I^ = 3.963 bi. in ; J, = 0.8597 bi. in. 

7. Exercise 25, Chapter XXXVI. 

8. Exercise 26, Chapter XXXVI. 

Ans. J, = 2.298bi. in.; /, = 66.72 bi. in. 

9. Exercise 27, Chapter XXXVI. 

Ans, I^ = 2.51 bi. in. ; I^ = 24.65 bi. in. 



K- 






10. Determine the distance d so 
that the moment of inertia of the 
two areas of the figure shall be the 
same, about the horizontal and verti- 
cal gravity axes. 

Ans. c? = 7.309". V'> 

11. Find the moment of inertia 
and radius of gyration of the hollow 
square of the figure with reference 
to a line through the C.G. and paral- 
lel to a side. 

Ans. I=:^\a*''(a-2tyi; 



12. Find the moment of inertia and radius 
of gyration of the area of the ring of the 
figure with reference to the center; with 
reference to a diameter. 



t 

1 

5 


•w 








Ans. /, = |jr*- (r-O^l; J<? = Ur^+(r-t)% 



I,=l\r^-(r-tyU J<? = W+ir-tyi. 
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13. Find the radius of gyration of a homogeneous circular 
wire with reference to its diameter. ^ , _ jr_ 

14. Find the moment of inertia of the homogeneous ellipsoid 
-- + ^ + — = 1, with reference to the ic-axis. 

15. Find the moment of inertia of a homogeneous sphere of 
radius a with reference to a diameter. 

Ans. I=^^Va^my where m is the mass per unit of volume. 

16. Find the moment of inertia and radius of gyration of a 
homogeneous right circular cylinder of length I and radius r, 
with reference to its axis ; with reference to a diameter of one 

^""^ Ana. I„^ = \Mie; *= A . I^=M(t + ^. 

17. Show that if either coordinate axis is an axis of symme- 
try of an area jP, then | I xydxdy is zero, the limits being 
taken to embrace the whole area. 

18. If /^ is the moment of inertia of an area with reference 
to a line through the origin making an angle a with the avaxis, 
and if either coordinate axis is an axis of symmetry, then 

I^ = cos' a /x + sin* a I^ 

19. In Exercise 18, show that if I^ = J^, and either axis is an 
axis of symmetry, then I^ is the same for all values of a. 

20. Prove that the least radius of gyration of the figure in 
Exercise 23, Chapter XXXVI, with reference to any gravity 
axis is for the axis sloped 45® to the sides. 
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Absolute value of a real function, 6. 

Acceleration, definitions of, 283. 
determination of, 283. 

Algebraic function, definition of, 2. 
classification of, 3. 

Algebraic reduction formulas, 181. 

Anti-logarithmic functions, defini- 
tions of, 3. 

Anti-trigonometric functions, defini- 
tions of, 3. 

Asymptote, definition of, 123. 

Attractive force varying directly as 
the distance, 299. 

Attractive force varying inversely 
as the square of the distance, 



Center of gravity, co5rdinates of, 
348. 
definition of, 344. 

Central force, 321. 

Circumscribed rectangles, definitions 
of, 190. 

Concave upwards, concave down- 
wards, definitions of, 64. 

Concavity upwards, concavity 
downwards, tests for, 67. 

Constant, definition of, 1. 

Curvature, definitions of, 129. 
tests for, 133. 

Curve rising, curve falling, defini- 
tions of, 61. 
tests for, 63. 

Cycloidal pendulum, 313. 

Density, definition of, 329. 
Dependent variable, definition of, 2. 
Derivative, definition of, 31. 



Differentials, definitions of, 116. 
Displacement, definition of, 278. 
Double-valued functions, 6. 
Dyne, definition of, 292. 

Elliptic integrals, definitions of, 266. 

tables, 270. 
Evolute, definition of, 136. 

property of, 139. 
Exponential functions, definition 
of, 3. 

Finite discontinuity, 29. 
Force, 288. 

Function, continually decreasing, 
definition of, 10. 
continually increasing, definition 

of, 10. 
continuous or discontinuous for 

a value of the variable, 27. 
definition of, 1. 
finite, between two values of the 

variable, 27. 
infinite, definition of, 15, 26. 
infinite negatively, definition of, 
16, 26. 
Functional symbols, 6. 
Fundamental forms of integration, 
164. 

Hyperbolic functions, 85. 

Increment, definition of, 30. 
Indefinite integral, definition of, 

153. 
Independent variable, definition of, 

2. 
Infinite discontinuity, 29. 
Infinitesimal, definition of, 20. 
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Infinitesimals, theorem in, 211. 

Inflexion, points of, 67. 

Inscribed rectangles, definitions of, 

190. 
Integral, single, double, definitions 

of, 237. 
Integrand, definition of, 197. 
Integration by parts, 178. 
Integration by substitution, 169. 
Involute, definition of, 139. 

Kinetic energy, 323. 

Law of the mean, 98. 

Law of motion of a moving body, 

40. 
Limit, definition of, 12 
Limits, lower, upper, definitions of, 

213. 
Logarithmic functions, definition 

of, 3. 

Maclaurin's theorem, 106. 
Mass, definition of, 289. 
Maximum point, minimum point, 

definitions of, 68. 
tests for, 70. 
Maximum or minimum value of 

function, 74. 
Moment, definition of, 344. 
Moment of inertia, definition of, 

367. 
Momentum or quantity of motion, 

293. 
Motion under a constant force, 296. 
Multiple-valued functions, 6. 

Osculating circle, 136. 

Pappus* theorems, 361. 

Partial derivatives, definitions of, 

147. 
Periodic time, definition of, 301. 
Planimeters, 276. 
Potential energy, 326. 
Poundal, definition of, 292. 

Radius of curvature, definition of, 
135. 



Radius of gyration, definition of, 

369. 
Rational fractions, 177. 
Roll6's theorem, 97. 

Simple harmonic motion, definition 

of, 302. 
Simple pendulum, 313. 
Simpson^s rule, 274. 
Single-valued functions, definition 

of, 6. 
Slope of tangent line, polar coordi- 
nates, 97. 
rectangular co5rdinates, 36. 
Speed, definitions of, 38. 

units of, 39. 
Subtangent, subnormal, polar coor- 
dinates, 122. 
rectangular coordinates, 121. 

Taylor's theorem, 103. 

Trapezoidal methods of approxima- 
tion, 271. 

Trigonometric functions, definition 
of, 3. 

Trigonometric reduction formulas, 
186. 

Units, astronomical system of, 331. 

gravitational, absolute, 291. 
Units of density, 329. 
Units of energy, 323. 
Units of rate of work, 822. 
Units of work, 318. 

Variable, definition of, 1. 

Variable continually decreasing, 
definition of. 10. 

Variable continually increasing, 
definition of, 10. 

Variable infiinite, definition of, 12. 
negatively, definition of, 17. 

Variables involved explicitly, im- 
plicitly, 4. 

Velocity, definition of, 280. 

method for determination of, 280, 

Weight, definition of, 290. 
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